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PREFACE 

The present volume is the result of an effort to write a modem 
text-book on the Calculus which shall be essentially a drill book. 
With this end in view, the pedagogic principle that each result 
should be made intuitionally as well as analytically evident to the 
student has been kept constantly in mind. Indeed it has been 
thought best in some cases, as for example in Maxima and Minima 
and the Theorem of Mean Value, to discuss the question first 
from the intuitional side, in order that the significance of the new 
idea might be made plain in the most direct manner. The object 
has not been to teach the student to rely upon his intuition, but in 
some cases to use this faculty in advance of the analytical investi- 
gation. The short chapter on Numbers is intended to give the 
student a chance to review his ideas of number. Limits and 
Continuity are treated at length, the latter mostly from a graphical 
standpoint, — the only method suited to a first courae. In fact, 
graphical illustration has been drawn upon to the fullest extent 
throughout the book. 

As special features, attention may be called to the effort to 
make perfectly clear the nature and extent of each new theorem, 
the large number of carefully graded exercises, and the summa- 
rizing into working rules of the methods of solving problems. In 
the Integral Calculus the notion of integration over a plane area 
has been much enlarged upon, and integration as the limit of a 
summation is constantly emphasized. The book contains more 
material than is necessary for the usual course of one hundred 
lessons given in our colleges and engineering schools; but this 
gives teachers an opportunity to choose such topics as best suit 
the needs of their classes. It is believed that the volume contains 
all subjects from which a selection naturally would be made in 
preparing students either for elementary work in applied science 
or for more advanced work in pure mathematics. 
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iv PREFACE 

Certain proofs of considerable difficulty (as the existence of the 
number e) have been inserted with the belief that, while it is not 
always advisable to require beginners to learn them, a discussion 
of them with the class will render such investigations profitable 
and stimulating. 

With a few exceptions the author has found it impracticable to 
acknowledge his indebtedness to the large number of American, 
English, and continental writers whose books and articles have 
helped and inspired him in the work, the bulk of the matter 
having long been the common property of all mankind. While 
many of the exercises are new, a large number are standard and 
are to be found in many of the best treatises. 

The author's acknowledgments are due to Professor M. B. 
Porter of the University of Texas for critically examining the 
manuscript, to Professor James Pierpont of Yale University for 
many valuable suggestions, to my former colleagues. Professor 
E. R. Hedrick of the University of Missouri and Dr. C. N. 
Haskius, for their interest and assistance, to Dr. C. E. Stromquist 
of the University of Princeton for verifying the examples, and to 
my colleague, Mr. L. C. Weeks, for drawing the figures. The 
thanks of the author are also due to his former instructor in mathe- 
matics. Professor John E. Clark, now Professor Emeritus of Yale 
University, who first advised and encouraged him to undertake 
the task of writing this book. 

Sheffield Scientific School, 
Yale Uniyebsitt, July, 1904. 
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CHAPTER I 

COLLECTION OF FORMULAS 

1. Formulas for reference. For the convenience of the student 
we give the following list of elementary formulas from Algebra, 
Geometry, Trigonometry, and Analytic Geometry. 

1. Binomial Theoram (n being a positiye Integer) : 

IE L? 

Also written : 

2. nl=[n = l-2.3.4...(n-l)n. 

3. In the qoadratio equation ox^ + te + c = 0, 

when &3 — 4 oc > 0, the roots are real and unequal ; 
when &3 — 4 oc = 0, the roots are real and equal ; 
when 5> — 4 ac < 0, the roots are imaginary. 

4. When a quadratic equation is reduced to the form x^ + jxc = g, 

p = sum of roots with sign changed, 
and g = product of roots with sign changed. 

6. In an arithmetical series, 

I = a + (n - l)d; a = ^(a + I) = ?[2a J- (n - l)d 
2 2 

6. In a geometrical series, 

l^ar^ 1; , = __.___. 

1 



DIFFERENTIAL CALCULUS 

7. log 05 = log a + logb. 9. log a" = n log a. 

a ■/— 1 

8. log - = log a — log 6. 10. log v a = - log a. 

w 

11. log 1 = 0. 12. logaa = l. 18. log- =- log a. 

14. Circamference of circle = 2 irr.* 16. Volome of prism = Ba. 

16. Area of circle = m*, 17. Volume of pyramid =: ^ Bo. 

18. Volume of right circular cylinder = m^, 

19. Lateral surface of right circular cylinder = 2 itra, 

20. Total surface of right circular cylinder = 2 jrr (r + a). 

21. Volume of right circular cone = i jrr^. 

22. Lateral surface of right circular cone = ma. 

23. Total surface of right circular cone = )rr(r + s). 

24. Volume of sphere = I )rr*. 26. Surf ace of sphere = 4 jri^. 

26. sin X = ; cos X = ; tan x = 

CSC X sec X cot X 

^^ ^ sinx ^ cosx 

27. tanx = ; cotx = -; 

cos X sin X 

28. sin«x + co8«x = 1 ; 1 -f tan^x = sec«x ; 1 + cot«x = C8c«x. 

29. sin X = COB f x j ; 30. sin ()r — x) = sin x ; 

cosx = sin(- -x); cos (ir - x) =- cosx; 

tan X = cot ( - - X ) . tan (jr - x) = - tan x. 

31. sin (x + y) = Bin X cosy + cosx sin y. 

32. sin (x — y) = sin x cos y — cosx sin y. 

33. cos (x + y) = cos x cos y ~ sin x sin y. 

34. tan(x + y) = -^-*-±^?^. 36. tan(x - y) ='»"*- ^^^ 



1 — tan x tan y 1 + tan x tan y 

2 tanx 



36. sin2x = 2sinxcosx; cos2x = cos^x - sin^x; tan2x = 



1 - tan^x 

2tan? 

37. sin X = 2 sin - cos - ; cos x = cos* — sin'* - ; tan x = 

2 2 2 2 i-tan«? 

• In formalas 14-25, r denotes radius, a altitude, B area of base, and « slant height. 



COLLECTION OF FORMULAS 

38. cos^ x=- + -C08 2x; sin" x = cos 2 x. 

2 2 ' 2 2 

39. 1 + co8X = 2co82-; l-cosx = 2sin25. 

2 2 

.^ . X /I — cos X X /l 4- COS X , X /I — < 

^- '""2=^\-^— ''""r^^V-T— '*^2=±\n:^ 

41. sin X + sin y = 2 sin i (x + y) cos i (x — y). 

42. sin X — sin y = 2 cos i (x + y)sin i (x - y). 

43. cos X + cos y = 2 cos i (X + y) cos i (x — y). 

44. cos X — cos y = — 2 sin i (x + y) sin i (x — y), 

46. = - — - = -; — - ; Law of Sines. 

sin A sin £ sin C 

46. a> = 5< + c" - 2 &c cos il ; Law of Cosines. 



47. d = V{xi - xt)^ 4- (yi — ya)* ; distance between points (Xi, yi) and (xs, yt), 

48. d = :4?L±_^1_±^ ; distance from line ^x + J?y + C = to (xi, yi). 

± y/A* + 5« 

49. X = ?iil?*, y = yL±Il ; coordinates of middle point. 

2 2 

60. X = Xo + x', y = yo + y' ; transforming to new origin (Xo, yo). 

61. X rrx'cos^ — y'sin^, y = x'8in^ + y'cos^; titmsforming to new axes mak- 
ing the angle B with old. 

62. X = p cos tf, y = p sin ^ ; transforming from rectangular to polar coordinates. 

63. p = Vx* 4- y*, ^ = arc tan - ; transforming from polar to rectangular coor- 
dinates. ^ 

64. Different forms of equation of a straight line : 

(a) KzJ^ ^iLZll^ two-point form ; 

X — Xi X« — Xi 

X y 

(b) -4-^ = 1, intercept form ; 
a D 

(c) y — yi = m (x — Xi), slope-point form ; 

(d) y = mx 4- &T slope-intercept form ; 

(e) X cos a 4- y sin a = i>, normal form ; 

(f ) -4x 4- J5y + C = 0, general form. 

66. tan = — ^ "" , angle between two lines whose slopes are mi and m^. 
1 4- twimj 

mi = ma when lines are parallel, 

and mi = when lines are i>erpendicular. 

66. (x — a)« 4- (y - /3)" = r*, equation of circle with center (a, /3) and radius r. 
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2. Greek alphabet. 



Letters 


Namea 


A a 


Alpha 


B P 


Beta 


r 7 


Gamma 


A 8 


Delta 


E e 


Epsilon 


z r 


Zeta 


H , 


Eta 


e e 


Theta 


I ( 


Iota 


K « 


Kappa 


A X 


Lambda 


M /« 


Mu 



Letters 


Nuii«8 


N V 


Nu 


S f 


Xi 


O 


OmicTon 


n V 


Pi 


P p 


Rho 


2 «r? 


Sigma 


T T 


Tau 


T w 


Upsilon 


(D ^ 


Phi 


X X 


Chi 


^ ^ 


Psi 


fi a> 


Omega 



3. Natural values of trigonometric functions. 



Angle In 
Rartlanii 


Angle in 
Degrees 


Sin 


Cos 


Tan 


Cot 






.0000 
.0873 
.1745 
.2618 
.3401 
.4363 
.5236 
.6100 
.6081 
.7854 


0« 
5^^ 
lOo 
15° 
20'' 
25'* 
30° 
36° 
40° 
45° 


.0000 
.0872 
.1736 
.2588 
.3420 
.4226 
.5000 
.5736 
.0428 
.7071 


1.0000 
.0062 
.0848 
.0650 
.0307 
.0063 
.8660 
.8102 
.7660 
.7071 


.0000 
.0875 
.1703 
.2670 
.3640 
.4663 
.5774 
.7002 
.8301 
1.0000 


oo 
11.430 
5.671 
3.732 
2.747 
2.145 
1.732 
1.428 
1.102 
1.000 


00° 
85° 
80° 
75° 
70° 
66° 
60° 
56° 
50° 
45° 


1.5708 

1.4835 

1.3063 

1.3000 

1.2217 

1.1346 

1.0472 

.0500 

.8727 

.7854 






Cos 


Sin 


Cot 


Tan 


Angle in 
Degrees 


Anglo In 



COLLECTION OF FORMULAS 



Angle in 
Radiana 


Angle in 
Degrees 


Sin 


Gob 


Tan 


Cot 


Sec 


Cbc 





(y> 





1 





GO 


1 


GO 


7C 

2 


90« 


1 





oo 





GO 


1 


n 


mp 





-1 





CO 


-1 


00 


3)r 
2 


270° 


-1 





00 





GO 


-1 


23r 


860° 





1 





00 


1 * 


00 



Angle in 
Badiana 


Angle in 
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4. Rules for signs. 



Quadrant 


Sill 


Cos 


Tan 


Cot 


' 8«o 


(Jso 


First .... 


4- 


+ 


+ 


+ 


+ 


4- 


Second. . . . 


+ 


- 


- 


- 


- 


+ 


Third .... 


- 


- 


+ 


+ 


- 


- 


Fourth. . . . 


- 


+ 


- 


- 


+ 


- 



CHAPTER II 
NUMBERS 

5. Rational numbers. All positive and negative integers and 
fractions, and zero, are called rational numbers. We shall assume 
that the student is familiar with the most elementary properties 
of these numbers and their use in ordinary Arithmetical work. 

6. Comparison of rational numbers with the points of a straight 
line. The series of rational numbers is unlimited, for between 
any two we can always insert as many more mtional numbers as 
we please. Nevertheless there exist gaps everywhere in the series, 
as may be clearly seen if we set up a correspondence between the 
series of rational numbers and the points of a straight line. 



On a straight line of indefinite length select a zero point and 
a definite unit of length for measuring segments. A length may 
then be constructed corresponding to any rational number a which 
we lay off to the right or left of O according as a is positive or 
negative. In this way we obtain a definite end point F which may 
be considered as the point corresponding to the rational number a,* 
We may then say, to every rational number there corresponds one 
and only one point on the straight line. 

But there are lengths which are incommensurable with a given 
unit of length. From Geometry we have the familiar example of 
the diagonal of a square whose side is the unit of length. Laying 
off such a length from the origin on the straight line we obtain 
an end point which corresponds to no rational number, f And 

• In above figure a is taken as poaitiYe. 

t Length of diagonal of a unit square = v2. Tliis cannot be an integer, for no integer multi- 
plied by itself gives 2. Neither can it be a fraction ; for, if possible, let 

X^-:. (A, 

where a and b are integers which do not have a common factor. Squaring both sides, 

2^t (B, 

Since a and b have no common factor, a* and 6' can have no common factor ; and (B), which 
says that 6> is contained twice in a>, contradicts our hypothesis (A). Therefore, since V2 is 
neither an integer nor a fraction it cannot be a rational number. 

7 
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since there are infinitely many lengths which are incommensara.ble 
with the unit of length, the straight line is infinitely richer in 
point-individuals than the series of rational numbers is in number- 
individuals. This comparison has led to the recognition of a cert&in 
incompleteness of the system of rational numbers, while we ascribe to 
the straight line completeness and absence of gaps^ that is, continuity. 

7. Irrational numbers. If we wish to study the straight line 
arithmetically, the system of rational numbers having been found 
wanting, it becomes necessary to extend our system of numbers 
in such a way that it shall have the same completeness^ or continuity^ 
as the straight line. This has been done by the creation of irron 
tional numbers which are defined in terms of rational numbers only. 
The scope of this book does not permit the development of the 
modern arithmetic theory of rational numbers; hence we shall 
only call the attention of the student to the existence of irrational 
numbers and to the statement : the irrational numbers completely 
fill up all the gaps which exist in the system of rational numbers/ 
i.e. we assume that to every point on a straight line corresponds 
a number^ rational or irrational^ and conversely. Following are 
examples of irrational numbers : 

V2 = 1.4142136. .,♦ 
logioS = 0.6989700 .,t 
7r = 3.1415929 ••., 
e = 2.7182814 •.. 

8. Real numbers. All rational and irrational numbers are called 
real numbers. These are arranged in order with respect to their 
magnitudes as follows: 

4 3 2 1...0... + 1.. + 2. .. + 3-.-1-4.-., 

increasing as we pass from left to right. 

• It was shown in footnote on p. 7 that Vi cannot be a rational number, 
t Suppose this to be a rational number, then 

h 
where a and b are positive integers. Then 

• 
10*«5, or 10»=6». 
That is, no matter what the values of a and ft, we would have a number whose last digit is 
zero equal to a number whose last digit is 5 ; this being absurd, our hypothesis that log,«6 was a 
rational number is absurd. 
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The symbol > is read is greater than^ and the symbol < is read 
is leas than. 

It is sometimes convenient to write a > 0, which means that a 
is positive ; or 6 < 0, showing that b is negative. 

We may also write such expressions as 

3 > - 1, or - 8 < - 5, etc. 

The symbol > is read is greater than or equal to, and is equiva- 
lent to the symbol <, read is not less than. 

The symbol < is read is less, than or equal to, and is equivalent 
to the symbol >, read is not greater than. 

The symbol ^ is read is greater or less than, and is equivalent to 
the symbol =^, read is not equal to. 

9. Numerical or absolute value. By the numerical value or ahto- 
lute value of a real number we mean its value taken positively. 
The numerical or absolute value of a is denoted by the symbol \a\. 

Thus, |5| = |-5| = + 5. 

10. Imaginary numbers. Consider the equation 

No real number substituted for x will satisfy this equation. 
To overcome this diflBculty, our number system must be enlarged 
by the creation of a new number. If t is a number such that 
f^ = — 1, then the above equation is satisfied by substituting i or 

— I for X. Hence , . 

x^±% 

is called the solution of the equation, and the new number 
t = V— 1 is termed the imaginary unit. 
If a is real, the expression 

a V— 1, or aiy 

defines an imaginary number. 

11. Complex numbers. The sum 

a 4- Ji, 
where a and h are real numbers, defines a complex number. The 
first term belongs to the system of real numbers, while the second 
belongs to the system of imaginary numbers. Complex numbers 
suffice for all algebraic operations. 
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12. Division by zero excluded. - is indeterminate. For, the 

quotient of two numbers is that number which multiplied by the 
divisor will give the dividend. But any number whatever multi- 
plied by zero gives zero, and the quotient is indeterminate ; that 
is, any number whatever may be considered as the quotient^ a 
result which is of no value. 

- has no meaning, a being different from zero, for there exists 

no number such that if it be multiplied by zero the product would 
equal a. 

Therefore division by zero is not an admissible operation. 

13. Only real numbers considered. Unless otherwise stated, only 
real numbers are considered in what follows in this book. 



CHAPTER III 
VARIABLES AND FUNCTIONS 

14. Variables. A variable is a quantity to which an unlimited 
number of values can be assigned. Variables are denoted by the 
later letters of the alphabet. Thus, in the equation of a straight 
line, 

a b 

X and y may be considered as the variable coordinates of a point 
moving along the line. 

15. Constants. A quantity whose value remains imchanged is 
called a constant. 

Numerical or absolute constants retain the same values in all 
problems, as 2, 5, Vt, tt, etc. 

Arbitrary constants^ or parameters^ are constants to which any 
one of an unlimited set of numerical values may be assigned, 
and they are supposed to have these assigned values throughout 
the investigation. They are usually denoted by the earlier letters 
of the alphabet. Thus, for every pair of values arbitrarily assigned 
to a and 5, the equation 

a b 

represents some particular straight line. 

16. Interval of a variable. Very often we confine ourselves to 
a portion only of the number system. For example, we may 
restrict our variable so that it shall take on only such values as 
lie between a and 6, where a and b may be included, or either or 
both excluded. We shall employ the symbol [a, 6], a being less 
than 6, to represent the numbers a, 6, and all the numbers between 
them, unless otherwise stated. This symbol [a, i] is read the 
interval from a to b. 

11 
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17. Continuous variation. A variable x is said to vaiy continu- 
ously through an interval [a, (], when x starts with the value a 
and increases until it takes on the value h in such a manner as 
to assume the value of every number between a and ( in the 
order of their magnitudes. This may be illustrated geometrically 
as follows : 



The origin being at 0, lay off on the straight line the points A 
and B corresponding to the numbers a and &. Also let the point 
P correspond to a particular value of the variable x. Evidently 
the interval [a, (] is represented by the segment AB. Now as x 
varies continuously from a to & inclusive, i.e. through the interval 
[a, i], the point P generates the segment AB, 

18. Functions. When two variables are so related that the 
value of the first variable depends on the value of the second 
variable, then the first variable is said to be a function of the 
second variable. 

Nearly all scientific problems deal with quantities and relations 
of this sort, and in the experiences of everyday life we are con- 
tinually meeting conditions illustrating the dependence of one 
quantity on another. For instance, the weight a man is able to lift 
depends on his strength^ other things being equal. Similarly, the 
distance a boy can run may be considered as depending on the time. 
Or, we may say that the area of a square is a function of the length 
of a side, and the volume of a sphere is a function of its diameter. 

19. Independent and dependent variables. The second variable, 
to which values may be assigned at pleasure within limits depend- 
ing on the particular problem, is called the independent variable^ or 
argument; and the first variable, whose value is * determined as 
soon as the value of the independent variable is fixed, is called 
the dependent variable^ or function. 

Frequently, when we are considering two related variables, it 
is in our power to fix upon whichever we please as the inde- 
pendent variable ; but having once made the choice, no change of 
independent variable is allowed without certain precautions and 
transformations. 
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One quantity (the dependent variable) may be a function of two 
or more other quantities (the independent variables, or arguments). 
For example, the coat of cloth is a function of both the quality 
and quantity ; the area of a triangle is a function of the hoMe and 
altitude; the volume of a rectangular parallelopiped is a function 
of its three dimensions. 

220. Notation of functions. The symbol f(x) is used to denote a 
function of x^ and is leeid /function of x. In order to distinguish 
between different functions the prefixed letter is changed, as 
^(x), <^(ar),/'(x), etc. 

During any investigation the same functional symbol always 
indicates the same law of dependence of the function upon the 
variable. In the simpler cases, this law takes the form of a series 
of analytical operations upon that variable. Hence, in such a 
case, the same functional symbol will indicate the same operations 
or series of operations, even though applied to different quantities. 
Thus, if 

/(a:) = a:*-9a: + 14, 

then /(y) = y"-9y + 14. 

Also /(a) = a»-9a + 14, 

/(6 + 1) = (6 + 1)« - 9 (6 + 1) + 14 = 6« - 7 6 + 6, 
/(0)=0«-90 + 14=14, 
/(-l) = (-l)»-9(-l) + 14 = 24, 
/(3)=8^-9-3 + 14=-4, 
/(7)=7«-9. 7 + 14 = 0, etc. 

Similarly ^(a:, y) denotes a function of x and y, and is read 
<l> function of x and y. 

If if>(Xjy) = Qm{x'\-y), 

then ^ (a, 6) = sin (a + 6), 

and ^ ( 9 ' J = sin — = 1. 

Again, if F(x^ y, 2) = 2 a: -f 8 y — 12 2, 

then i^(w» — m, 7w)=27w — 3?w — 12 771 = — 13m, 

and i^(8, 2, 1)= 28 + 8-2 - 121 = 0. 

Evidently this system of notation may be extended indefinitely. 
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2L Values of the independent variable for which a function is 
defined. Consider the functions 

a^ — 2 2; -f 6, sin a:, arc tan x 

of the independent variable x. Denoting the dependent variable 
in each case by y, we may write 

y = a? — 22; + 6, y = 8inx, y = arc tan x. 

In each case y (the value of the function) is known, or, as -we 
say, defined^ for all values of x. This is not by any means true of 
all functions, as the following examples illustrating the more com- 
mon exceptions will show. 

Here the value of y (i.e. the function) is defined for all values 
of X except x = b. When x = b the divisor becomes zero and the 
value of y cannot be computed from (1). Any value might be 
assigned to the function for this value of the argument. 

(2) y = V;. 

In this case the function is defined only for positive values of x. 
Negative values of x give imaginary values for y, and these must 
be excluded here where we are confining ourselves to real num- 
bers only. 

(3) y = log„a:. 

Here.y is defined only for positive values of x. For negative 
values of x this function does not exist (see § 35). 

(4) y = arc sin x^ y = arc cos x. 

Since sines and cosines cannot become greater than + 1 nor less 
than — 1, it follows that the above functions are defined for all 
values of x ranging from — 1 to + 1 inclusive, but for no other 
values. 

22. One-valued and many-valued functions. A variable y is said 
to be a one-valued function of a second variable x when y has one 
and only one value corresponding to each value of x. Thus, in 

y = 32? 

y is a one-valued function of x. 
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If to each value of the second variable there correspond more 
than one value of the first variable, then the first variable is said 
to be a mant/'Valued function of the second variable. In 

y is a two-valued function of x since 

y = ± VS^. 

Again, in y = arc tan a; 

it is seen that there is no limit to the number of values of y corre- 
sponding to a given value of z. For, let a; = 0, then y = titt, where 
n denotes zero or any integer. 

23. Explicit functions. When a relation between x and y is 
given by means of an equation solved for y, then y is called an 
eTpplicit function of x. Thus, in 

y = 2af — ar4-3. 



y = sin oa:, y = log(l 4- a:), y = 5 a', 
y is in each case an explicit function of x. 

Again, in « = log {x + y) 

2 is an explicit function of x and y. 

Similarly w = e*** 

exhibits tr as an explicit function of x^ y, and z. 

Symbolically these explicit functions may be respectively denoted 

z = 4>{x,y), 
w = F{x, y, z). 

24. Inverse functions. Let y be given as a function of x by 
means of the relation 

It is usually possible in the case of functions considered in this 
book to solve this equation for a^ giving 

a; = <^(y); 
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that is, to consider y as the independent, and x as the dependent 
variable. In that case 

/(a:)and<^(y) 

are said to be inverse functions. When we wish to distinguish 
between the two it is customary to call • the first one given the 
direct function and the second one the inverse function. Thus, in 
the examples which follow, if the second members in the first 
column are taken as the direct functions, then the corresponding* 
members in the second column will be respectively their inverae 
functions. 

y = x'-fl, a; = ±Vy-l. 

y = «*i a; = log^y. 

y = sin a:, a; = arc sin y. 

25. Integral rational functions. When y is put equal to an 
expression which is formed from x and constants by means of 
addition, subtraction, and multiplication, repeated a finite num- 
ber of times, then y is said to be an integral rational function of rr, 
or a polynomiaL Examples are 

y = 2a:"-6a? + 2a:~3, y = a2^ + bx + c. 

26. Rational functions. When y is equal to an expression 
which is formed from x and constants by means of the four fun- 
damental operations only, repeated a finite number of times, then 
y is said to be a rational function of x. Functions of this sort do 
not contain radicals and may be reduced to the quotient of two 
integral rational functions, i.e. to the quotient of two polynomials 
in X not involving fractional or negative exponents. For example, 

2a:-3 3a;-2 



y = + 7 a:. 



giving y as a rational function of x^ may be reduced to the form 
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27. Explicit algebraic functions. If y is placed equal to an 
expression which is formed from x and constants by a finite 
number of repetitions of the four fundamental operations and 
the extraction of integral roots, then y is called an explicit alge- 
braic function of X,* Thus, in 



y 






y is in each case an explicit algebraic function of x. 

Evidently both rational functions and integral rational functions 
are explicit algebraic functions, 

28. Transcendental functions. All functions which are not alge- 
braic are classed as transcendental. The elementary transcendental 
functions are : 

(1) Exponential function*^ in which variables enter as exponents ; 
as a*, y*, e*+^ a/, etc. 

(2) Logarithmic functions^ involving the logarithms of the vari- 
ables ; as log aoc^ log (x + y), etc. 

(8) Trigonometric functions^ ; as sin axj cos (x — y), tan 5 z, etc. 

* In general y is said to be an tUgehraic Junction qf x U y ia b root of an equation of the 
'^™ /o(x)ir+/i(ar)ir-»+/t(x)r-« + --+/— i(a?)y+/-(«)-0, 

where /o(x),/i (x),/s («)••• are integral rational fonctions of x (see § 2S). 

t In the farther stndy of mathematics an angle is always understood to be giTen* not in 
degrees, minntes, and seconds, but in terms of the radian as unit angle. This unit angle is the 
angle subtended at the center of a circle by an arc whose length is equal to that of the radius of 
the circle. The measure of any angle in terms of this unit is the ratio of the length of the arc 
which subtends the angle to the length of the radius. Thus, in figure, 

nugle AOB^-j^-. ^^ 

If are JB is twice the radius in length, then 

angle ^Oi?« 2. 

Since in any circle the ratio of the circumference to the radius is 
2ir,wehaTe 

ai\gle2ir«36(r, 
angle «■ « 180*, 

angle 1-— -6r.29+. 
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(4) Inverse trigonometric functions ; as arc sin r,* arc cot (a- — y), 
etc. 

Many more transcendental functions are studied in the higher 
branches of mathematics. 



EXAMPLES 

Given f(x) = x« - 10a5» + 31 x - 30 ; show that 

/(O) = - 30, f{y) = y» - 10 y« + 31 y - 30, 

/(2) = 0, f(a) = a« - 10o« + 31 a - 30, 

/(3) =/(6), f(yz) = y»r« - 10 y«z« + 31 yz - 30, 

/(l) >/(- 3), /(JB + 2) = x« - 16x8 + 83x - 140, 
/(- 1) = - 6/(6), /(x + A) = X* + (A - 10)x« - (A« - 10 A - 81)x 

+ A«-10A« + 31A-30. 

If/{x) = x«-10x« + 31x-80, and0(x) = x*~65x«-21Ox-216; show that 
/(2) = 0(~2), 
/(3) = 0(>-3), 
/(5) = 0(-.4), 
/{0) + 0(0) 4- 246 = 0. 

Given F{x) = x (x ~ 1) (x + 6) (x - i) (x + J) ; show that 
F(0) = F(l) = F(- 6) = F(i) = F(- }) = 0. 

If /(mi) = 5^LIlI ; show Uiat 
mi + 1 

/(mi) -/(ma) _ mi ~ ma 

1 + /(wi)/(ma) 1 + mima 

1 — X 

Given (x) = log ; ; show that 

1 + X 



*(») + *(y) = *i^y 



■xv> 
If /(0) = COB ; show that 

/(0) =/(- 0) =-/(^ - 0) = -/(Jr + 0). 
If F(B) = tan ^ ; show that 

F(2.)- ^^W - 



1 + [F(e)]« 

8. Given f (x) = »•• + *»"• + 1 ; show that 

f(l) = 3, i^(0) = l, f(a) = ^(-a). 

*AIbo written Bln-'x, the -1 not being considered as a negative exponent in the ordinary 
sense, but merely indicating the inverse function. The expression y » arc sin j? should be read 
y equals the arc (or angle) whose sine is x, and the same relation between x and y is given by 
Blny^x. 

For example, since tan -^1, 

we may also write - s= arc tan 1. 



CHAPTER IV 

THEORY OF LIMITS 

29. Limit of a variable. If a variable v takes on successively a 
series of values that approach nearer and nearer to a constant 
value I in such a manner that |t; — Z|* becomes and remains less 
than any assigned arbitrarily small positive quantity, then v is said 
to approach the limit Z, or to canverge to the limit I. Symbolically 
this is written llnill; ^ — |. 

The following familiar examples illustrate what is meant. 

(1) As the number of sides of a regular inscribed polygon is in- 
definitely increased, the limit of the area of the polygon is the area 
of the circle. In this case the variable is always less than its limit. 

(2) Similarly the limit of the area of the circumscribed poly- 
gon is also the area of the circle, but now the variable is always 
greater than its limit, 

(3) Consider the series 

(A) i_^ + j_j+.... 

The sum of any even number (2w) of the first terms of this 
series is 



(S) 




By6,p.l 



3-2' 



3n-l 



Similarly the sum of any odd number (2w-f-l) of the first 
terms of the series is 

^2ii + l •'• 2 4 8 02»-l *• 02n' 

1 1 



,0\ «f - 2"^' 2 1 By6,p.l 

* To be read the numericcU value of the difference between v and I. 
19 
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Writing (B) and (C) in the forms 

2_ 1 2 1 

3 >" 82*""*' *"+* 8 8-2*"' 

we have ^^^^ f--S V ^^™^* - = 

we nave ^ = ao \^8 ^'^J n = oo 8 • 2--* "• 

and "™i^ (s,^,, - IV ^'°''* TO = 0- 

Hence by definition of the limit of a variable it is seen that both 
S^^ and /S,,+i are variables approaching 2 as a limit as the num- 
ber of terms increases without limit. 

Summing up the first two, three, four, etc., terms of (A)j the 
sums are found by (B) and ((7) to be alternately less and greater 
than i, illustrating the case when the variable^ in this case the sum 
of the terms of (^), is 8ometime$ le$$ and sometimes greater than 
its limit. 

In the examples shown the variable never reaches its limit. This 
is not by any means always the case, for from the definition of 
the limit of a variable it is clear that the essence of the definition 
is simply that the numerical value of the difference between the 
variable and its limit shall ultimately become and remain less than 
any positive number we may choose however small. 

(4) As an example illustrating the fact that the variable may 
reach its limit, consider the following. Let a series of regular 
polygons be inscribed in a circle, the number of sides increasing 
indefinitely. Choosing any one of these, construct the circum- 
scribed polygon whose sides touch the circle at the vertices of 
the inscribed polygon. Let p^ and P„ be the perimeters of the 
inscribed and circumscribed polygons of n sides and C the circum- 
ference of the circle, and suppose the values of a variable 2; to be 
as follows : 



Pn^ 0, A, Pn + V C, A + n Pn^r C, P, 

identlv. 



Then evidently, 
and the limit is reached by the variable, 



n = 00 ^' 
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30. Infinitesimals. A variable v whose limit is zero is called 
an infinitesimal.* This is written 

limit v = 0, 

and means that the successive numerical values of v ultimately 
become and remain less than any positive quantity however small. 
Such a variable is said to become indefinitely small or to ultimately 
vanish. 

If limit v = Z, then limit (v — i) = ; 

that is, the difference between a variable and its limit is an infini- 
tesimal. 

Conversely, if the difference between a variable and a constant is 
an infinitesimal^ then the variable approaches the constant as a 
limit. 

31. The concept of infinity (oo). If a variable v ultimately 
becomes and remains greater than any assigned positive number 
however large, we say v increases mthout limits and write 

limit t; = + 00. 

If a variable v ultimately becomes and remains algebraically 
less than any assigned negative number, we say v decreases without 
limits and write 

limit v = — oo. 

If a variable v ultimately becomes and remains in numerical 
value greater than any assigned positive number however large, 
we say t;, in numerical valucj increases tvithovt limits or v becomes 
infinitely great^^ and write 

limit V = 00. 

Infinity (oo) is not a number; it simply serves to characterize 
a particular mode of variation of a variable by virtue of which it 
increases or decreases without limit. 

• Hence a oonstant, no matter how small it may be, Is not an Inflnitesimal. 

t On account of the notation used and for the sake of uniformity, the expression limit v « + « is 
sometimes read t; approaches the limit plus injinity. Similarly limit v « - « is read v approaehet 
the limit minui trinity j and limit v = « is read v, in numerical value, approaches the limit 
infinity. 

While the abore notation is oonyenient to use in this connection, the student must not forget 
that infinity is not a limit in the sense in which we defined a limit on page 19, for infinity Is not 
a number at all. 



22 DIFFERENTIAL CALCULUS 

32. Limiting value of a function. Given a function f{r). 

If the independent variable x takes on any series of values 

such that 

limit a* = rt, 

and at the same time the dependent variable /(2;) takes on a series 
of corresponding values such that 

limit /(x) = -4, 

then as a single statement this is written 

and is read the limit of f{x\ as x approaches the limit a by any set 
of valties^ is A,* 

33. Continuous and discontinuous functions. A function f(x) is 
said to be contintumsfor x = aii the limiting value of the function 
when X approaches the limit a in any manner is the value assigned 
to the function for x=a. In symbols, if 

then/(2;) is continuous for x = a. 

The function is said to be discontinuous for x=^a if this con- 
dition is not satisfied. For example, if 

limit /. V ^ 

the function is discontinuous for 2;== a. 

The attention of the student is now called to the following cases 
which occur frequently. 

Case I. As an example illustrating a simple case of a func- 
tion continuous for a particular value of the variable, consider 
the function 

For a; = 1, /(a:)=/(l)= 8. Moreover, if x approaches the limit 
1 in any manner, the function /(a;) approaches 3 as a limit. Hence 
the function is continuous for 2; = 1. 

• It sometime* happens that/(x) approaches one limit when x approaches a, x being always 
less than a ; and a different limit when x approaches a, x being always greater than a. Or,/(x) 
may approach a limit from one side and not from the other ; or it may approach no limit from 
either side. Evidently the above definition excludes all such exceptional cases. 
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Case II. The definition of a continuous function assumes that 
the function is already defined for 2; = a. If this is not the case, 
however, it is sometimes possible to assign such a value to the 
function for x = a that the condition of continuity shall be satis- 
fied. The following theorem covers these cases : 

Theorem. Iff(x) is not defined for a: = a, and if 

then f{x) will be continuous for x=^a^if B is assumed as the value 
^ff{^) fo^ x = a. Thus the function 

a^-4 
a:-2 

is not defined for x = 2 (since then there would be division by 
zero). But for every other value of ar, 

a?-4 

and S(--^2) = 4; 

., - limit a? — 4 
therefore ^ o ^ = 4. 

Although the function is not defined for a: = 2, if we arbitrarily 
assign it the value 4 for a; = 2, it then becomes continuous for this 
value. 

A function f(x) is said to be continuous in an interval when it is 
continuous for all values of x in this interval,* 

34. Continuity and discontinuity of functions illustrated by their 
graphs. 

(1) Consider the function a:*, and let 

(A) y^^. 

• In this book we shall deal only with functions which are in general contlnnons, that is, con- 
tinuous for all values of x, with the possible exception of certain isolated values, our results in 
general being understood as valid only for such values of x for which the function in question 
is actually continuous. Unless special attention is called thereto, we shall as a rule pay no 
attention to the possibilities of such exceptional values of x for which the function is discon- 
tinuous. The definition of a continuous function /(x) is sometimes roughly (but imperfectly) 
summed up in the statement that a tmall change in x shall produce a small change in /{x). Wo 
Bhall not oonsider f nnotions having an infinite number of oscillations in a limited region. 
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If we assume values for x and calculate the correspondiDg^ values 
of y, we can plot a series of points. Drawing a smooth line free- 
hand through these points a good representation 
of the general behavior of the function inay be 
obtained. This picture or image of the function 
is called its graph. It is evidently the locus of all 
points satisfying equation {A). 

Such a series or assemblage of points is also 
^ called a curve. Evidently we may assume values 
of X so near together as to bring the values of y (and therefore 
the points of the curve) as near together as we please. In other 
words, there are no breaks in the curve, and the function a?^ is 
continuous for all values of x. 

(2) The graph of the continuous function sin a: is plotted by 
drawing the locus of 

y = sin a:. 

It is seen that no break in the 

curve occurs anywhere. 

(3) The continuous function c* is of very fre- 
quent occurrence in the Calculus. If we plot its 
graph from 





we get a smooth curve as shown. 

^^ is clearly seen that, 



(« = 2.718 •••) 
From this it 



(a) when a: = 0, ^"^^( = €0=1; 

(b) when a: > 0, y (= e*) is positive and increases as we pass 
towards the right from the origin; 

(c) when a; < 0, y (= e*) is still positive and decreases as we 
pass towards the left from the origin. 

(4) The function log, a: is closely related to 
the last one discussed. In fact, if we plot its 
graph from 

y = log,a:, 

it will be seen that its graph has the same 

relation to OX and OF as the graph of e' has to OF and OX 
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Here we see the following facts pictured : 

(a) For z = lj log^x = log^l = 0. 

(b) For a; > 1, log^rr is positive and increases as x increases. 

(c) For l>a;>0, log^a; is negative and increases in numerical 
value as x diminishes. 

(d) For a; < 0, log.a: is not defined ; hence the entire graph lies 
to the right of or. 

(5) Consider the function -» and set 

X 

1 

X 

If the graph of this function be plotted, it will be seen that as x 
approaches the value zero from the left (neg- 
atively) the points of the curve ultimately 
drop down an infinitely great distance, and 
as X approaches the value zero from the right 
the curve extends upward infinitely far. 

The curve then does not form a continuous 
branch from one side to the other of the axis 
of F, showing graphically that the function 
is discontinuous for a: = 0, but continuous for all other values of x. 

(6) From the graph of 



I 






y = : 



2a; 



it is seen that the function 
2a; 

is discontinuous for the two values a; = ± 1, but continuous for all 
other values of x. 
(7) The graph of 

y = tana; 
shows that the function tana; is 
discontinuous for infinitely many 

values of a;, namely, a; = -^, where 

n denotes any odd positive or negative integer. 
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(8) The function 

arc tana; 

has infinitely many values for a given value of x, the graph of 
equation 




y = arc tan x 

consisting of infinitely many branches. If, how^ 

ever, we confine ourselves to any single brsuicb, 

=rrr!^J the function is continuous. For instance, if 'we 

say that y shall be the arc of smallest absolute 
value whose tangent is a;, that is, y shall take 

on only values between — — and —9 then we are limited to the 

branch passing through the origin and the condition for continuity 
is satisfied. 



(9) Similarly 



arc tan - 

X 



is found to be a many-valued function, 
branch of the graph of 



Confining ourselves to one 



' = arc tan -» 

X 



we see that as x approaches zero from 



TT 




the left y approaches the limit — — » and 

as x approaches zero from the right y approaches the limit +7r" 

Hence the function is discontinuous when 2; = 0. Its value for 
2; = can be assigned at pleasure. 

Functions exist which are discontinuous for every value of the 
independent variable within a certain range. In the ordinary ap- 
plications of the Calculus, however, we deal with functions which 
are discontinuous (if at all) only for certain isolated values of 
the independent variable ; such functions are therefore in general 
continuous, and are the only ones considered in this book. 

35. Fundamental theorems on limits. In problems involving 
limits the use of one or more of the following theorems is usually 
implied. It is assumed that the limit of each variable exists and 
is finite. 
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Theorem I. The limit of the algebraic sum of a finite number of 
variables is equal to the like algebraic sum of the limits of the several 
variables. 

Theorem II. "The limit of the product of a finite number of vari- 
ables is equal to the product of the limits of the several variables. 

Theorem III. The limit of the quotient of two variables is equal 
to the quotient of the limits of the separate variables^ provided the 
limit of the denominator is not zero. 

Before proving these theorems it is necessary to establish the 
following properties of infinitesimals. 

(1) The sum of a finite number of infinitesimals is an infinitesimal. 
To prove this we must show that the numerical value of this sum 
can be made less than any small positive quantity (as e) that may 
be assigned (§ 30). That this is possible is evident, for, the limit 
of each infinitesimal being zero, each one can be made numerically 

less than - (n being the number of infinitesimals) and therefore 
n 

their sum can be made numerically less than 6. 

(2) The product of a constant c and an infinitesimal is an infini- 
tesimal. For the numerical value of the product can always be 
made less than any small positive quantity (as e) by making the 

numerical value of the infinitesimal less than -• 

c 

(3) The product of any finite number of infinitesimals is an infini- 
tesimal. For the numerical value of the product may be made 
less than any small positive quantity that can be assigned. If the 
given product contains n factors, then since each infinitesimal may 
be assumed less than the nth root of 6, the product can be made 
less than e itself. 

(4) If V is a variable which approaches a limit I different from 
zero^ then the quotient of an infinitesimal by v is also an infinitesi- 
mal. For if limit v = Z, and k is any number numerically less 
than Z, then by definition of a limit, v will ultimately become and 

remain numerically greater than k. Hence the quotient -» where 

€ is an infinitesimal, will ultimately become and remain numerically 

less than --» and is therefore by (2) an infinitesimal. 

K 
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Proof of Theorem L Let Vj, v,, v,, •■ be the variables, and /j, 
Iv ^»» • • • ^eir respective limits. We may then write 



where e^, c^^, €,, • • are infinitesimals (i.e. variables having zero for 
a limit). Adding, 

{A) (t;, + t;. + t;, + ...)-(i, + Z, + i, + ...) = (€,+e, + 6, + ...). 

Since the right-hand member is an infinitesimal by (1), p. 27, 
we have from the converse theorem on p. 21, 

limit (Vj + v, + v, + •••)= ^ + ^j + ^t + •• • 
or, limit (Vj + v, + v, H ) = limit v^ + limit v, + limit r, H , 

which was to be proved. 

Proof of Theorem U. Let v^ and r, be the variables, l^ and 
l^ their respective limits, and t^ and c, infinitesimals ; then 

Vi = ^1 + €i 
and V, = /, + €,. 

Multiplying, v^v^ = (Z^ + e^) (/, 4- €,) 

or, 

(5) V^V^ - fj/, = /,€i + /,€, + €i€,. 

Since the right-hand member is an infinitesimal by (1) and (2), 
p. 27, we have as before 

limit (VjV,) = l}^ = limit v^ • limit t;„ 

which was to be proved. 

Proof of Theorem III. Using same notation as before, 






or, 

{O) 
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Here again the right-hand member is an infinitesimal by (4), 
p. 27, if i, ¥= 0, hence 

Umitf^V!^ = !?5?i^' 
\v,/ /, limit v, 

which was to be proved. 

It is evident that if any of the variables be replaced by con- 
stants our reasoning still holds and the above theorems are true. 

36. Special limiting values. The following examples are of 
special importance in the study of the Calculus. In the first 
twelve examples a > and c^O. 



Written in the form of limits. 



(1) 

(2) 
(3) 

(4) 
(5) 
(6) 
(7) 
(8) 
(9) 



limit £ 
« = 



- = oo; 



limit -, _ ^ . 
_ ex ^ coi 

limit X ^ . 
x = «- = «« 

limit '' _(\. 



limit 



limit ei'= + <x), wheno<l 

= — 00 



limit 

X = + 00 

limit 



a* = 0, when a < 1 
a* = 0, when a > 1 



Abbreviated form often used, 
c 

— = 00. 



<j • 00 = cx). 

00 

— = 00. 

c 

-^ = 0. 

00 

a— = + cx). 
a+* = 0. 
a— = 0. 



x=°+*oo ^= + 00, when a > 1 
x=^0 loga^ = + «» when a < 1 

(10) ^ ^^l^^ log^rr = - 00, when a < 1 

(11) ^^"^l log, a: = - 00, when a > 1 

(12) ^ ^^^^ log, 2: = + 00, when a > 1 



a-*-* = -f 00. 



loga = + 00. 

l0go(+Q0)=-Q0. 

10g« = - 00. 

lOga + 00 = + 00. 



The expressions in the second column are not to be considered 
as expressing numerical equalities (00 not being a number) ; they 
are merely symbolical equations implying the relations indicated in 
the first column, and should be so understood. 
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(18) Find _ — ^^^^ — , where n denotes any positive integer.* 
By division we get 

for every value of x except a: = a. Therefore 

limit a^-g" ^ limit ^-i ^ limit ^^_, ^ . . . _^ liniit ^,_,^ ^ limit ^«_i^ 

[By Theorem I, p. 27.] 

The limit of each term in the second member is a" ; and since 
there are n terms, we have 

limit ^Ll^-^^._, 
X — a X — a 

(14) Show that l*™i?HL£ = i. 
^ ' X ^0 X 

Let be the center of a circle whose radius is unity. 
Let arc ^ Jif = arc ^Jlf' = a:, and let MT and M'T be tangents 
drawn to the circle at M and M\ From Geometry, 

MPM' < MAM' < MTM; 
^ or, 2sinx<2x<2tana:. 

Dividing through by 2 sin 2: we get 




sin X cos X 
If now X approaches the limit zero, 

limit X 



a: = 



sma: 



must lie between the constant 1 and ^^^^ » which is also 1. 

X = \) cos X 

Therefore ^'"^'^ -/ = 1, or ^'"^'^ ^^ == 1. Th. Ill, p. 27 

* Restricted to a positive integer In order to simplify the work. The reiult holds true for all 
values of n. 
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It is interesting to note the behavior of this function from its 
graph, the locus of equation 

sinic 




Although the function is not defined for x=^Oy yet it is not 
discontinuous when :r = if we define 



sin 
"0~ 



= 1. 



Case II, p. 23 



(15) Find the limit of the sum of the series 

as the number of terms increases without limit. 

By formula 6, p. 1, we find that the sum of n terms of the 
series is 



Hence 



limit « _ limit 3 A __ j|^\ 
w = oo " w = oo2\ 3"/ 

^ 3 limit A _ 1\ 
2 w = 00 \ 37 

___8r limit /iv_ limit /Jl\"1 
~ 2 Ln = 00 ^^ n = oo \Sy J 

37. The number c.* We first proceed to prove two important 

theorems. 

Theorem I. If a is a variable > — 1 which varies continuously 

in any interval not including zero^ then the function 

1 
<^(a) = (l + a)* 

varies in a sense contrary to a. 

* The proofe in this section are due to Yall^e-Poussiu. 
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We start with the identity 

a«+» - 1 =(a - l)(a- -f a""' + • • -H a 4- 1), 
or, a-+ ' = 1 + (a - 1) (a- + a-' 4- • • • + a + 1); 

where a denotes any positive number and n a positive integer. 

Since the last parenthesis is > or < (n + 1) according as a is > 

or < 1, or according as (a — 1) is positive or negative, we have in 

either case 

a-^'>l+(n + l)(a-l). 

Let 10 be any number > — n and different from zero, and 
replace a in this inequality by the quotient 

1 + - ) and reducing gives 

(>-.-Ti)"'>o"-:)' 

Let m be any integer > n ; then by repeated applications of 
the last result we see that 

and it readily* follows that 

according as a> ^ 0. Now replacing i» by 971a we get 

{A) (l + a)i>(l+^a)~, 

according as a ^ 0. This proves our statement for two values (as 

ma 

a and — a) having the same sign and whose quotient is rational. 

In order to extend this proof to the case of two values a and fi 
whose ratio is irrational, consider first the case when a > 0. 

* The aMomptlon is here made that raising both members of an inequality to any power, 
rational or irrational^ does not or does change the sense of the inequality according as the power 
is poeitiTe or negatiTe. 
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Assuming a </3 we may so choose m and n that 

a < — a < p. 
n 

Now let — a approach )3 as a limit by a series of increasing 

values ; then the second member of the inequality {A) will be 
constantly decreasing and we get in the limit since the function 
is continuous i i 

(l + a)^>(l-h/8)^ 
or, (f>(a)> 4>{fi). a<fi 

Similarly when o < we shall get 

4>{a)<4>{ff), a>fi 

which establishes the theorem for all cases. 

Theorem II. Definition of the number e. As a approaches the 
limit zerOj the function 



1 



^(a) = (! + «)« 

of Theorem I approaches a limit. In whatever manner a approaches 
zero^ the limit is the same number. This limit is denoted by e. 
Consider the two variables a and /8 connected by the condition 

1 + a = -y where > o > — 1 ; 

1 + /8 

then it follows that 

<^(a) = (l+/8)<^(^.* 

If a tends towards zero through a series of increasing (therefore 
negative) values, fi will be positive and tend towards zero through 
a series of decreasing values. Then, by Theorem I, we know that 
4>(a) continually decreases and ^(/3) continually increases. But 
4>{a) always remains positive and therefore must tend towards 
some definite limit (see Theorem II, above). Denoting this limit 

1 
I _1 1 

• ♦(«)«(l+a)«=(l + j^-l)^ + ^ [a«^-*--lbyhTpotheito.] 
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by e, the last equation, in wliich 1 -f /9 tends towards the limit 
anity, becomes in the limit 

Since a was negative and /9 positive, this proves that the limit is 
the same whatever may be the sign of the variable. 

To evaluate this limit we note that ^ (/8) increases towards its 
limit, while ^(a) = (l + i8)0()3) decreases towards the same limit 
(= «). Hence for all positive values of /8, 

By means of this inequality we may calculate the value of r to 
any desired degree of accuracy by choosing /8 sufficiently small. 
If we let /8 = i, then 

(r<^ <(!)•; 

hence e certainly lies between 2 and 4. In Chapter XX, Ex. 14, 

p. 287, we give a more expeditious method for calculating e. 

Approximately 
^^ ^ « = 2.71828 •... 

Plotting the graph of 0(a) from 

y=(l4-a)% 

and assigning to y the value e when a = 0, 
we see that as a increases without limit y 
approaches the limit 1, and as x approaches 
the limit —1 from the right y increases 
without limit. 

Natural logarithms are those which have the number e for base. 
These logarithms play a very important r81e in mathematics. 
When the base is not indicated explicitly, the base e is always 
understood in what follows in this book. Thus log^v is written 
simply log v. 

Natural logarithms possess the following characteristic prop- 
erty: If a approaches zero as a limit in any way whatever, 

limit -^^ ^ = limit log (1 -f a)* = log e = 1. 





f. 


e 


T 

5 




N^^ y-e 






1 y-i 


-1 





X 
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EXAMPLES 



Prove the following. 
, Hmit/x+_l\ . 



= »-'i(l)+»-'^(l) Th.I,p.27 



[Since these limiU exist.] 
= 1+0 = 1. 



2 limit / g' + 2x \ 1 

• x = ooV5-3x2/ 3' 



1+^' 



p_^^ limit /x» + 2x\ limit / ^ 



x = oo\5 




[DiTiding both numerator and denominator by a;*.] 
limit /, . 2> 



limit /i2x 
C = 00\ ^ x) 

x = ao\xa / 
ait of the denomin 

limit ,,v , limit /2\ 
J = 00^ ' '^x = «\x/ 

imit / 5 \ limit ,qv 



X : 

[Since the limit of the denominator Is not zero.] 
limit ,,v . limit /2> 



limit 

X 

[Since these limits exist.] 
_ H-0 ^ 1 
"0-3~ 3' 



Th. Ill, p. 27 



Th. I, p. 27 



3 limit a:«-2x-f6 ^1 1*°^*^ (8 ax« ~ 2 to + 6 A«) = 3 ax«. 
x=lx*+7 2 A = 0^ ' 

4 limit 8^'-f6x' ^ _ 2 limit («^2 + ^ + c) = «. 

K limit ?!+i_fi o limit (»-fc)'-2fcc» _, 

^- x = -2 x + 3"'^' "*• * = x(x + ife) "• 

9. ^^^ [2 sin (a + mx) cos (a - mx)] = sin 2 a. 

11. "™*^[tan«(y-^)-C08y] = sec«^. 
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12. Uinlt «)«(«-«) ^_t^„^ 
a=s-008(2a-a) 

13. ^^°**i ( arc ton 1±^ ) = — , n being an odd integer. 

14. ^J (arc cos VT^) = ^ ' ** ^^'^^ *** ^^ integer. 

,« Umlt 2x» + 3x« __ „. limit (»H-*)'-g' __-._, 

19 limit n(n-H) _ limit l-costf _ 1 

' n = oo(n + 2)(n + 3) ^ = ^ i' 

^' 2 = a _ = - 00, if X is increasing as it approaches the value a. 

26. ^ ™^^ _ = + oD, if X is decreasing as it approaches the value a. 



CHAPTER V 

DIFFERENTIATION 

t 38. Introduction. We shall now proceed to investigate the 
manner in which a function changes in value as the independ- 
ent variable changes. The fundamental problem of the Differ- 
ential Calculus is to establish a measure of this change in the 
function with mathematical precision. It was while investigating 
problems of this sort, dealing with continuously varying quantities, 
that Newton* was led to the discovery of the fundamental prin- 
ciples of the Calculus, the most scientific and powerful tool of the 
modem mathematician. 

39. Increments. The increment of a variable in changing from 
one numerical value to another is the difference found by sub- 
tracting the first value from the second. An increment of x is 
denoted by the symbol As:, read delta x. 

The student is warned against reading this symbol '^ delta times 
a:," it having no such meaning. Evidently this incremeut may be 
either positive or negative f according as the variable in changing 
is increasing or decreasing in value. Similarly 

At/ denotes an increment of y, 
A0 denotes an increment of 0, 
A/*(ic) denotes an increment of /(a;), etc. 

If in y =f(x) the independent variable x takes on an increment 
Aic, then Ay is always understood to denote the corresponding 
increment of the function f{x) (or dependent variable y). 

*Slr iMae Kewton (1842-1727), an EngliBhman, was a man of the mo«t extraordinary genluB. 
He deyeloped the foienoe of the Calculns under the name of Fluxions. Although Newton had 
discovered and made use of the new science as early as 1870, his first published work in which it 
occurs is dated 1887, having the title Philo»ophiae Naturalit Prineipia Maihematica, This was 
Newton's principal work. Laplace said of it, "It will always remain preeminent above all other 
productions of the human mind." 

t Some writers call a negative increment a decrement. 

37 
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The increment Ay is always assumed to be reckoned from a defi- 
nite initial value of y corresponding to the arbitrarily fixed initial 
value of X from which the increment Az is reckoned. For instance, 
consider the function 

Assuming 2; = 10 for the initial value of x fixes y = 100 as the 
initial value of y. 

Suppose X increases to a; = 12, that is, Ai; = 2 ; 

then y increases to y = 144, and Ay = 44. 

Suppose X decreases to 2: = 9, that is, Ai; = — 1 ; 

then y decreases to y = 81, and Ay = — 19. 

It may happen that as x increases y decreases, or the reverse ; 
in either case Ax and Ay will have opposite signs. 

It is also clear (as illustrated in the above example) that if 

is a continuous function and Ax is decreasing in numerical value, 
then Ay also decreases in numerical value. 

40. Comparison of increments. Consider the function 

(A) y = 2^. 

Assuming a fixed initial value for 2*, let x take on an increment 

Ax. Then y will take on a corresponding increment Ay, and we 

have 

y + Ay = (x + Ax)\ 

or, y + Ay = a:* + 2 a:- Aa: + {Ax)\ 

Subtracting (^), y =2^ 

(B) Ay= 2a;.Aa:+(A2-)* 

we get the increment Ay in terms of x and Ax. 

To find the ratio of the increments, divide (B) by Axy giving 

Ax 

If the initial value of 2; is 4, it is evident that 

limit Ay_Q 
Ax^OAa:" 
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Let UB carefully note the behavior of the ratio of the increments 
of X and y as the increment of x diminishes. 



Initial 


New 


Increment 


IniUal 


New 


Increment 


Ay 


value of z 


value of X 


Ax 


value of V 


value of y 


Ay 


Az 




5.0 


1.0 


16 


25. 


9. 


9. 




4.8 


0.8 


16 


28.04 


7.04 


8.8 




4.6 


0.6 


16 


21.16 


5.16 


8.6 




4.4 


0.4 


16 


19.86 


3.36 


8.4 




4.2 


0.2 


16 


17.64 


1.64 


8.2 




4.1 


0.1 


16 


16.81 


0.81 


8.1 




4.01 


0.01 


16 


16.0801 


0.0801 


8.01 



It is apparent that as Aa; decreases Ay also diminishes, but their 
ratio takes on the successive values 9, 8.8, 8.6, 8.4, 8.2, 8.1, 8.01; 

illustrating the fact that --^ can be brought as near to 8 in value 

CkX 

as we please by making Aa; small enough. Therefore 

limit. Ay _Q 
Aa: = Aa;"" 

41. Derivative of a function of one variable. The fundamental 
definition of the Differential Calculus is : 

The derivative* of a function is the limit of the ratio of the incre- 
ment of the function to the increment of the independent variable^ when 
the latter increment approaches the limit zero. 

When the limit of this ratio exists, the function is said to be 
differentiable^ or to possess a derivative. 

The above definition may be given in a more compact form 
symbolically as follows: Given 

and assume for x some value for which /(a:) is continuous. 

Let X take on an increment Ax ; then y takes on an increment 
Ay, the new value of the function being 

{B) y + Ay=f{x + Ax). 

* Also called the differential coefficient or the derived function. 
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To find the increment of function, subtract (A) from {B)^ gi^ring 

(C) Ay=/(x + A:r)-/(x). 

Dividing by the increment of the variable Axy we get 

,j., Ay_ /(x + A:r)-/(x) 

^^ Aa: Aa: * 

The limit of this ratio when Ax approaches the limit zero is, 

from our definition, the derivative and is denoted by the uymbol -^• 

Therefore 

/XTv dy _ limit /(a; + Aac)-/(x) 

defines the derivative of y [or /(a-)] with respect to x* 
From (2>) we also get 

^«, limit Ay^ 

The process of finding the derivative of a function is called 
differendiation. 

It should be carefully noted that the derivative is the limit of 
the ratioy not the ratio of the limits. The latter ratio would assume 

the form -» which is indeterminate (§ 12, p. 10). 

42. Symbols for derivatives. Since Ay and Ax are always finite 
and have definite values, the expression 

Ay 
Ax 
is really a fraction. The symbol 

dy^ 
dx 

however, is to be regarded, not as a fraction^ but as the limiting 
value of a fraction. In many cases it will be seen that this symbol 
does possess fractional properties, and later on we shall show how 
meanings may be attached to dy and dxy but for the present the 

symbol ^ is to be considered as a whole. 
ax 
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Since the derivative of a function of 2; is in general also a func- 
tion of x^ the symbol /'(x) is also used to denote the derivative of 
/(a:). Hence, if 

we may write -^ =/'(•*')> 

which is read ihe derivative of y tvith respect to x eqiuih f prime 

of X. The symbol 

d 

dx 

when considered by itself is called the differentiating operator^ and 
indicates that any function written after it is to be differentiated 
with respect to x. Thus 

-^ or — y indicates the derivative of y with respect to x ; 

—/(a;) indicates the derivative oif(x) with respect to x; 

— (2 2:* -I- 6) indicates the derivative of 2 x-* + 5 with respect to x. 

The symbol 2>, is used by some writers instead of 3-. If then 

dx 

we may write the identities 

43. Differentiable functions. From the Theory of Limits it is 
clear that if the derivative of a function exists for a certain value 
of the independent variable, the function itself must be continuous 
for that value of the variable. 

The converse, however, is not always true; functions having 
been discovered that are continuous and yet possess no derivative. 
But such functions do not occur often in applied mathematics, and 
in this book only differentiable functions are considered^ that is, func- 
tions that possess a derivative for all values of the independent 
variable save at most for isolated values. 
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44. General rule for differentiation. From the definition of a ) 
derivative it is seen that the process of differentiating a function 
y =/(z) consists in taking the following distinct steps : 

General Rule for Dipferentiation 

First step. In the function repl<ice x by x + Ax^ giving a new 
value of the function^ y + Ay. 

Second step. Subtract the given value of the function from the njew 
value in order to find Ay {the increment of the function). 

Third step. Divide the remainder Ay (the increment of the furuy 
tion) by Ax (the increment of the independent variable). 

Fourth step. Find the limit of this quotient^ when Ax {the incre- 
ment of the independent variable) approaches the limit zero. This is 
the derivative required. 

The student should become thoroughly familiar with this rule 
by applying the process to a large number of examples. Three 
such examples will now be worked out in detail. 

Ex. 1. Differentiate 3x* + 6. 

Solution. Applying the successive steps in the General Rule we get, after placing 

y = 3x« + 5, 
First step, y + Ay = 3(x -f Ax)« + 6 

= 3x« + 6x . Ax + 3(Ax)« + 5. 

Second step. y + Ay = 8x« -f 6x • Ax + 3(Ax)« -f 5 

y =8x» +5 

Ay= 6x-Ax + 8(Ax)s. 

Third st^. ^ = 6x-f3.Ax. 

Ax 

dy 
Fourth step. -^ = 6x. Ans. 

dz 

We may also write this 

^(3x«-f6) = ex. 
dz 

Ex. 2. Differentiate x» ~ 2 x + 7. 

Solution. Place y = x* - 2 x + 7. 

First step. y + Ay = (x + Ajc)» - 2 (x + Ax) + 7 

= x8 + Sx-* • Ax + 3x . (Ax)2 + (Ax)» -2x-2.Ax + 7. 
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Second itep. 



Third dep. 



y =x« -2x +7 



Ay = 
Ay 



3x2.Ax + 3x(Ax)a + (Ax)» 



-2. Ax. 



-i = 3xa + 3x • Ax + (Ax)« - ! 
Ax 



Fmirihdep. ^ = 3x8-2. Ana. 
ox 




Or, :^ (x» - 2aj + 7) = 3x8 - 2. 
ox 




Ex. 8. Differentiate -^. 

X2 




SoltBtion, Place y = — • 




FtVfif (i#/>n ff 1^ Afr — ^ 




Ferrtrtep. " + ^ " (;, + ax)» 




Fi/^tmA utm A« — ^ ,.*'—" 


■c-Ax(2x + Ax) 


' (x+Ax)a x* 


x«(x + Ax)a 


THirdstep, ^^ = c f* + ^ . 

Ax x«(x + Ax)a 




dx X3(X) x» 


Ana. 


d/cv -2c 
^'' dx(xO= X. • 





45. Applications of the derivative to Geometry. We shall now 
consider a theorem which is fundamental in all applications of the 
Differential Calculus to Geometry. Let 

be the equation of a curve AB. Consider a fixed point P whose 
coordinates are (a;, y). Let x take on an increment Ax{*=MN); 
then y takes on an increment Ay{=EQ)^ the coordinates of Q 
being (a; + Aa;, y 4- Ay). ^ 

From the figure, MP = y =f{x) y 

and NQ = y 4- Ay =/(a; 4- Ax) ; 

therefore EQ = Ay =f{x 4- Ax) -f{x). 

Draw a secant line through P and ^ and 
a tangent line to the curve at P. Then 

BQ Ay f(x + Aar) -f{x) 




tan<^ = tan(2Pi? = ^ = ^ = 
= slope of secant line PQS. 



Ax 
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If we now let Ax approach the limit zero, the point Q will move 
along the curve and approach nearer and nearer to P, the secant 
will turn about F and approach the tangent as a limiting positioiLy 
and we may write 

_ limit Ay 
Aa;=0 Ax 

Umit f(x + Ax)-f(x) 



Aa;=0 



AjT' 



or. 



tanT = ^ 



from (E), p. 40 
=: slope of tangent line FT. Hence 



Theorem. 2%^ value of the derivative at any point of a curve is 
equal to the slope of the line drawn tangent to the curve at that paint. 

It was this tangent problem that led Leibnitz* to the discovery 
of the Differential Calculus. 

Ex. 1. Find the slopes of the tangents to the parabola y s x* at the vertex, and 
at the point where x = i. 

Solution, Differentiating by General Rtde, p. 42, we get 



(^) 



dx 



= 2x = slope of tangent line at any point on curve. 



To find slope of tangent at vertex, substitute x = in (^), 




giving 



dx 



Therefore the tangent at vertex has the slope zero, that la, 
it is parallel to the axis of x and in this case coincides with it. 

To find slope of tangent at the point P, where x = i, substi- 
tute in (il), giving 

dx 

that is, the tangent at the point P makes an angle of 46^ with the axis of x, 

•Qottfreid Wilhelm Leibnitz (1616-1716) waa a native of Leipzig. His remarkable abUltiefl 
were shown by original investigations in several branches of learning. He waa first to publish 
his discoveries in Calculus in a short essay appearing in the periodical Acta Entdiiorum at 
Leipzig in 1684. It is known, however, that manuscripts on Fluxions written by Newton were 
already in existence, and from these some claim Leibnitz got the new ideas. The decision of 
modern times seems to be that both Newton and Ijelbnitz invented the Calculus independently 
of each other. The notation used to-day was introduced by Leibnitz. 
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EXAMPLES 

Use the Oeneral RuUt p. 42, in differentiating the following examples. 

1. y = 3aj«. 

2. y = x«-8x. 

3. y=:^az^-}-bx + c, 

4. y = z*. 

5. r=:afi. 

6. p = 2g«. 

7. « =««-2« + 8. 

~x' (ix~ ««' 

^2 ds 4 

«» (ft <« 

10. Find the slope of the tangent to the cnrve y = 2 xS — 6 x + 5, (a) at the point 
where x = 1 ; (b) at the point where x = 0. An», (a) ; (b) — 6. 

11. (a) Find the slopes of the tangents to the two curves y = 3 x* — 1 and 
y = 2x> + 3 at their points of intersection, (b) At what angle do they intersect? 

Ans. (a) ±12, ±S; (b) arc tan /y. 



dx 


:6X. 




dy 
dz 


:2X- 


-3. 


dy_ 
dx 


:2ax 


+ 6. 


dx 


:3X«. 




dr _ 

de' 


.2a9. 




dp 
dq 


:4g. 




d8_ 
dl" 


2«- 


2. 



CHAPTER VI 
RULES FOR DIFFSRENTIATDTO STANDARD ELEMENTARY FORICS 

46. Importance of General Rule. The General Rule for differ- 
entiation given in the last chapter, p. 42, is fundamental, being' 
found directly from the definition of a derivative, and it is very 
important that the student should be thoroughly familiar with it. 
However, the process of applying the rule to examples in general 
has been found too tedious or difficult ; consequently special rules 
have been derived from the General Rule for differentiating cer- 
tain standard forms of frequent occurrence in order to facilitate 
the work. 

It has been found convenient to express these special rules bjr 
means of formulas, a list of which follows. The student should 
not only memorize each formula when deduced, but should be able 
to state the corresponding rule in words. 

In these formulas, li, v, and w denote variable quantities which 
are functions of x^ and are differentiable. 

FORMULAS FOR DIFFERENTIATION 
I ^^O. 

II ^ = 1. 

dx 

f IT — / 4- — \ — ^ 4- — — ^^"^ 

dx "^ dx dx dx* 

-„ d , . €lv 

dx "" dx dx* 

VI -r- (*^1*'« • • • Vn) = (V%Vt . . . Vn) -=^ + (Vif 's • • • Vn) -^ H 

ilx dx dx 

+ (rir«-..vn-i)^. 
dx 

46 



vn 



YlUb 
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d , ^. ^ *dv 

—- (r») = nv*»- 1 -7- • 
dx dx 



YII a -^ (»»•) = nx'^'K 

ax 



du dv 
V— u- 



YUI ±(fi) =-S2 

du 

vma 4-(^) =^. 

dx\c/ C 



dv 
c — 

_d_/e\ _ dx 

dx\v) ~ i;« 



dv 
WW d ,^ . ^ dx 

H ^^^®^«^^ " lofiTae— • 

•w <J yi \ dx 

n« _(iogt;) = — . 

I A(a^) =aMoga^. 

^ das^ ' dx 

HI ^('•i'^^) = ««»*£• 

<f . ^ V • dv 

IT ^(««*»')=-«"«**'^- 

<r ■ ■ . dv 

lYI — (secv) = secv tan «;-;—• 

dx dx 

<f . V . dv 

ini ^(cscv) = — CSC t; cot !;-=-• 

cm/ ax 
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xYm 
m 

IX 

in 



xin 



xxm 



XXIY 



XXY 



^(ver8r)-rii, 


dv 
dx 


/aw* flf VI «f\ ^— 


dv 
dx 


dx 


vn:iJ« 


^-(arccost^) = 
dx 


dv 
dx 


Vl-t;* 




dv 
dx 


dx 


1+v^' 


^- (arc cot v) = 
dx 


dv 
dx 




dv 
dx 


dx 


t;Vr«-l . 


^(arcc»cr).= 


dv 
dx 


V Vv« - 1 




dv 


-r- (arc vers r) = 


dx 



dx V2v — v« 



Xira ^ = i, y being a function of a?. 

dy 

47. Differentiation of a constant. A function that is known to 
have the same value for every value of the independent variable 
is constant, and we may denote it by 

As X takes on an increment A2:, the function does not change 
in value, that is, Ay = 0, and 
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But ;^'^\(^) = ^ = 0. 

Aa: = \AxJ dx 

I .-. 4^=0. 

The derivative of a constant is zero. 

48. Differentiation of a variable with respect to itself. 

Let y = x. 

Following O^eneral Rule^ p. 42, we have 



First step. 


y 4- Ay = a; + Aa:. 


Second step. 


Ay = A2;. 


Third step. 


Aa; 


Fourth step. 


dx 


U 


dx ^ 
dx 



The derivative of a variable with respect to itself is unity. 
48. Differentiation of a sum. 

Let y = t« + V — w. 

By General Rulcy 

First step. y-f-Ayssti-f-Aw-f-v-f-Ai; — w — Ati^. 

Second step. Ay = Au 4- Av — Lw. 

riff J J, Ay Au Av J^w 
Third step. a = T" + T IT' 

Ax Ax ax Ax 

x? _.! ^ dy du ^ dv dw 

Fourth step. j =3~ + 3 — T"* 

dx dx dx dx 

[Applying Th. I, p. 27.] 

^„ d , . . du , dv dw 

Similarly for the algebraic sum of any finite number of functions. 
2%e derivative of the algebraic sum of a finite number of functions 
is equal to the same algebraic sum of their derivatives. 
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50. Differentiation of the product of a constant and a variable. 

Let y = cv. 

By General Rule^ 

First step. y -{- Ay = c {v -{- Av) =cv + vAv, 

Second step. Ay = c . Av. 

Third step. --^=(?— ??. 

A2; A2; 

Fourth step. -r^^ = c -r- • 

ax dx 

[Applying Th. II, p. 37.] 

The derivative of the product of a constant and a variable is equal 

to the product of the constant and the derivative of the variable, 

5L Differentiation of the product of two variables. 

Let y = uv. 

By General Rule^ 

First step. y 4- Ay = (m 4- Aw) (v 4- Av) 

= uv 4- u > Av + 1; • Au 4- Au • Av. 

Second step. Ay = u • Av 4- 1; . Au 4- Au • Av. 

«»T . 1 . ^V Av . Au . . Av 

Third step. -t-^ = u--— 4-^-7— + Au-— . 

Ax Ax Ax Ax 

Tf ^1, J. dy dv ^ du 

Fourth step. -i^ = u -7-4- Vrr-. 

dx dx ax 

C Applying Tb. n, p. 27, since when Ax i4>proache8 zero sb a limit^n 
Ai» also approaches zero as a limit, and limit f An -^ j » 0. I 

d , . dv . du 
V .*. -;-(ur) = «-7-4"V:r— 

The derivative of the product of two variables is equal to the first 
variable times the derivative of the second^ plus the second variable 
times the derivative of the first. 

52. Differentiation of the product of any finite numhter of varia- 
bles. By dividing both sides of Y by uv, it assumes the form 

d . . du dv 

dx dx dx 

uv ^ u V 
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If then we have the product of n variables 



we may wnte 



d . . dv, d , . 

di<^^^»-^-> -di d^'^'^"'^^ 

= — 4- 

v,v. . . . « V, VJ)^ ...» 



v^v^ . . . 



dv, dv^ d , . 

li -^ ^<^'^*-^-) 
= — + — -h 

dv^ dv^ dv^ dv^ 

dx dx dx dx 

= — 4- — + — + •••+ 

^1 ^« V, 



v^ 



Multiplymg both sides by v^v^ • • • v,$ we get 

ax uQC aoD 

I / ^dvn 

+ (t;it;t...vn-i)-r— • 
cio; 

rAe derivative of the product of a finite number of variables is equal 
to the sum of all the products that can be formed by multiplying the 
derivative of each variable by all the other variables. 

53. Di£ferentiation of a variable with a constant exponent. If the 
n factors in TI ai'e each equal to v, we get 

A/ ^\ ^ 

dx^^^ dx 
= n — • 

v^ V 

dx dic 

When v = x this becomes 

ax 

We have so far proven YII only for the case when n is a positive 
integer. In § 59, however, it will be shown that this formula holds 
true for any value of n and we shall make use of this general result 
now. 

2%e derivative of a variable with a constant exponent is equal to 
the product of the exponent^*the variable with the exponent diminished 
by unity ^ and the derivative of the variable. 
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54. Differentiatioii of a quotient. 

Let y = - » V ^ 0, 

V 

By General Rule^ 

Fint step. y + ^y z= — i— - — 

^ ^ ' ^ v 4. Av 

a ,, . w-i-Amwv.Am — u.Av 

Second step. Ay = = • 

v-fAv V v(v-f Av) 



Third step. 
Fourth step. 



Au Av 
V ii — 

Ay Ax Ax 
Ax v{y -^ Lv) 

du dv 
dy dx dx 

[Applying llieoreiiiB II and III, p. ST.] 

du dv 
V — — u — 
cl /u\ fix dx 



Vfll • {^\ — 

€iX\V/ V* 



The derivative of a fraction is equal to the denominator timet 
the derivative of the numerator^ minus the numerator times the 
derivative of the denominator^ all divided by the square of the 
denominator. 

When the deDominator is constant, set t; = c in Ym, giving 



Villa 



du 
dx 

dx\ef~ e 



dx\e/ 



[dv dc ^l 

We may also get Yma from lY as follows 

du 
d /u\ Idu dx 
dx\c) c dx c 



The derivative of the quotient of a variable by a constant is equal 
to the derivative of the variable divided by the constant. 
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When the numerator is constant, set u = c in vni, giving 

dv 
Till 6 A(£)=_!^. 

The derivative of the quotient of a constant by a variable i% equal 
to minus the product of the constant and the derivative of the vari- 
able^ divided by the square of the variable. 

All explicit algebraic functions of one independent variable may 
be differentiated by following the rules we have deduced so far. 

EXAMPLES 

Differentiate the following. 

1. y = a». 

SoliiUon, ^ = -^(x^ = 8x«. Am, by VII a 

ax ax 

[«-8.] 

2. y = ax*-6x«. 

SolvJUon. ^ = :^ ((uc* - 6a5«) = ;^ (ox*) - :^ (te«) by m 

ax ax .ax ax 

= a£(«*)-6£(x«) bylV 

= 4aa:»-2te. Ans, byVDa 

3. y = z* + 5. 

aoluiion. g = l(x*) + ^(6) byin 

= |x*. Ans, byVnaandl 

4. . = 1^-^+8;^. 

Holuiion, ^ = :^(8xV)-^(7x-*) + ^(8x^ by HI 

az ax ax ax 

= J^x* + }x-^ + V*"^- -4IW. bylVandVno 

5. y = (xa-8)*. 

a<AvtUm. ^ = 6(x«-3)«^(x«-8) by VU 

ax ax 

[0 — 0^-8 and n*-4.] 

= 5 (x« - 8)* . 2x = 10x(x« - 8)*. Ans, 
We might have expanded this function by the Binomial Theorem and then 
applied III, etc., but the above process is to be preferred. 
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6. y = Va« - x«. 

5o«iUion. ^ = V (a* - «')* = i («' - «*)" * ~ («* ~ «*) ^^^ ^U 

ax ox ox 

{v = a^-jfl and n^lO 

= J(a'-«2r*(-2z) = -— ^^. -Ana. 
Va«-x« 



7. y = (8x« + 2)Vl + 6x«. 

5oZii£io». ^ = (3xa + 2)£(H-6x«)* + (l + 6aJ»)*£(8xa + 2) by V 

[«- 3j:* + 2 and V - (1 -»- 6a:«)i.] 

= (3x« + 2) 1(1 + 6x2)-* A (1 + 6x«)-H(l + 6x«)*6x by VH, eto. 
ox 

= (3x^ + 2)(1 + 6x«)"*5x + 6x(l + 6a!«)* 

_6x(8x>^2),.,.,ryT:^_46x«^16x ^^ 

Vl+6x2 Vl +5«« 

a y= «' + ^ 



Va3 - x« 



^ (a« - x«)* ~ (a* + x«) - (a« + aJ«) -^ (d« - x«)* 

Solution, ^ = ^ — ^ byvm 

dx a« - x« 

_ 2x(a« - x«) + x(a» + x«) 

(a« - x^)* 

[Multiplying both numerator and denominator by (oV-s*)*.] 

3a«X-X» 



(o« - xa)« 



^lU. 



9. y = 5x* + 3x«-6. ^ = 20x« + 6x. 

ox 

10. y = 3caJ«-8dx + 5c. ^ = 6cx-8A 

dx 

11. y = x«+^ ^ = (a + 6)x«+*-i. 

ax 

du 

12. y = X" + nx + n. -/ = nx»-» + n. 

dx 

13. /(x) = ix« - 1x2 + 5. /'(a;) = 2x« - 3x. 

14. /(x) = (a + 6)x« -\-cx-\-d. /'(x) = 2 (a + 6)x + c 

15. — (a + 6x-|-cx«) = 6-|-2cx. 
dx 

16. — (5y*-3y + 6) = 6my^-» -3. 
dy 
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^.y ^ _ «oPo dv _ VoPo 

P dp p^ 

19. « = «o + t>o« + iyP. ^ = 1)0+ A 

at 

20. Z = l + W + c^. ^ = 6 + 2c^. 

21. « = 2«» + 3« + 5. — = 4« + 3. 

22. « = at»-W2 + c. ^ = 3a«a-2«. 

at 

23. r=:a^. ^=2a<?. 

d$ 

24. r = ctf« + <W« + c9. — = 3c^-|-2cW + c 

26. y = 6xJ+4x» + 2xi ^ = 21x* + 10«» + 3z*. 

ox 

dy^_3_ 1 1 



26. y = V3x + v^ + -. 

X 



27. y = ?jL^±^. l? = c-^ 



<^ 2>/3^ g^/ji x-^ 

-? = c - -. 
dx x^' 

28. y=<5^li)!. *? = ixi-5x« + 2x-* + ix-t. 

X* a» 

_ X* - X - X* + g dy_ 2x^ + g + 2x*-3a 

' *'" x» ' ^^ 2xi 

30. y = (2x« + x* - 6)». ^ = 6x(3x + 1) (2x« + «» - 6)*. 

ox 

31. /(*) = (a + te»)«. /'(x) = ^ (« + te*)*. 

32. /(a) = (1 + 4a!«) (1 + 2x«). /'(x) = 4x(l + 3* + 10x«). 

33. fix) = (o + X) V7^. . /'(x) = "7^" • 

2vo — X 

34. /(x) = (a + X)- (6 + xy. f (x) =Xo + x)- (6 + x)» [^ + ^] ■ 

36. y = l. ?^ = --".- 

x** dx x» + i 

36. y = x(a2 + x^) Vo'^ - x2 -f = — ^ ^ 

dx Vo« - x« 
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37. y = 

38. y = 

39. 8 = 



2z* 
a — X 



a + X 
(1 + 0^* 



41. /W = 
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dy^8 5«g>-4x» 

dy_ ^ 2a 
dx~ (a + x)«* 



Va - 6^-« 



,44. ,(x) = -^-^. 

X Vi + x« x«(H-x«)* 

45 A r ^ "I ^ _ m(& + x) + n(a-f-x) 

dx L(o + x)"«(6 + x)«J (a + x)'"+ >(6 + x)"+ 1 * 



F'(r) = 
0'W = 



(a - 6^)« 

1 



(1 - r) VTI^ 

my*-* 
(l-y)"- ^>' 

1 +4x« 



d_ r Va-|-x+ Va-x "l _ _ a^+ o Va* ~jc« 



<»Lva + x~ va^TxJ x* Va^ - x* 

/ni»^. Rationalize tbo denominator first. 

47. y = V2px. 



48. y = - Va2 - x^. 

a 

49. y = (a»-x')l 

60. r = Va^ + c V^. 

1^ + 1?'' 



dx y" 
dx 






dx \x' 
dr Va + 8c0 



d0 



2v^ 



61. tt = 

62. p 



cd 

^ fa + 1)' 
V7-I 



dt>~ d c ' 



63. y = ^-_^=T 
Ll+ vr=^j 



dp _ (g - 2) Vg + 1 
^ (g~l)» 

dy ny 

^""xVT^a' 
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64. Given (a -|- x)» = a« + 6 a*x + 10 oftc^ -|- 10 flftc» + 6 ob* -I- x* ; find (a + x)* 
l>y differentiation. 

65. ABBuming that 

1 — jr«+I 

— = 1 + X + x« . . . + X-, 

1 -X 

deduce by differentiation the sum of the series 

l + 2x + 8x« + .-. + nx"-i, 
n being any positive integer. 

nx»-*-^~(n-}-l)x*-|-l 

.^ . ^IM. 

(X - 1)2 

55. Differentiation of a function of a function. It sometimes hap- 
pens that y, instead of being defined directly as a function of x^ 
is gfiven as a function of another variable v which is defined as a 
function of x. In that case y is a function of x through v and 
is called a function of a function. 

2v 
For example, if y = -y 

and t; = 1 — a?, 

then y is a function of a function. Bj eliminating v we may 
express y directly as a function of x, but in general this is not the 

best plan when we wish to find -^• 

ax 

K y=/(f). 

and v = <l> (x), 

then y is a function of x through v. Let x take on an increment 

Ax^ giving 

V 4- Av = ^ (a; + Aa;), defining At;, 

and y 4- Ay =/(t; 4- Av), defining Ay. 

By multiplying both numerator and denominator of -^ by Av 

we get 

Ay Ay Ay 

Aa; ~ Av Ax 

Let Aa; approach the limit zero, then Av also approaches the 
limit zero, and we have,* applying Th. II, p. 27, 

€lx dv dx> 

• Ajnnming that At; ^0 for Ax safflciently small bat not sero. 
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This may also be written 



If y :=if{y) and V = ^(x), the derivative of y with rewp^et to 
equals the product of the derivative of y with respect to v and the 
derivative of v with respect to x,* 

56. Differentiation of inverse functions. Let 

(A) x^4>(3,). 

If the inverse function exists, denote it by 

Differentiating {B) with respect to y gives 

l=/(x)^, by(B),§65 

[AMaming 4(y) and/(x) to be differentiAble.] 

H _dy dx 
' '^ dx dy 

If then — = 0' (y) is different from zero, we get 
dy 

dy 

or, 

(i» ^<*>=^- 

The derivative of the inverse function is equal to the reciprocal of 
the derivative of the direct function. 
bl. Differentiation of a logarithm. 

Let y = log^v.f 

Differentiating by the General Rule^ p. 42, considering v as the 
independent variable, we have 

First step, y -f Ay = log„(t; -f Ar). 

• It i8 understood that y and r have fixed initial values corresponding to some fixed initial 
value of X. 

t The student must not forget that this function is defined only for positive values of the 
base a and the variable v. 



.1 
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Second step. Ay = log„(v -f Ar) — log^t; 



[By 8, p. 2.] 



^'•^- ^ = s"«-0 + T) = '°«-(' + f) 



"^-( 



i+^V'. 



[IHTldlng the logarithm hy v and at the same time mnltlplylng the exponent of thel 
parenthesis by v changes the form of the expression but not its value (see 0, p. 2). J 

Taurth step, a^^ logo*** 



[When A9 approaches the limit zero, — also i^proaches the limit sero. ~| 
Therefore ^_ o (* **" ~) ^^ " *» '"*"* Theorem II, p. 2(3, placing o » — • I 



Hence 



Since v is a function of x and it is required to differentiate log^v 
with respect to a:, we must use formula (A)^ § 66, for differentiat- 
ing ?k function of a function^ namely, 



dy ^d^ dv 
dx dv dx 

Substituting value of -f- from (^), we get 
dv 

dy . \ dv 

-r =log„6 r-- 

dx ^"^ V dx 

dv 

II .-. 3- (lofir« V) = lofiTa « • "TT* 

ax V 

When a=ie this becomes 

dv 

* Since logaV is a continuous function. 
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The derivative of the logarithm of a variable is equal to the produet I 

of the modulus* of the system of logarithms and the derivative of the \ 

variable^ divided hy the variable. 

58. Differentiation of the simple exponential function. 

Let y = «". « > 

Taking the logarithm of both sides to the base e, we get 
logy = v log a, 

or, t;=r^^ = :j -ogy. 

log a log a 

Differentiate with respect to y by formula Ha, 
rft;^_l_ 1 
dy log a y' 
and from (C), § 56, relating to inverse functions^ we get 

^=log«.y,or. 

(A) | = l°g-«'- 

Since v is a function of x and it ha required to differentiate a'' 
with respect to x^ we must use formula (A)^ § 56, for differenti- 
ating a function of a function^ namely, 

dy _ dy dv 

dx dv dx 

Substituting the value of -^ from (-4), we get 





dx 


:loga. 


a' 


dv 
dx 


I 


••• X,<«''> = 


: logra- 


a* 


dv 


When a = 


e, this becomes 








\a 


£«= 


: e'-r—' 

dx 







• The logarithm of to any biuie a (= loga«) <> called the modulua of the system whose base 
is a. In Algebra U is shown that we may find the logarithm of a number N to any base a by 
means of the formula \oa^N 
logaN^ \ogae • logeA"^* :; 

The modulus of the common or Briggs' system with base 10 is 
logioen. 434294'*-. 
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The derivative of a constant with a variable exponent is equal to 
the product of the natural logarithm of the constant^ the constant with 
the variable exponent^ and the derivative of the exponent. 

59. Differentiation of the general exponential function. 

Let y z=z u".* 

Taking the logarithm of both sides to the base e^ 

log,y = t;log,M, 
or, y = e''^\ 

Differentiating by formula la, 

f=.-w|(.log., 



dx . dv ] 



by V 



II ... ^(un=^vu^'^p^ + losu.u-^. 

dx dx dx 

The derivative of a variable with a variable exponent is equal to 
the sum of the two results obtained by first differentiating by VII, 
regarding the exponent as constant; and again differentiating by I, 
regarding the base as constant. 

Let t; = n, any constant ; then XI reduces to 

^ / «\ 11-1 ^'^ 

But this is the form differentiated in § 58, therefore YIII holds 
true for any value of n. 

Ex. 1. Differentiate y = log (x^ + a). 

S0^utioJ^, ~ = ^ bylXa 

cte x« + a 



2z 



Ans. 



x2 + a 
• n can here anume only positive Taluei. 
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Ex. 2. Differentiate y = log Vl -»«. 

SoltUion. ^ = 22 by IX a 

X 



^n«. 



Ex. 8. Differentiate y = a'"^. 

SoZiition. ^ = log a . a»«^ ^ (3x«) l>y X 

ox ox 

= 6 X log a • a'< ^ns. 

Ex. 4. Differentiate y=:be^+'^. 

Solution. ^^ = 6A(c^+««) by IV 

ox dx 

= 6e«*+«*~(c2 + x«) byXa 

ox 

= 2 &!€«•+«■. An8. 
Ex. 6. Differentiate y^7f. 

Solution. ^ = e'x«*-» — (xj + x'-logx— (e«) by XI 

ox dx dx 

= C«!xe*-l +X«*l0gX.C« 

= c*ix«'(- + logxV An8. 

60. Logarithmic differentiation. Instead of applying II and 
II a at once in differentiating logarithmic functions, we may 
sometimes simplify the work by first making use of one of the 
formulas 7-10 on p. 2. Thus above Ex. 2 may be solved as 
follows. 

Ex. 1. Differentiate y = log Vl - x». 

Solution. By using 10, p. 2, we may write this in a form free from radicals as 
follows. 

y=:ilog(l-x«). 

Then dy^ldi '^ ^^^ 

dx 2 1 - x2 ^ 

1 - 2x X ^ 
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Ex. 2. Differentiate y 



1 /l + ^ 



SolmUon. Simplifying by means of 10 and 8, p. 2, 

y = i[log(l + x») - log(l - z^)l 



dy_l 
dx~2 






by IX a, etc. 



X , X 2x . 



In differentiating an exponential function, especially a variable 
with a variable exponent, the best plan is first to take the loga- 
rithm of the function and then differentiate. Thus Ex, 5, p. 62, 
is solved more elegantly as follows. 

Ex. 8. Differentiate y = x«*. 

SohdioiL Taking the logarithm of both sides, 

log y = c* logx. By 9, p. 2 

Now differentiate both sides with respect to x. 
dy 

by IXaand V 



dx_ 

y " 


:««|(10g*) + 10g«A 


(««) 


= 


:««-i + logxe«, 






dy_ 


:e'.»(l + log«) 







= e*x«*(- + logx y Ans, 

Ex. 4. Differentiate y = (4 x« - 7)« + ^^^. 
/Solution. Taking logarithm, 

logy = (2 + Vxa-6) log (4x2-7). 
Differentiating both sides with respect to x, 



dx ' L 4x«--7 v^ni J 

In the case of a function consisting of a number of factors it is 

sometimes convenient to take the logarithm before differentiating. 

Thus, 

Ex. 5. Differentiate y = J(^"j[)(^" M . 
\(x~8)(x-4) 

Solution. Taking logarithm, 

logy = i[log(x - 1) + log(x - 2) - log(x - 8) - log(x - 4)]. 
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Differentiating both sides with respect to x, 
Idylf 1 
Vt 

2x«-10« + n 



fdx 2Lx-l x-2 x-3 X-4J 



dy 2x«-10x-ll . 

or, ^ = ; ;. AuM. 



(x-l)(x-2)(x-8)(x-4) 

2x«- lOx-11 

d» (x - 1)» (X - 2)*(x - 8)*(x - 4)« 

SXAMPLS8 



Differentiate the following. 

1. y = log(x + a). 

2. y = log (ax + 6). 
1+x 



3. y = log 



4. y = log 



1-x 
1+xa 



'l-x2 
6. y = e«*. 

6. y = c**+« 

7. y = log(x2 + x). 

8. y = log(x«-2x + 6). 



dx" 


1 
x + a 


dz 


a 
ax + 6 


dy_ 


2 


dx 


1-X2 


dy_ 
dx 


4x 
l-x« 


dy__ 
dx 


a«»». 


dy_ 
dx 


4e«*+*. 


dy_ 


2x + l 



dx x' + x 
dy 3x« - 1 



dx X* - 2x + 5 



9. j, = log.(2x + x.). g = log,e.|±?3. 

dx 2x + 2^ 

dx' 



10. y = xlogx. -p = logx + l 



11. /(x) = logx«. /'(x) = ?. 



X 



12. /(x) = loga X. /'(x) = ?i?i!? . 

X 
^n<. log* a: -(loga;)*. Useflnt VII,9»logz,ii-'3; and thenDCa. 



a - X a« - X* 



14. /(x) = log (X + VT+l^. /'(x) = ^ ^ . 
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16. y = <r*. - = log a • a**©*. 



16. y = b^. ^ = 2x\ogb'l>^. 

ax 

17. y = 7*'+»*. ^ = 21og7.(x+l)7**+«*. 

ax 

18. y = €«•-*•. ^ = -2xlogc.c«*-«^. 



19. r = a9, 

20. r = a^9, 

21. « = e**+'«. 



2. tt = a«*^. 



23. przcffJ**^'. 

24, ^[c(l-««)] = c*(l-2aj-aJ8). 

26. j./gL:ii\^ 2^ . 
dxVc^^+l/ (e*+l)2 

2a — (x«c«*) = x««(aa; + 2). 
dz 

27. y = ] 





= a«loga. 


dr 


ay*«\oga 


de 





d8_ 
dt^ 


= 2te^+«". 


du_ 
dv^ 


2V5 


dp 
dq' 


= e9i<«ff(l + logg), 



(2y 



1 + c* dx 1 + e' 

2 dx 2 



30. y = x^*. ^ = a«a?»-»(n + xloga). 

ox 

31. y = x*. ^ = x*(logx + l). 



1 
2. y = a^. 



1 
dy _ x^(l —logx) 
dte" x» 



33. y = x^*. ~ = logx«-x^*-i. 

dz 
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34. /(i^) = loK».e». 


/(!/)- c.''^logy + 


36. /(.) = '"«•. 


/(.) = Lt^'^.«. 


36. /(x) = log(logx). 


^<'>%.ogx- 


37. F(x) = log*(logx). 


^ 41og*(logz) 
a:logx 


38. 0(x) = log(log*x). 


*'<'>%lix- 


39. f(y) = log^[- + J. 


^'<y> = Jy.- 


-^ ^. . , Vx^ + l -X 
40. /(x) = log 


n.)=- ^-- . 


~ Vxa + 1 + X 


Vi + x* 






41. y = x»<«*. 


(ix 



42. yrre**. 



43. 


c* 

'-5' 


44. 


'-(I)" 


46. 


10=©^. 


46. 


-(")■• 


47. 


y = x*". 


48. 


y = x*". 




1 



^ = c*-(l+logx)x«. 
ox 

s=a)"K-'> 

S-(;)'<'°'-'<«'-«- 



dy 

(tC 

d'9 
do 



dx 



= x*'+«-i(nlogx + l). 



- ^ = x^'x'f logx + log«x + - V 
dx \ x/ 



49. y = a^«'-". 



dy _ xy log a 
d« ~ (a« - x«)« 
dy 



60. y = ^(x" - nx"-i + n(n - l)x»-» + •••). — = c«ix«. 

dx 



61. y=_(?.±i)!_. 

(x4-2)8(x + 3)* 



dy __ (x4-l)(6x« + 14x + 5) 
dx " (X + 2)* (X + 3)* 
Hint. Take logarithm of both sides before differentiating in this and the following examples. 
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52. y = 



(g-1)* 



(x-2)*(x-3)J 



63. y = xVl-x(l + x). 

64. y = ^<l±f!>. 

Vl-xa 

66. y = x»(a + 3x)«(a-2x)«. 

56. y = 2^^. 
vx-a 



dy 
(2x 



dy _ (X >- l)i(7xa + 80x - 97) 
*»" 12(x-2)*(x-3)^ 

dy_2 + x-6x2 
<*»" 2 Vl -X 
cly^ l + 3xg-2x* 
<ia^ " (1 - x*)* 

= 5x*(a + 3x)2(a -2x) (o« + 2ax - 12 x«). 
dy _ (x - 2 o) Vx -f o 



6L Differentiation of sin v. 

Let y = sin v. 

By General Rule^ p. 42, considering v as tlie independent 
variable, we have 

F%r»t fftep. y + Ay = sin (v -f Av). 

Second step. Ay = sin (v + Av) — sin v 



^ / At;\ . Ar ♦ 
2cosf r-f- — jsin— . 



Third step. 
Fourth step. 



Ay 

At; 



= eos(. + f?)| 



sin 



At;N 



Av 

T 



(2v 

-;^ = COS V, 

dv 



Sinde 



and 



limit 



( — -2- VlbyCM),^.*, 



limit ««|/-, A»\, 



and 



•Let 
d 
Adding, 

Therefore 






Subtracting, 



Av 



4(^-B)-- 



Snbetitnting these values oi A, B, ^(A + B), ^{A- S)in terms of o and Av in the formula from 
Trigonometry (42, p. 3), 

s{n^-sln£*-2oosi('^ + ^"lniM-'^. 



we get 



(Av\ Ar 
r + ---jsin — . 
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Since v is a function of x and it is required to differentiate sin r 
with respect to r, we must use formula (^), § 55, for differentiatiiig 
9k function of a function^ namely, 



dy_dy dv 
dx dv dx 



Substituting value -y- from Fourth ttep^ we get 
dv 

dy dv 

-f- = cosr-;-« 
dx dx 

III .-. -^(8illV) = C08t?^. 

duo dac 

The statement of the corresponding rules will now be left to 
the student. 
62. Differentiation of cos v. 

Let y = cos v. 

By 29, p. 2, this may be written 

Differentiating by formula III, 

<f-')(-l) 

dv 



dx 

= cos( 



= — smv- 
dx 



[sinoe oo« f ^- v\ « sin r, by 29, p. 2.1 



im .*. ;7-(co8r) = — sinv-T— 

Cm/ cm? 

63. Differentiation of tan v. 

Let y = tan v. 

By 27, p. 2, this may be written 

sin V 

y = 

cos V 



RULES FOR DIFFERENTIATING 69 



Differentiating by formula VIII, 



cos V -— (sin v) — sin v — - (cos v) 
dy _ dx dx^ 

dx 





cos'v 


cos'v 


dv , 2 dv 
dx dx 




C08*V 


dv 




dx 
cos't; 


, dv 
= sec* V — . 
dx 



HY .-. :^(taiiv) = 80cH;^. 
ax ax 



64. Differentiation pf cott^. 




Let y = cot v. 




By 27, p. 2, this may be written 




1 

v = • 

tan v 




Differentiating by formula VIII 6, 




d, l^**""^ 




{^2; tan'v 




a dv 
sec* t; ^- 

tan*v 


jtdv 
-csctr--- 



lY .-. :^(cot V) = - csc«t;^. 

dx dx 



65. Differentiation of sect;. 

Let y = sec v. 

By 26, p. 2, this may be written 

1 

y = 

cosr 
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Differentiating by formula ¥1116, 







d . 








rr- (COS V\ 




dy 


dx"" 


f 








^ 




dx 


cos'r 

. dv 
smv-— 








dx 








C08* V 






= 


sec v tan V 


dv 
dx' 


^(»ec») = 


secvtanv-r^ 


dje^ 






€ti€ 



m 

66. Differentiation of csct^. 

Let y = CSC V. 

By 26, p. 2, this may be written 

1 

y = - — • 

sm » 
Differentiating by formula YIII6, 



dx sin* V 

dv 

COQV-j- 

dx 



. dv 
= — CSC vcot v-^- 
dx 

IVII ••• -T- (CSC V) = — CSC V cot r -7^« 

dx die 

67. Differentiation of vers t;. 

Let y = vers v. 

By Trigonometry this may be written 

y = 1 — cos r. 

Differentiating, 

rfv . dv 
-f^ = sm t; — • 
ax ax 

IVni .•. -;- (vers v) = laln v-r^» 
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In the derivation of our fonnulas so far it has been necessary 
to apply the General Rule^ p. 42 (i.e. the four steps), only for the 
following : 



III 
V 



df . . . du dv dw A 1 u • 

— (tt-f-v — w) = — + -- — — • Algebraic sum. 
ckx dx cihC dx 



d , . dv , du 



Product. 



VIII 


du 

V- tt 

d /u\ dx 


dv 

dx 


Quotient. 


▼ XIX 


dx\vj »* 






dv 
— (log.t>) = log,«— . 






IX 




Logarithm. 


XII 


d ,. , dv 

-r- (Sin ») = COS » r7-> 

dx^ dx 




Sine. 


XXVI 


dy_dydv 




Function of a function. 



dx dv dx 



Not only do all the other formulas we have deduced depend on 
these, but all we shall deduce hereafter depend on them as well. 
Hence it follows that the derivation of the fundamental formulas 
for differentiation involves the calculation of only two limits of any 
difficulty, viz., 

limit s_i^.^^ by (14), p. 30 

and ^'[^J (1 + "^y = ^- ^y Th. II, p. 83 



Differentiate the following. 
1. y = sin azK 

^ = COB ax« — (az«) 
dx dx 

= 2 OX C06 OX^. 



SXAMPLE8 



byXTI 
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2. y = tan v 1 - x. 

dx dx 

= Bec«Vi-x.i(l -«)-»(-!) 
sec* Vl - « 



2V1-X 

3. y = co8%c 

This may also be written 
y = (cos x)». 

^ = 3(cosx)«-^(cosx) 
dx ox 

[p " 000 ar and ft » 3.] 
= 3co8*x(-slnx) 
sSsinxcos'x. 

4. y = 8innx8in"x. 

^ = sin nx — (sinx)» + sin^x— (sin nx) 
ox ox ox 

[«■■ lin nx and 9 » lin" x.] 

d d 

=:sinnxn(sinx)"-i — (sinx) + 8ln"xco8nX3-(nx) 
ox ox 

=:nsinnx*sin"-ixco8X + nsin^xcosnx 

= n sin"- ^ X (sin nx cos x + COB nx sinx) 

= nsin»-*X8in(n+ l)x. 



5. y = sec ox. 

8. y = tan (ox + 6). 

7. y = sin*x. 

8. y = co8«x2. 

9., f(y) = sin 2 y cos y. 

10. F(x) = cota6x. 

11. F(^) = tan^-^. 

12. /(0) = 0sin0 + cos0. 

13. /(O = sin«<cos«. 

14. r = a cos 2 0. 



dy 

— z= a sec ox tan ox. 

dx 



dy 
dx 

dy 
dx 

du 
dx 



= asec3(ax + 6). 

= sin2x. 

= 6x cos? X* sinx*. 



by XIV 



by VII 
by Xm 

by V 

byVHandXII 



f'(y) = 2 COS 2 y COS y. 
F'(x) = 10 cot 5 X coseC* 6 «. 
F'(tf) = tan«^. 

/'(0) = 0COS0. 

/' (t) = 8in2 1 (3 cos« t - sin* «). 



d^ 



= - 2 a sin 2 ^. 
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16. r = aV^^^e. dr^^a^n2e 

^ Vco8 2tf 

16. r = o(l-cofl^. ^ = a8iii^. 



de 

dr_ 

d$' 3 8 



17. r = osm»-. ~ = a8ina-co8? 



18. -- (log cos x) = — tan X. 
ox 



19. — (logtanx) = - ^ 



dz 8in2x 

20. — (log8in«x) = 2cotx. 
dx 

^- tan X — 1 dy , 

21. y = -^ = 8mx + coex. 

secx dx 

g^ . /I + sin X 

22. y = log^— 1-^ 

\ 1 — sm X 



23. y = logtanQ + |). 

24. /(x) = 8in(x + a)co8( 
26. /(x) = 8in(logx). 

2a /(x) = tan(logx). 



27. 8 = C08-. 



28. r = 8in-. 

29. p = 8in(cofl9). -? = - sin 5008(0089). 



dx 


1 
C08X 


dy_ 
dz 


1 
cosx 


r{x) = 


:C08 2X. 


r(x) = 


cosOogx) 

X 


r(x) = 


8ec2(logx) 


X 


d8_ 
(ft" 


a8in| 


dr 


2008^ 


de 


^ 



30. y=^e^», — = €■*»* cosx. 

dx 

31. y = a<«"*. — = na««"«8ec8nxloga. 

dx 

32. y = ce«««8in x. -? = c«»*(cos x - sin* x). 

dx 

33. y = e*log8lnx. -p = e*(cotx + logsinx). 
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dz 

36. —-(«*■ cos mx) = c«(o COB ffuj-m sin m«). 
dz 



36. /(0) = 



37. /W = 



1 +COB^ 
1 — COS^ 

e«» (g sin — COS 0) 



/'W = -: 



2 8in^ 



a« + l 

38. /(«) = (« cot «)2. 

,39. r = I tan* tf - tan tf + tf . 

40. y = a:«*»«. 

41. y = (8inx)*. 

42. y = (sinx)««*. 

43. y = x + logco8f X - - V 



(1-C08^)« 

/'(0) = e«*Bin0. 
/'(a) = 2«cot«(cot« - acosec^s). 
■ = tan* d. 



^ = X"*«*f + l0gXC08xY 



d$ 

dy 
dx 

dy 

— = (sin x)* [log sin X + X cot x]. 

dz 

/ = (sin x)««»*(l + 8ec« x log sin x). 
ox 



dx' 



2 



1 + tanx 

44. From sin 2 x =: 2 sin x cos x, deduce by difPerentiatlon 
cos 2 X = cos^x ~ sin' x. 



46. From sin x+ sin 2 x+ • 



, n+1 . nx 
sin—r — xsin—- 
2 2 
> + sin nx = , deduce by differentiation 



n + 1 



sin- 
2 

. X . 2n+l 
sin-sm X 




+ n cos nx = - 



1/ , n + 1 \« 



8in«5 
2 



[n IB a positive integer.] 

68. Differentiation of arc sint;. 

Let y = arc sin v ; * 



V = sin y. 



remembered that this function is defined only for Tslnes of v 

inclusive and that y (the function) is many-valued, there 

1^ w«7iu« i«iuuii,«ij many arcs whose sines all equal v. Thus, in the figure (the locus 

"*^* of y « arc sin r) , when r = OM, y = Af/»i, MP^, MP^, • • •, MQ^, MQ^, • • -. In the 

j| above discussion, in order to make the function single-valued, only values of y 

^tir^A^ between >- and - inclusive (points on arc QOF) are eonaidered ; that la, the arc 

of smallest numerical value whose sine is v. 



y / Jr •It should be rei 

V~ 1^ between -1 and + 1 
_\ Jq being infinitely many 
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Differentiating with respect to y by XII, 

dv 

^ = C06y; 

therefore -^ = • 

dv cos y 

But since t^ is a function of Xy this may be substituted in 



dy ^d^ dv 
dx dv dx 



By (C), p. 58 
in 
(A), p. 57 



giving 



dy 



1 dv 



dx cosy dx 

1 dv 



■y/Y^dx 

rco»y«v^l-ilii»y = Vl-v*\ the posltiTe sign of the radical being taken"! 



L 



since cosy is poeitive for all values of y between -- and - incluBire. 



2 



^J 



in 



-=— (a^c8inv) = • 



due 



doc ' Vl — V* 

69. Differentiation of arc cost;. 

Let y = arccost;;* 

then V = cos y. 

Differentiating with respect to y by IIII, 
dv 



dy 



= - sin y ; 



therefore 



di^ ^_ 

dv sin y 



By (C), p. 58 



'T 



But since v is a function of x^ this may be substi- 
tuted in the formula 

dy__dy dv 
dx dv dx^ 



{A), p. 57 



* This function is defined only for values of v between -1 and + 1 inolusire, 
and is many-valued. In the figure (the locus of y»arc cos v), when v^OM, 
y- MP,, MP^, ' . ., MQi, MQ^, - -. 

In order to make the function single-valued, only values of y between 
and w inclusive are considered ; that is, the smallest poeitive arc whose cosine 
is V. Hence we conilne ourselves to arc QP of the graph. 
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giving 



^=- 

dx 


1 dv 

smjf dx 




1 dv 




Vl_»»<to 



r8lnf-v^l-ooi»f-v'l-r«, the plni sign of the radioal being takanl 
Lsinoe tiny k positlre for all TiUues of y between and v InoloflTe. J 



XX 



dx 



(arcco8f7)ss' 



dv 
dx 



70. Differentiation of arc tan v. 
Let y = arctanty;* 

then V = tan y. 

Differentiating with respect to y by XIY, 

dv 
Ty 

dy_ 



therefore 



1 



dv sec' y 



By (C), p. 68 



But since v is a function of x^ this may be substituted in tlie 
formula 



dy^dy dv 
dx dv dx 



(A), p. 57 



giving 



'iy.. 


1 


dv 


dx 


8ec*y 


dx 


— 


1 


dv 



1-^1^ dx 

[MO* y = 1 + tan> y » 1 + vs.] 




XXI 



dv 
dx 



-=-(arctanr) = - , _- 
dx 1 +v* 



* This function is defined for all ralues of v and is many- 
Talued, as is clearly shown by its graph. In order to make it 
•ingle-Talued, only valaes of y between- | and ^ are consid- 
ered ; that is, the arc of smallest nomerical Talue whoee tangent 
is V (branch ^0/^. 
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7L Differentiation of arc cott?.* 

Following the method of last section, we get 

dv 

xm 



d , . . doc 

-j-(arccotv) = — -5— — ;• 

dx 1 + V* 



72. Differentiation of arc sect;. 

Let y = arc sec V ; t 

then V = sec y. 

Differentiating with respect to y by IVI, 

dv 

— = secy tan y; 

dy 



therefore 



dy_ 



dv sec y tan y 



By (C), p. 58 



But since t; is a function of x^ this may be substituted in the 
formula 

dy_dy dv 
dx dx dx 



(A), p. 57 



• Hilt fnaotton la defined for »ll Tsluee of v uid is many-rained, aa is leen from its graph 
(fig. a). In order to make it slngle-yalned, only Talaes of y between and v are considered ; 
that is, the smallest positire are whose ootangent is v, Henoe we oonflne ourselres to branch AB, 





Fio. ft 



t Tills function is defined for all Talues of o except those lying between -1 and + 1, and is 
■een to be many-ralaed. To make the function single-ralaed, y is taken as the arc of smallest 
numerical value whose secant is v. This means that if v is positire we confine ourselres to 
points on arc AB (Fig. h\ y Uking on ralues between and | (0 may be included) ; and if o is 

negatire we oonfine ouselres to points on arc DC, y taking on ralues between -v and -^ 
(-V may be included). 
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giving 



dx 



av 



sec y tan y dx 
1 dv 



Vr*— 1 dx 







■eof— r, Bndtaiiy-i^^»©o«y-l-v^r»-l, the plus sign of the 
radical being taken since tan y is positive for all ralues of 



between and - and between - v and - - , including and - 



he"! 

•J 



um 



— — (B^c»ecv) = • 



dv 
dx 



73. Differentiation of arc esc v.* 

Following method of last section, 



IIIY 



-— (a^ccscv) = ■ 



dv 
dx 



t^Vvi — 1 



74. Differentiation of arc vers v. 

Let y = arc vers v.; t 

then V = vers y. 

• This function is defined for all ralues of r except those Ijring between -1 and -*■ 1, and te 
seen to be many-Talued. To make the function single-ralued, y is taken as the are of smallest 
numerical ralue whose secant is r. This means that if v is positive we confine oursetTcs to 
points on arc AB (Fig. a), y taking on values beween and * (Z may be included\ ; and if v is 

2\2 / ^ 

negative we confine ourselves to points on arc CD, y taking on values between -r and — 

(- ^ may be indudedV 





TV 



t Defined only for values of v between and 2 inclusive, and is many-valued. To make the 
function continuous, y is taken as the smallest positive arc whose versed sine Is v ; that is, y lies 
between and v inclusive. Hence we confine ourselves to arc OP of the graph (Fig. b). 
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Differentiating with respect to ^ by mu, 

dv . 
_ = B.ny; 

therefore f = ri^' By (C), p. 68 

But since v is a function of x, this may be substituted in the 
formula 

dydy dv ._ 

dy ^ 1 dv 
dx %my dx 

1 dv 



V2 V — V* *^ 



[sin f - vT-ooPy- v^l--(T-ver8y)"" v'2r-r», the plus sign of the radical heingl 
taken slnoe sin y is positire for all values of y between and v inoluslTe.J 



dv 
IIY .% :^(Brcver8v)=S' *^ 



rfa? V2t; — t?* 



Differentiate the following. 
1. y = ftrctanax<. 

5o«u«^ -1 = -21__ by XXI 

2ax 



l + o«aj* 



2. y=:arc8in(32~4as'). 

|.(8x-4x«) 

fiofti^ion. ^=: ' == byXIX 

dx Vl-(3x-4««)« 

3-12x« 8 



yi,w9aB»4.24x*-16a5« Vl-x^ 
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3. yz^arcaec- 



a/ x»-H \ 

Sduiian. ^ = ^^^'-^^ byXXm 

<«« x« + l //x« + lV , 

(z»-l)2g-(x< + l)2g 

(x«-l)a ^ 2 

x «-f 1 2x "" x« + r 
x«-r««-i 

. . X dv 1 

4. ysrarcsin-- -i^ = 

« <te Va» - x» 



6. y =:arccot(x'~5). 
6. y = arc tan 



dy_ -2x 
dx "" 1 + (x« - 5)«* 
2x dy 2 



1 - xa dx 1 + x« 

n I dv 2 

7. y = arc coflec ' — 



8. y = arcTer82a^, 



9. y = arc tan Vl — x. 



2xa-l dx Vl-x* 

dy 2 



<^ Vl-x« 
dy 1 



<^ 2 Vl-x(2-x) 



8 dy 

10. y = arcco8ec — *^ 



11. y = arc vers 



2x dx V9-4x« 

2XS dy 2 



l+x« dx l + aJ" 



12. y = arctan?. *? = -^_. 

a dx a< + X* 

13. y = an5«n?l±i. ^= ^ 

V2 <te Vl -2x-x» 



14. /(x) = xVa«-xa + a«arc8ln-. /(x) = 2 Va* - x« . 



a 



16. /(x) = Vo« - x« + oarcain?. flx)=z(^t^l^\ 

a \a + x/ 

16. X = r arc vers^ - V2ry - y«. -- 

r 

17. ^ = arc8Sn(8r-l) 



d»_ 8 
<*»•" V6r-9r« 



Id. ^ = arc tan 
19. a = arc Bee 
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r + a (I0_ 1 

l-ar' dr""l + f«' 

1 ds 1 



(2 X 

20. -— (xarcsinx) s=:arc8inxH — _ 

21. — (tan^arctan^ = 8ec^0arctantf + -• 

d 1 

22. —[log (arc cos Q] =- 



ctt arc cos t Vi — t^ 

23. /(y) = arc cofl (logy). /'(y) = , 

yVl-(logy)« 

24. /(^ = arc8inVmn5. /"(«) = i vTTcosec^. 



26. /(0) = arc tanJl^^^. /(0) = ^ 

^1 + COB0 



2d. p = C»wtonff. 



2 

dp guetaDf 



27. u = arc tan 

28. a = arc cos 



2 



dg 


l + g^ 


du 


2 


dv 


e»'-e-«' 


<^_ 


2 



c« + e-« dt c' + e-* 



dy ^^^^^„,/ B,rc8mx ^ logx \ 
dx \ X Vi - x*^ 

30. y = c*"arctanx. 3^ = «**r; - + x*arctanx(l +logx) |. 

dx LI + X J 



31. y = arc sin (sin x). 
48inx 



32. y = arc tan 



8 4- 6co6X 



„ ,a . /x — a dy 2aa 

33. y = arccot- + log\/ t- = "i — 

' X \x + a dx X*- 

34. y = log(— i-?) --arctanx. 



35. y = Vl ~x>arcslnx-x. 

0^" — 1 

36. y=:arccos-- -• 



dy 


1. 


dx 




dy 


4 


dx 


6 + 3C06X 


dy_ 


2cufi 


dx 


x*-a* 


^y_ 


x» 


dx 


1-x* 


^y- 


X arc sin x 


dx 


Vl-x2 


*f = 


2nx»-» 


dx 


x3« + l 
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Formulas {A)^ p. 67, for difFerentiatiag tkfuneUon ofafunctum^ and (C), p. 58, 
for differentiating inver$e funetUma^ have been added to the list of formulas at the 
beginning of this chapter as XXVI and XXVII respectively. 

In the next eight examples, first find — and -- by differentiation and then 

do ox 

substitute the results in 

^^^l.^ by XXVI 

to find ^. 
dx 

In general our results should be expressed explicitly in terms of the Independent 

di/ dx (i<6 

variable : that is, -f- in terms of z, — in terms of y, -^ in terms of 0^ etc. 

dx dy dB 

37. y = 2««-4, « = 3x« + l. 

^1? = 4»; ?=6x; subsUtuting in XXVI, 
do dx 

^ = 4«-6x = 24x(8x« + l). 
dx 

38. y = tan2o, o = aictan(2x-l). 

^ = 2sec«2o; ^ = — — i ; subsUtuUng in XXVI, 

do dx 2x2-2x-fl 

dy_ 2sec«2o _ tan«2o-fl _ 2x«-2x-fl 

dx"2x«-2x + l"" 2xa-2x + l~ 2(x-xa)« 

Since r- arc tan (2x~l), tan 9«2x-l, tan 2o«r ' 



2*-2a!« J 

89. y = 30«-4o + 6, o = 2x«-6. ^ = 72x» -204x«. 

dx 

>iA 2o X dy 4 

*°- " = 8731" = am- - 

41. y = log (a^ — »•), = a sin x. 

42. y = arctan(a + o), o = c». ^ , . 

dx l + {o + e»)2 

43. r = c«» + c», « = log(«-««). ^ = 4««-6«« + l. 

di 

AA ,1 (» + !)* 1 , 2o-l 

44. to = 4 log -f — ! — -arc tan --, 

-v^l + Sz + SaJ* dtt 1 



dx 


(x-2)t 


dx 


-2tanx. 


dy 


C 



Z d2 zo (1 + «) 

• As waa pointed out on p. 67, it might be poaiible to eliminate v between the two given 
expreMlons lo aa to And y direotly as a function of x, but in most cases the above method is to 
be preferred. 
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dz 
In the following examples first find — by differentiation and then substitute in 

dy 



to find ^. 
dx 

46. a = yVl + y. 




46. x = Vl-f cosy. 

47 'T — ^ 




1 + logy 




48. x-alog«+^«"-y'. 

y 




49. X = rare vera- — V2ry- 
50 r- • 


•»•. 


l + log* 




51. «=iog-+^r-''. 





dy_2. 
dx "" dx 

di 



xxvn 



2 + 3y 2y + 8y« 



<*« 2vTTy 2* 



dy_ 2Vl-hcosy _ 2 

dx sin y V2 - x^ 

dy _ (1+logy)' ^ y' 
dx log y xy — x' 

*! = __?__. 
dx Vcfi^^ 



dx \ 



2 r-y 

dr _ r(< — r) 
da~ i^ 

do ^ c«* - 1 
2 dtt ~ ^^ + 1 * 

62. Show that the geometrical significance of XXVII is that the tangent makes 
complementary angles with the two coordinate axes. 

75. Implicit functioiis. When a relation between x and y is 
given by means of an equation not solved for y, then tf is called an 
implicit function of x. For example, the equation 

defines y as an implicit function of x. Evidently x is also defined 
by means of this equation as an implicit function of tf. Similarly 

defines any one of the three variables as an implicit function of 

the other two. 

It is sometimes possible to solve the equation defining an implicit 

function for one of the variables and thus change it into an explicit 

function. For instance, the above two implicit functions may be 

solved for y giving 

•*/ 

and y = ± V?+V ; 
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ihe firBt showing y as an explicit function of ir, and the second as an 
explicit function of x and z. In a given case, however, such a sola- 
tion may be either impossible or too complicated for convenient use. 
The two implicit functions used in this article for illustration 
may be respectively denoted by 

/(^y)=o 

and F{x^ y, z) = 0. 

76. Differentiation of implicit functions. When y is defined as 
an implicit function of x by means of an equation in the form 

{A) /(^,y)=o, 

it was explained in the last section how it might be inconvenient to 
solve for y in terms of x\ that is, to find y as an explicit function of 
X so that the formulas we have deduced in this chapter may be ap- 
plied directly. Such, for instance, would be the case for the equation 

We then follow the rule : 

Differentiate^ regarding y as a function of x^ and put the remit 
equal to zero,* That is, 

(O) ^^^^'^) = ^- 

Let us apply this rule in finding -^ from (B), 

£(£u^ + 2a^y-y^a;-10) = 0; by(C) 

A(«^) + £(2a-,)-|(y'x)-l(10) = 0; 

ax dx 

(2a^-7zy»)^ = y'-6aa^-6a^y; 

dy _ y' — Qa3* — Q3^y 

dx~ 2x'-7ar/ '^"*- 

The student should observe that in general the result will con- 
tain both X and y. 

* Thli prooeM will be ]iutifled In ) 136, p. 269. Only corresponding raluet of x and y which 
wtiafy the given equation may be subatituted In the derlrative. 
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EXAMPLES 

Differentiate the following by the above rule. 
1. y* = 4|Mc. 

3. W«« + aV = a«6a. 

4, y*-8y + 2ax = 0. 
6. «* + y* = o*. 
6. a:' + y* = a'. 

'■ (j)'*(D'='- 

a y«-2xy + 6* = 0. 
9. x* + 3/*-8aaBy = 0. 

10. xP — y^, 

11. pS = a^co62tf. 

12. p^costf sa^ginStf. 

13. cos (uv) = CO. 

14. ^ = 008(^ + 0). 



dx' 


,2p 

" y ' 


dy_ 
dx" 


X 

y 


dy_ 
dx" 




<*y- 


2a 


dx" 


3(1 -y«) 


dx' 


-4 


dy_ 
dx" 


-4 


dy_ 
dx" 




dx 


y-x 


dy_ 


ay --x^ 


dx 


t/^-ax 


dy_ 


y«-xylogy 


dx 


x«-xylogx 


*- 


aSsin20 


d^ 


P 


4^- 


Sa* C088tf + p> sin tf 


d^ 


2pcos9 


dtt_ 


c + u sin (uv) 


dv 


V sin (t(o) 


dB 


sin(d + 0) 


d^- 


l + 8ln(tf-l-^) 



CHAPTER VII 

SIMPLE APPUCATIONS OF THE DERIYATIVE 

77. Direction of a curve. It was shown in § 45, p. 44, that if 

is the equation of a curve (see figure), then 




dy 
dx 



= tan T = slope of line tanfirent to curve at any point J*. 



The direction of a curve at any point is defined to be the same 
as the direction of the line tangent to the curve at that point. 
From this it follows at once that 



dy 
dx 



= tan T = slope of curve at any point P. 



At a particular point whose coordinates are known we write 
-^ = slope of curve (or tanfirent) at point (xi, yx). 

At points such as A Fy H^ where the curve (or tangent) is 
parallel to the axis of A*, 

T = 0\ therefore ^ = O. 

At points such as -4, By G, where the curve (or tangent) is 
perpendicular to the axis of X^ 

T = 90', therefore ^ = «. 

86 
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At points such as E^ where the curve %$ rtsinff^* 

T = an acute ansrle, therefore -^ = a positive number. 

The curve (or tangent) has a positive slope to the left of B^ 
between D and I\ and to the riglit of G. 

At points such as (7, where the curve is f ailing,* 

T = an obtuse ansrle» therefore --^ = a nefirative number. 

The curve (or tangent) has a negative slope between B and D 
and between F and G. 

Ex. 1. Given the curve y = x^ + 2 (see figure). 

3 

(a) Find t when z = 1. 

{h\ Find t when z = 3. 

(c) Find the points where the curve is parallel to OX. 

(d) Find the points where r = 45°. 

(e) Find the points where the curve is parallel to the line 
2x-32^ = 6 {MneAB). 

Solution. Differentiating, -^ = o^ -^ 2 z = slope at any point 
ax 

(a)tanT=r^l = 1 - 2 =- 1 ; therefore t = 136°. Ans. 

(b)tanT=|-=^ =9 — 6 = 3; therefore r = arc tan 3. Ans. 

Lax J x= 3 

(c) T = 0°, tan T = -?^ = ; therefore z? - 2 z = 0. Solving this equation, we find 

ax 
that z = or 2, giving points C and D where curve (or tangent) is parallel to OX. 

(d) T = 45°, tanr = -^ = 1; therefore z^ - 2z = 1. Solving, we get z = 1 ± V^, 

ax 
giving two points where the slope of curve (or tangent) is unity. 

(e) Slope of line = |; therefore z* — 2 z = f . Solving, we get z ^ 1 i: Vj, giving 
points E and F where curve (or tangent) is parallel to line AB, 

Since a curve at any point has the same direction as its tangent 
at that point, the angle between two curves at a common point 
will be the angle between their tangents at that point. 

Ex. 2. Find the angle of intersection of the circles 

(A) z2 + y2-4z = l, 

(B) z3+'y2_2y = 9. 

* When moving from left to right on curve. 
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Solution. Solying limaltaneoiuly we find the poinU of intenaction to be (8, 2) 
and (1, - 2). 

^ = ^-^ from {A), By S 76, p. 84 

ax y 

^ = -^ from (B). By § 76, p. 84 

ax 1 — y 




[^ — ^1 = - 1 = slope of tangent to (A) at (8, 2). 
»-« 

[-^1 = - 8 = dope of tangent to (B) at (3, 2). 
1 — yJxa-a 



yj 

The formula for finding the angle between two lines whose slopes are mi and fn% m 

tang= ^^~^ . IH>,p.3 

1 H- mims 

Substituting, tan 9 =: " ^ "^ = 1; therefore 9 = 45''. An^ 

1 + f . , 

This is also the angle of intersection at point (1, - 2). 



KXAMPLBS 

The corresponding figure should be drawn in each of the following examples. 

1. Find the slope of y = at the origin. iins. 1 = tan r. 

2. What angle does the tangent to the curve xV = a*(x -f y) at the origin 
make with the axis of X ? AnM, r = 136^ 

3. What is the direction in which the point generating the graph of y = 3 ac^ — z 
tends to move at the instant when x = 1 ? 

Ana. Parallel to a line whose slope is & 

4. Show that -^ (or slope) is constant for a straight line. 

dz 

6. Find the points where the curve y = x* — 3x* — 9x + 6 is parallel to the 
axis of X. Ans, x = 3 and x = 1. 

6. Find the points where the curve y (x — 1) (x — 2) = x — 3 is parallel to the 
axiso^X. AnB. x = 3±V^. 

7. At what point on y^ = 2 x* is the slope equal to 3 ? ^ns. (2, 4). 

8. At what points on the circle x* + y* = r* is the slope of tangent line equal 

>«-«' ... / .'r .«n 



^- (*¥• *T> 



9. Where is the tangent to the parabola y = x*-7x-f3 parallel to the line 
y = 6x + 2 ? AnM, (6, - 3). 

10. Find the points where the tangent to the circle x'^ + y^ = 169 is perpen- 
dicular to the line 52 + 12 y = 60. Ans, (±12, ± 6). 
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11. Find the point where the tangent to the parabola ^ = 4 ox is parallel to the 
circle «« + y« = 2 rx. Am, x = r-2o. 

12. At what angles does the line 8y — 2x — 8 = cut the parabola y^ = 8x. 

Am, arc tan i, and arc tan \, 

13. Find the angle of intersection between the parabola y> = 6 x and the circle 
xa + ya = 16. Am. arctanfVs. 

14. Show that the hyperbola x* - y« = 5 and the ellipse ~ -f ?^ = 1 intersect at 
right angles. ^® ® 

15. Show that the circle x^ + V^ = 8 ox and the cissoid jfi = 



2a — X 

(a) are perpendicular at the origin ; 

(b) intersect at an angle of 45^ at two other points. 

16. Find the angle of intersection of the parabola x> = 4 ay and the witch 

8a* 
y = -r — T-r- Am, arc tan 8 = 7P 83^9. 

x* + 4a^ 

17. Show that the tangents to the folium of Descartes x> + y* = 8 azy at the 
points where it meets the parabola y> = ox are parallel to the axis of Y. 

18. At how many points can the curve y = x* — 2x3-fx — 4be parallel to the 
axis of X? What are the points ? Am, Two ; at (1, - 4) and (J, - y^). 

19. Find the angle at which the parabolas y = 3 x'— 1 and y = 2 x' + 8 intersect. 

Am, arc tan ^. 

20. Find the relation between the coefficients of the conies aix> + 61^^ = 1 and 
a^> + hiifi = 1 when they intersect at right angles. . 1 __ 1 _ 1 1 

Oi &i Of 6| 

78. Equations of tangent and normal, lengths of subtangent and 
subnormal. Rectangular coSrdlnates. The equation of a straight 
line passing through the point (x^^ y^ and having the slope m is 

y - yi = wi(a: - a^i). 64 (c), p. 8 

If this line is tangent to the curve AB at 
the point Pi(ari, y^), then from § 77, p. 86, 



m 



= tanT = r4^1 =S^* 






Sxi 




»-». ~^ M N X 

Hence at point of contact Pi (a-,, t/i) the equation of the tangent 
line TPj is 

(1) W - Wi = ^(« - xi). 

• By this notation \b meant tliat we should first find -^, then in the result substitute r^ for x 
and y, for y. The student is warned against interpreting the symbol -^ to mean the derira- 
tire o/y, trith respect to or,, for that has no meaning whatever since x^ and y^ are lioth constants. 
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The normal being perpendicular to tangent, its slope is 

-i=-^. By 65, p. 3 

And since it also passes through the point 
_ _ of contact P^ {x^^ yj, we have for the equatum 

^f ■ M N X of the normal F^N 

That portion of the tangent which is intercepted between the 
point of contact and OX is called the length of the tangent (= TF^^ 
and its projection on the axis of X is called the length of the 
evitangent (= TM). Similarly we have the length of the normal 
(= PjiV) and the length of the mbnormal (= MN), 

In triangle TP^M^ tan t = — -i ; therefore 

MP At* 

(8) TM* = - — ^ = yi ^ = leniTth of subtansrent. 

^ ' tan T dyi 

In the triangle MP^N^ tan t = ; therefore 

MP^ 

(4) Mm = MP^ *^ "^ = ^* sl^ = leniTth of subnormaL 

The length of tangent (== TP^ and the length of normal (= P^^) 
may then be found directly from the figure, each being the hypote- 
nuse of a right triangle having the two legs known. Thus 

(5) = Vi V(^)* + * = len^h of tangrent. 

(«) = vi -^l+(||i) = leniTth of normaL 

The student is advised to get the lengths of the tangent and of 
the normal directly from the figure rather than by using (5) and (6) 
as formulas. 

^ If Bubtangent extends to the right of 7, we oonsider it positire ; it to the left, negatlTe. 
t If subnormal extends to the right of J/, we consider it positire ; if to the left, negatire. 
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1. "Find the equations of tangent and normal, lengths of subtangent, subnotmal 
tangent, and normal at the point (a, a) on the cissoid ^ = - 



Solution, 



la — x 



dx y(2a-x)a 
dyi _ rdyi S a* — a' 




Hence 3^ = t^ = —;z n: = 2 = slope. 

dxi LdxJx^a a(2a-a)> 

Substituting in'(l) gives 

y = 2x — a, equation of tangent. 
Substituting in (2) gives 

2 y + X = 3 0, equation of normal. 
Substituting in (3) gives 

TM = - = length of subtangent. 

Substituting in (4) gives 

MN" = 2 a = length of subnormal. 

Also, PT = V{ TM)* + (MP)^ = -J— + a« = ? Vs = length of Ungent, 

and PN = V(3fiV)2 + (JfP)* = V4a« + oa = o Vs = length of normal. 

2. Find equations of tangent and normal to the ellipse x> + 2y3 — 2xy-x = 
at the points where x = 1. Ana, At (1, 0), 2 ^ = x ~ 1, y + 2 x = 2. 

At(l, 1), 2y = x-|-l, y -f 2x = 3. 

3. Find equations of the tangent and normal, lengths of subtangent and sub- 
normal at the point (xi, yi) on the circle x* + y* = r*. , 

A na. xix + yty = r*, xiy — yix = 0, — — , xi. 

4. Show that the subtangent to the parabola y' = 4jpx is bisected at the vertex, 
and that the subnormal is constant and equal to 2 p. 

6. Find the equation of tangent at (xi, yi) 

(a) to the ellipse ^ + ^ =1 ; (b) to the hyperbola ?^ - ^ = 1. 

Ans. (a)— + — = l;(b) — - — = 1. 

8 a* 

6. Find equations of tangent and normal to the witch y = — at the 

point when, * = 2«. 4«» + «« 

Ans. x + 2y = 4a, y = 2x — 3a. 

7. Prove that at any point on the catenary y = ;-Vc" + c~"/ the lengths of 

subnormal and normal are - U <* — e ^) and — respectively. 
4 a 
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a Find the equation of tangent to the oonio aa^ + 2ftxy + ey* + 2dx +2ey 
+/= at the point (xi, Vi). 

Aim, QXiX + h(yix + «iy) + cyiV + <i(»i + «) + e(yi + if) +/= O.* 

9. Show that the equation of tangent to curve (-\ +(^) =2atthe point 
(0, b) Ib - + - = 2 for all values of n. 

10. Prove that the length of subtangent toy = 0^18 constant and equal to • 

Ipgra 

11. Get the equation of tangent to the parabola y* = 20x which makes an angle 
of 45^ with the axis of x. AtiM, y = z + 5. 

mnt. First find point of oontaet tiy method of Ex. 1 (e), p. S7. 

12. Find equations of tangents to the circle x* + y* = 52 which are parallel to 
theUne2x + 8y = 6. Ans, 2x + dyi:26=0. 



13. Find equations of tangents to the hyperbola 4 x< - 9ys + 86 = which i 
perpendicular to the line 2 y -f 6x = 10. Aiu, 2x — 6ydb8=0. 

14. Show. that in the equilateral hyperbola 2xy = a> the area of the triangle 
formed by a tangent and the co5rdinate axes is constant and equal to o^. 

16. Find equations of tangents and normals to the curve y> = 2x* — x* at the 
points where X = 1. Ava, At (1, 1), 2y = x + It y + 2x = 3. 

At(l, -1), 2y = -x-l, y-2x = -a 

16. Show that the sum of the intercepts of the tangent to the parabola 

X* + y* = a* 
on the co5rdinate axes is constant and equal to a. 

17. find the equation of tangent to the curve x* (x + y) = c^ (x — y) at the origin. 

Am. y = x. 

18. Show that for the hypocycloid x' + y' = a' that portion of the tangent 
included between the codrdinate axes is constant and equal to a. 

X 

19. Show that the curve y = ae^ has a constant subtangent 

20. Show that the length of tangent is constant in the tractrix 

X = vc« - y* + - log ^ ' 

2 c 4- Vc« - y« 

79. Parametric equations of a curve. Let the equation of a 
curve be 

(A) F(x,y)^0. 

If rr is given as a function of a third variable, a say, called a 
parameter^ then by virtue of (A) y is also a function of o, and 

• In Exi. 3, 6, and 8 the student should notice that if we drop the suhsoriptt In equations of 
tangents they reduce to the equations of the ounres themselves. 
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the same functional relation (A) between x and tf may generally be 
expressed by means of equations in the form 



(^ 







each value of a giving a value of x and a value of y. Equations 
{S) are called parametric eqtuxtions of the curve. If we eliminate 
a between equations {B)y it is evident that the relation (A) must 
result. For example, take equation of circle 

a? -f- y* = t^, or y = Vt^ — a?. 
Let x=r cos a; then 

y = r sin a, and we have 
(x^rcosa, 
^ ' [y=rsino, 

as parametric equations of the circle in figure, 
a being the parameter. 

If we eliminate a between equations ((7) by squaring and adding 
the results, we have 

:?^\^z^i^ (cos* o + sin* o) = r", 

the rectangular equation of the circle. It is evident that if a 
varies from to 27r, the point P(a:, y) will describe a complete 
circumference. 

In § 84, p. 104, we shall discuss the motion of a point P, which 
motion is defined by equations such as 

We call these the parametric equations of the path, the time t 
being the parameter. Thus in Ex. 2, p. 106, we see that 

fa:= v^,cosa-t, 

[y = - J^rt^ + VoSina-e 

are really the parametric equations of the trajectoiy of a projectile, 
the time t being the parameter. The elimination of t gives the 
rectangular equation of the trajectory 



y — x tan a — 



2 v^ cos* a 
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Since from (B) y is given as a function of o, and a as a function 
of Xy we have 

bjr XXVI 
by xxvn 

da 
that is. 



Hence, if parametric equations of a curve are given, we can find 
equations of tangent and normal, lengths of subtangent and sub- 
normal at a given point on the curve, by first finding the value 

of -^ at that point from (2>) and then substituting in formulas 
ax 

(1), («), (8), (4) of last section. 

Ex. 1. Find equations of tangent and normal, lengths of subtangent and sab- 
normal to tlie ellipse 



dx 


da 


da 

dx 


s 


4- 

da 


1 

Tr' 
da 


ay. 


dy 
da 

da 





{E) 
at the point where ^ = 



!x = a cos ^, 



:68in^,« 



dx dv 

Solution, The parameter being 0, -— = — a sin ^, - = 6 cos ^. 

d^ d^ 

Substituting in (D), -^ = ^?^ = slope at any point. 

dx asin^ 

* At in figure draw the major and minor anxJllary 
circle* of the ellipee. Through two points B and C on the 
■ame radius draw lines parallel to the axes of oodrdlnatea. 
These lines will intersect in a point P (x, y) on the ellipse, 
because 

x'^OA^ OJ3oos^«aoos^ 

y=» AP== OD''^ OCsin^-frsin^, 

-scos^ and ^ssin^. 
o 6 

Now squaring and adding we get 

-+^=co8«^ + 8!n«*=l, 
a* 6« 

the rectangular equation of the ellipse. ^ is sometimes 
called the eccentric angle of the ellipse. 
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Substituting ^ = ^ iii the giyen equations {E)^ we get f —- » - _ | as the point of 
4 VV^ V2/ 



contact. Hence 



Sabfitituting in (1), p. 



dyi 
dxi 



or. 



b b / b\ 

to + ay = 'v^ a6, equation of tangent.* 



Substituting in (2), p. 90, 



or. 



b a / a\ 

ax — 6y = (a* — 62) \^, equation of normal. 
Substituting in (3) and (4), p. 90, 

— — ( — 7 ) = }= = length of subtangent. 

V2V b/ (iV2 

— - f — )= - = length of subnonnal. 



Ex. 2. Given equation of the cycloid* in parametric form 
\x = a(d — sin 0), 
|y = 6(l-costf); 

B being the variable parameter. Find lengths of subtangent, subnormal, tangent, 
and normal at the point where d = - 



f; 



SohdUm. 



2 

— = a(l — cos ^, -^ = a sin tf. 
d0 d6 



<>The path described by a point on the ciroumference of a olrcle whioh rolls without sliding 
on a fixed straight line is called the cycloid. Let the radius of rolling circle be a, P the gener- 
ating point, and M the point of contact with the fixed line OX, whioh is called the base. If arc 




PJf equals OM in length, then P will tonch at O if circle is rolled to the left. We hare, denoting 
angle PCM by 9, 

ar- OAf- iV^ir» a«- a sin «« a(9- sin 9), 

y=/»^=ifC-^C=a-acos«=a(l-cos«); 
the parametric equations of the cycloid, the angle 9 through which the rolling circle turns 
being the parameter. 0D^2 wa is called the base of one arch of the cycloid, and the point V 
is called the vertex. Eliminating 9, we get the rectangular equation 



x>aarcoosf — -j- V2ay-y«. 
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SubBlitttting in (D), p. M, -^ = -^- = slope at any polnU 

ax 1 — cos 9 

Since 9 = -> the point of contact is( - — a, aY and -=-^ = 1. 
2 \ 2 / dTi 

Substituting in (8), (4), (5), (6) of last section, we get 
length of subtangent = a, 
length of Bubnonnai s= a, 
length of tangent = a V2, 
length of normal = a V^. Ans. 

Note. Draw the tangent PT, the vertical diameter IfBj and 
connect F and B. 

dy sm0 ^'^r"*! d 

[From 37, p. 2, and 30, p. 3.] 

Hence angle MTP = | - 1- By 29, p. 2 

g 

Also, angle PBM^ -, since it is measured by one half 

the arc MP which measures the central angle 0^ and we have 

angle ^PJ? = |-|. 

Comparing, we see that 

angle MTP = angle APE. 
Therefore : 

The tanffent to a cycloid always passes through the highest point 
of the generating circle. 



In the following curves find lengths of (a) subtangent, (b) subnormal, (c) tangent, 
(d) normal, at any point 



4 „. ( X = a (cos t + tBin t), 

1. The curve { / , * ^ *V 

( y = a (sin t — t cos t). 



Ans. (a) ycott, (b) ytant, 
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2. Thehypocycloid(«troid) jy^J^^SJ; 

Ana. (a) — y cot t, (b) — y tan t, 

(c) JL, (d) -JL-. 
^ ' flint ^ ' coat 

« n^ ,, , , ( « = a{2 COS i - C08 2 Q, 

3. The cardioid { ;« , ^ • «/ 

{ y = a (2 Bin < - 8in 2 Q. 

80. Angle between the radius vector drawn to a point on a curve 
and the tangent to the curve at that point. Let the equation of 
curve in polar coordinates be p =/(^. 

Let P be any fixed point (/>, 0) on the curve. If 0^ which we 
assume as the independent variable, takes 
on an increment A&, then p will take on a 
corresponding increment Ap. Denote by 
Q the point (p-^Apy B-h A^). Draw FB 
perpendicular to OQ. Then OQ = p-^^py 
FB = p sin A0, and 0^ = p cos A&. Also, 

RQ OQ'-OE p-^Ap^p cos A^ 

Denote by ^ the angle between the radius vector OF and the 
tangent FT. If we now let A^ approach the limit zero, then 

(a) the point Q will approach indefinitely near F; 

iP) the secant FQ mil approach the tangent FT as a limiting posi- 
tion; and 

{e) the angle FQB will approach -^ as a limit. 

^®°^ tan>^= ^^* psinAg 

^ A0 = p^Ap — p cos 

_ limit psin A^ 

"■A«=o"; 7T0 T 

2f)sm'- + Af) 

fsinoe from 39, p.5,p-pcoi«=p(l-oo8«)=2p8ln«-J 

p sin A^ 

_ limit Ag 

-A^ = . ^0 

A0 A0 

[Diriding tx>th nimierator and denominator by Al .] 
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_ Umit ^' Ag 

~Ad = a5 

^^"•y-AT+A? 

2 
. Ad 

aj^n 

limit /sinA^N - , limit 2 i v /i^\ oa u 

A« = ("a^ j = ^ "''^ A« = "sr = ^ ^^ <^*^' p- *^' '^^ ^""^ 



From the triangle OPT we get 

(-B) r = » + f 

Ex. 1. Find f and r in the cardioid /i = a(l — cm ^. 

Solution. ^ = a Bin «. SubeUtuting in (^) gives 
do 

2a8ln«-^ 




^ ^^^a(l-co8^ ^ 2_ = tan?. By 89, p. S, and 37, p. 2 

— 2 a sin - cos - 

(2^ 2 2 

BO B ^6 

Since tan^ = tan-, yp = -• Ana. Sabstituting in (B), t = tf + - = — jIiw. 
2 ^ ^2 

81. Lengths of polar subtangent and polar sub- 
normal. Draw a line NT through the origin per- 
pendicular to the radius vector of the point P on 
the curve. If PT is the tangent and PN the 
x normal to the curve at P, then 

OT=lenffth of polar 9uhtangentj 
and 0N= length of polar subnormal 

m 

of the curve at P. 
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OT 
In the triangle OPT, tan ^^ = — ■• Therefore 

P 

(7) OT = p tan-^ = p^-r- = lengrth of polar subtangrent.* 

up 

In the triangle OPiV, tan -^ = -^- Therefore 

(8) 0N= — ^--- = — 5 = lensrth of polar subnormal. 

tan-^ «^ 

The length of the polar tangent (= PT) and the length of the 
polar normal (= PN) may be found from the figure, each being 
the hypotenuse of a right triangle. 

Ex. 1. Find lengths of polar subtangent and subnormal to the lemniscate 
p* = a* cos 2 B, 

Solution. Differentiating as an implicit function with respect to 9, 
« dp « « . «^ dp a>sin20 
'^de dS P 

Substituting in (7) and (8), we get 



length of polar subtangent = — 
length of polar subnormal = — 



a^ sill 29 
a^ sin 2 9 



P 

If we wish to express the results in terms of 0, find p in terms of from the given 
eqiiation and substitute. Thus, in above, p = ±a Vcos2d ; therefore length of 
polar subtangent = ± a cot 2 Vcos 2 0. 

EXAMPLES 

1. In the circle p = r sin 0^ find ^ and r in terms of 0. Ana. yj/ = 0^ t =: 2 0. 

$ 

2. In the parabola p = o sec^ -» show that r + ^ = ir. 

2 

3. Show that ^ 1b constant in the logarithmic spiral p = e^. Since the tangent 
makes a constant angle with the radius vector this curve is also called tne equiangular 
spiral. 

4. Given the ooncoid p = a sin» - ; prove that t = 4 ^. 

S 

6. Show that tan ^ = 9 in the spiral of Archimedes p = a0. Find values of ^ 
when9 = 2irand4T. Ana. ^ = 80® 67' and 86<» 27'. 

• When InoreasM with p, — is poflitire and i/r is an acut« angle, as in above figure. Then the 
dp 
subtangent 07 is positive and is measured to the right of an observer placed at O and looking 

along OP. When — is negative the subtangent is negatire and is measured to the left of the 
observer. 
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6. Find ^ in the cunres p" = a" sin ntf and p» = 6" cos ii^. 

AfiB, if^nB and -= + n$. 

7. Show that the curves in the preceding example intersect at right angle& 
IRiil. Find r for eaoh ourre and oomparv. 

8. Prove that the spiral of Archimedes p = otf, and the reciprocal spiral p = - , 
intersect at right angles. ' 

9. Find the angle between the parabola p = a sec* - and the straight line 
psintf = 2a. ^ Aiu. 46°. 

10. Show that the two cardioids p = a(l -f cos 0) and p = a(l — cos ^ cat each 
other perpendicularly. 

11. Find lengths of subtangent, subnormal, tangent, and normal of the spiral of 

Archimedes /> = otf. , i.. p* * 9 ^r^-. — 7 

^ An». subt. = — , tan. = - va« + p». 



subn. = a, nor. = Vo* + ^. 
The student should note the fact that the subnormal is constant 

12. Get lengths of subtangent, subnormal, tangent, and normal in the logarithmic 
spiral p = e^. 



Ana, subt. =— ^--, tML=sp\l + - — -— , 
loga \ log«a 

subn. = p log a, nor. = p Vl + log* a. 

When a = e we notice that subt = subn., and tan. = nor. 

13. Find the angles between the curves p = a (1 + cos ^, p = 6(1 — cos ^. 

Aru. and - * 
2 

14. Show that the reciprocal spiral p = - has a constant subtangent 

16. Prove that the curves p" = a" cos(ii^ — a) and p'* = a» cos (ntf — /9) intersect 
at an angle a — /9. 

16. Show that the area of the circumscribed square about the cardioid 

p = a(l — costf) 
formed by tangents inclined 46° to the axis is }{ (2 -f Vs) a*. 

82. Solution of equations having multiple roots. Any root which 
occurs more than once in an equation is called a multiple root. 
Thus 8, 8, 8, - 2 are the roots of 

hence 8 is a multiple root occurring three times. 
Evidently {A) may also be written in the form 

(^-8)»(arH.2)=0. 
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Let f{x) denote an integral rational function of x having a mul- 
tiple root a, and suppose it occurs m times. Then we may write 

{B) f{x) = {x-ar<l>{x), 

where ^(2:) is the product of the factors corresponding to all the 
roots of f(x) differing from a. Differentiating (5), 

/(x) = (a:-a)-^'(z)-h*(a:)7w(a:-a)"-\ or, 

(Cf) f{x)=^{x-ar''[{x--a)4>'{x)^<l>(x)m]. 

Therefore /'(a?) contains the factors (x — a) repeated m — 1 times 
and no more ; that is, the highest common factor (H.C.F.) of f{x) 
and f* (x) has m — 1 roots equal to a. 

In case f(x) has a second multiple root jS occurring r times, it is 
evident that the H.C.F. would also contain the factor (a: — )8)''"\ 
and so on for any number of different multiple roots, each occur- 
ring once more in /(a:) than in the H.C.F. 

We may then state a rule for finding the multiple roots of an 
equation f{x) = as follows : 

First step. Find f (x). 

Second step. Find the E. CF. off{x) and f (x). 

Third step. Find the roots of the H.C.F, Each different root 
of the H.C.F. will occur once more inf{x) than it does in the H.C.F. 

If it turns out that the H.C.F. does not involve x^ then /(a;) has 
no multiple roots and the above process is of no assistance in the 
solution of the equation, but it may be of interest to know that 
the equation has no eqiud^ i.e. multiple^ roots. 

Ex. 1. Solve the equation x« - 8 x« + 18 « - 6 = 0. 

Solution. Place f(z) = x« - 8 aS» -f 13 x - 6. 

First step. f(x) = 8x« - 16x + 13. 

Second step. H.C.F. = x - 1. 

Third step. « - 1 = 0. .-. x = 1. 

Since 1 occors once as a root in the H.C.F. it will occur twice in the given equa- 
tion ; that is, (x - 1)" will occur there as a factor. Dividing x»-8x*+18x-6 
by (x — 1)3 gives the only remaining factor (x — 6), yielding j 
the root 6. The rgots of our equation are then 1, 1, 6. 
Drawing the graph of the function, we see that at the double 
root X = 1 the graph touches OX but does not cross it.* 

•Sinoe the lint derlTatire raniBhes for every multiple root, it 
follows that the axis of X is tangent to the graph at all points corre- 
sponding to multiple roots. If a multiple root occurs an even number 
of times, the graph will not cross the axis of X at such a point (see 
figure) ; if it occurs an odd number of times, the graph will cross. 
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EXAMPLES 

Solve the first ten equatioiui by the method of this section. 



1. x»-7x« + 16x-12=:0. 

2. x*-6a;a-8a5--3 = 0. 

3. X* - 7x» + 9x2 + 27x- 64 = 0. 

4. X* - 6x» - 9x« + 81 X- 108 = 0. 
6. x« + 6x» + x«- 24x4- 16=0. 

6. x«-9x»4-23xa--8x-36 = 0. 

7. x*-6x» + 10x«-8 = 0. 

8. x»-x«-5x»-|-x« + 8x4-4 = 0. 

9. x»-15x«4-10x«4-60x-.72 = 0. 

10. x» - 3x* - 5x» 4- 13x8 4. 24x 4- 10 = 0. 



Ans. 2, 2, 3. 

Ana. - 1, - 1, - 1, 8. 

An8. 3, 8, 8, - 2. 

AnB. 8, 3, 8, - 4. 

Ana. 1, 1, - 4, - 4. 

Ana, 8, 3, - 1, 4. 

Ana. 2, 2, 1 ± Vs. 

Ana. -1,-1,-1, 2, 2. 

Ana. 2, 2, 2, - 3, - 3. 

Ana. - 1, - 1, - 1, 8 ± V^^ 



Show that the following foor equations have no multiple (equal) roots. 

11. x«4-9X»4-2x-48 = 0. 

12. x*-16x«- 10x4- 24 = 0. 

13. x*-8x»- 6x^4- 14x4- 12 = 0. 

14. X" — a» = 0. 

15. Show that the condition that the equation 

x»4-35rx4-r = 
shall have a double root is 4 9* 4- r* = 0. 

18. Show that the condition that the equation 
x» 4- 3i>x« -f r = 
shall have a double root is r(4p* 4- r) = 0. 

83. Applications of the derivative in mechanics. Velocity. Con- 

Y aider the motion of a point F describing a 

curve AB, Let s be the distance measuied 

along its path from some fixed point as A 

to any position of P, and let t be the corre- 

■x sponding elapsed time. To each value of t 

corresponds a position of P in the path and 

therefore a distance (or space) 8. Hence s will be a function of t, 

and we may write 
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Now let t take on an increment A^ ; then 8 takes on an increment 
A«, and 

(A) — = magnitude of the average velocity * 

of P during the time interval A^. If F moves with uniform motion, 
the above ratio will have the same value for every interval of time 
and is the speed (= magnitude of the velocity) at any instant. 

For the general case of any kind of motion, unifoim or not, we 
define the speed v (= magnitude of the velocity) at any instant as 

A« 
the limit of the ratio -7- as A^ approaches the limit zero ; that is, 
A^ 

limit A« 

At = A^ 

The speed (= magnitude of the velocity) for any motion is the deriv- 
ative of the distance (= space) with respect to the time. 

To show that this agrees with the conception we already have 
of speed, let us find the speed (= magnitude of the velocity) of a 
falling body at the end of two seconds. 

By experiment it has been found thata body falling freely from rest 
in a vacuum near the eai-th's surface follows approximately the law 

(B) «= 16.lt*, 

where « = space fallen in feet, t = time in seconds. Apply the 
General Rule, p. 42, to (B). 

First step. s+As = 16.1 (t^At)^ = 16.1 f + a2.2t^At+16.1{At)\ 

Second step. As = 32.2 f . At + 16.1 (At)*. 

As 
Third step. — = 82.2 1 -f- 16.1 At = average speed (= magnitude 

of the average velocity) throughout the time interval At reckoned from 
any fixed instant of time.'f 
Placing t= 2, 

As 

(C) — = 64.4 -h 16.1 At = average speed throughout the 

time interval At after two seconds of falling. 

* Velocity is defined as the time rate of change of place, and is a vector quantity, 
t A« being the space or distance passed over in the time M, 
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Our notion of speed tells us at once that ((7) does not give ns 
the actual speed at the end of two seconds ; for even if we take At 
very small, say ^^^ or ^-^-^ of a second, (C) still gives only the 
average speed during the corresponding small interval of time. But 
what we do mean by the speed at the end of two seconds is the 
limit of the average speed when M diminishes towards zero; that is, 
the speed at the end of two seconds is, from ((7), 64.4 ft. per secondL 
Thus even the everyday notion of speed which we get from experi- 
ence involves the idea of a limit, or in our notation 

*" = aS ixt) ^ ^^'^ *^' ^^ ®®^^^^' 
The above example illustrates well the notion of a limiting valae. 
The student should be impressed with the idea that a limiting vcdue 
is a definite^ fixed value, not something that is only approximated. 
Observe that it does not make any diffei*ence how small 16.1 At 
may be taken ; it is only the limiting value of 

64.4 4- 16.1 At, 
when A^ diminishes towards zero, that is of importance, and that 
value is exactly 64.4. 

84. Component velocities. The coordinates x and y of a point 
P moving in the XY plane are also functions of the time, and 
the motion may be defined by means of two equations, 

a;=/(f), y^4>{t)* 
These are the parametric equations of 
the path (see § 79, p. 92). 

The horizontal component v^ of r f is the 
velocity along OX of the projection Jf of P, 
and is therefore the time rate of change 
of X. Hence, from (9), p. 103, when s is replaced by re, we get 

(10) v. = —. 

In the same way we get the vertical component, or time rate of 
change of y, 

<v = f- 

* The equation of the path In rectangular coordinates may be foond hy eliminating t between 
these equations. 

t The direction of v is along the tangent to the path. 
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Representing the velocity and its components by vectors, we 
liave at once from the figure 

'"• «-g=V(f)'+(!?)'- 

giving the speed (= magnitude of velocity) at any instant 

If T be the angle which the direction of the velocity makes with 
the axis of JT, we have from the figure, using (9), (10), (11), 
dy dx dp 

.^g»v J Vy dt VjB dt . Vff dt 

(18) 8lnr = -^ = -T-; co8r = — = -7-; tanr = -2 = -t— 
V d« V d«_ VsD d^ 

dt dt dt 

85. Acceleration. In general v will be a function of t and we 
may write v^^(t). 

Now let t take on an increment At, then v takes on an increment 
Af, and 

— = magnitude of the average acceleration* of P during the time 

interval At. 

For any kind of motion we define the magnitude of the accelera- 

Aw 
tion a at any instant as the limit of the ratio — as At approaches 

the limit zero ; that is, 

limit /At;> 
a = A . /v f -7-: ] , or. 



)■ 



At=0\^At 

.... dv 

(14) = -. 

The magnitude of the acceleration for any motion is the derivative 
of the velocity with respect to the time. 

86. Component accelerations. Following the same plan used in 
finding the component velocities, we get for the component accelera- 
tions parallel to OJTand OF, 

(1» •-=§'"' = ^- Al»o, 



giving the magnitude of the acceleration. 

* Aoceleratlon \b defined as the time rate of change of relooity, and is a rector quantity. 
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BZAMPLE8 



1. By experiment it hu been foond that % body filling freely from rest in a 
vacuum near the earth's surface follows approximately the law 

• = 16.1^, 
where a = space (height) in feet, t = time in seconds. Find magnitodes of the 
velocity and acceleration 

(a) at any instant ; 

(b) at end of the first second ; 

(c) at end of the fifth second. 



Solution, (A) 


8= 16.1 ««. 


(a) Differentiating, 


— =32.2«, or, from (9), 
dt 


(B) 


»=32.2«ft. per sec. 


Differentiating again, 


^^ = 32.2, or, from (14), 
at 


(C) 


a = 32.2 ft. per (sec.)^ 



which tells us that the acceleration of a falling body is constant ; in other words, the 
velocity increases 32.2 ft. per sec. every second it keeps on falling. 

(b) To find V and a at the end of the first second, substitute t = 1 in (^) and (C) ; 

V = 32.2 ft. per sec., 

a = 32.2 ft. per (sec.)^. 

(c) To find V and a at the end of the fifth second, substitute t = 5 in (i?) and (C) ; 

V = 161 ft. per sec, 

o = 82.2 ft. per (sec.)«. 

2. Neglecting the resistance of the air, the equations of motion for a projectfle are 

z = oi cos ^ • t, 
^ y = Vising -t — 16.1 <>; 

^^""""""'^S. where vi = initial velocity, ^ = angle of projection with 

y^ \. horizon, t = time of fiight in seconds, z and y being meas- 

A X i^ifed in feet. Find the magnitudes of velocity, accelera- 
tion, component velocities, component accelerations 

(a) at any instant ; 

(b) at the end of the first second, having given vi = 100 ft per sec., ^ = 30° ; 

(c) find direction of motion at the end of the first second. 
Solution, From (10) and (11), 

(a) «jc = t)ico8 0; t)y = Vising -32.2 f. 
Also, from (12), o = Vci* - 64.4 1 Vi sin ^ + 1036.8 fi. 
From (15) and (16), a, = ; a^ = - 32.2 ; o = - 32.2. 

(b) Substituting « = 1, «i = 100, ^ = 30° in these results, we get 

Vj: = 86.6 ft. per sec. a, = 0. 

v^ = 17.8 ft. per sec. a^ = - 32.2 ft. per (sec.)'. 

V = 88.4 ft. per sec. a = - 32.2 ft. per (sec.)«. 

(c) T = arc tan ?^ = arc tan ^ = 11°36'.9 = angle of direc- 
tion of motion with the horizontal. ^ 
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3. If a projectile be given an initial Telocity of 200 ft. per sec. in a direction 
inclined 46° with the horizontal, find 

(a) the magnitude of the velocity and direction of motion at the end of the third 
and sixth seconds ; 

(b) the component velocities at the same instants. 
Conditions are the same as for Ex. 2. 

Am, (a) When t = 3, v = 148.3 ft. per sec, r = 17^35', 
when e = 6, « = 160.5 ft. per sec, r = 169° 53' ; 
(b) when t = 3, Ux = 141.4 ft. per sec, v^ = 44.8 ft. per sec. 
when t = 6, «a: = 141.4 ft. per sec, v^ = 61.8 ft. per sec. 

4. The height (= s) in feet reached in t seconds by a body projected vertically 
upwards with a velocity of vi ft. per sec is given by the formula 

s = «i«~16.U«. 
Find (a) velocity and acceleration at any instant ; and, if Vi = 300 ft. per sec, 
find velocity and acceleration (b) at end of 2 seconds ; (c) at end of 16 seconds. 
Resistance of air is neglected. Ajia. (a) v = Vi — 32.2 1, a = - 32.2 ; 

(b) V = 236.6 ft. per sec upwards, 

a = 32.2 ft. per (sec.)^ downwards ; 

(c) t> = 183 ft. per sec downwards, 

a = 32.2 ft. per (sec.)^ downwards. 

6. A cannon ball is fired vertically upwards with a muzzle velocity of 644 ft 
per aec Find (a) its velocity at the end of 10 seconds ; (b) for how long it will 
continue to rise. Conditions same as for Ex. 4. 

Ans. (a) 322 ft. per sec upwards ; 
(b) 20 seconds. 

6. A train left a station and in t hours was at a distance (space) of 

s = «» + 2«2 + St 
miles from the starting point. Find its acceleration * (a) at the end of t hours ; 
(b) at the end of 2 hours. Ans, (a) a = 3^ + 4e+ 3 ; 

(b) o = 16 miles per (hour)«. 

7. In t hours a train had reached a point at the distance of it^ — 4f* + 16f^ 

miles from the starting point, (a) Find its velocity and acceleration, (b) When 

will the train stop to change the direction of its motion ? (c) Describe the motion 

during the first 10 hours. 

Ans. (a) « = «• - 12«2 + 32«, a = 3<3 - 24t + 32 ; 

(b) at end of fourth and eighth hours ; 

(c) forward first 4 hours, backward the next 

4 hours, forward again after 8 hours. 

8. The space in feet described in t seconds by a point is expressed by the formula 

s = 48e-16«a. 

Find the velocity and acceleration at the end of 2^ seconds. 

Ans. c = 0, a = - 32 ft. per (sec)*. 

• In this and the following examples the magnitudes only of velocity and acceleration are 
required. 
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9. GiTen « = 2t + St* + 4t* ft. ; find Telocity and acoeleration (a) at ofiglii; 
(b) at end of 5 seconds. Ana, (a) v = 2 ft. per sec., « = 6 ft. per (sec)*; 

(b) V = 382 ft. per sec., a = 126 ft. per (flee.)^. 

10. Given a = - -)- M^> where a and 6 are constants ; find velocity &xid aeoelera- 

t a. ^ tit 

tion at any Instant. Am, «=--- + 2«, « = — r- -h 26- 

11. At the end of t seconds a body has a velocity of S<* + 2e ft. per aec.; find 
its acceleration (a) in general ; (b) at the end of 4 seconds. 

Ans, (a) ft = 6t + 2 ft. per (sec.)^; (b) ft = 26 ft. per (aec.)^. 

12. The vertical component of velocity of a point at the end of i seconds Is 

Vy = 3^3 - 2t + 6 ft per sec. 
Find the vertical component of acceleration (a) at any instant ; (b) at tlie end of 
2 seconds. Ans. (a) a, = 6t - 2 ; (b) 10 ft. per (sec)<. 

13. If a point moves in a fixed path so that 

show that the acceleration is negative and proportional to the cube of the velcxsity. 

14. If the distance in feet described by a point in t seconds is given by the fonnula 

find velocity and acceleration (a) at the end of 1 second ; (b) at the end of 16 seconds. 

Aiis, (a) V = — 2 ft. per sec., « = | ft. per (sec)* ; 
(b) V = ~ 32 ft per sec, ft = ^ ft per (sec)'. 

16. If the space described is given by 
show that the acceleration is always equal to the space passed over. 

16. Given « = a cos -~ ; find acceleration. Aw^ ft = 

2 4 

17. If a point referred to rectangular co()rdinates moves so that 

X = a cos t + &9 and y = a sin t + c, 
show that its velocity has a constant magnitude. 

18. If the path of a moving point is the sine curve 

( y = 6 sin at, 
show (a) that the x component of the velocity is constant ; (b) that the acceleration 
of the point at any instant is proportional to its distance from the axis of X. 

19. If a particle moves so that 

X = ^, y = «8, 

(a) show that the path is the semicubical parabola y^ = x^\ 

(b) find t?x, v^ V ; 

(c) find 0.3^ tty, a ; 

(d) when t = 2 sec., find v, a, position of point (coordinates), and direction of 
motion. 



CHAPTER VIII 
SUCCESSIVE DIFFERENTIATION 

87. Definition of successive derivatives. We have seen that the 
derivative of a function of x is in general also a function of x. 
Xhis new function may also be differentiable, in which case the 
derivative of the jir%t derivative is called the second derivative 
of the original function. Similarly the derivative of the second 
derivative is called the third derivative; and so on to the nth 
derivative. Thus, if 

$^ = 12:1^, 
dx 

88. Notation. The symbols for the successive derivatives are 
usually abbreviated as follows: 

dx\dx) dj?^ 

±r±(dy\\^±(^\^y 
dx\^dx\dx)\ dx\dji?)^ d^' 

d ( dr-^y \^dry 

dx\dx^-^J dor' 
If y =f(x)y the successive derivatives are also denoted by 

f{^). n^h r{x), f\x), ..., r^\x); 

^•^^^>' 5?-^<^)' ^•^(^>' ^•^<^>' • ■ •' d^^^""^' 

109 
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89. The urth derivative. For certain f anctiona a general expres- 
sion involving n may be found for the nth derivative. The asoal I 
plan is to find a number of the first successive derivatives, as many 
as may be necessaiy to discover their law of formation^ and then 
by induction write down the nth derivative. 

Ex. 1. GiFen y = e«*; find *-. 

Solution. — = (UM, 

dx 

Ex. 2. Given y = log x ; find —?. 

SolutUm, ^ = -, 

dx X 

(te«~ x«' 

(i»y_ 12 
dx«" x» ' 

cfty^ 1.28 
dx* X* ' 

(l»v |n - 1 

.-. ?T? = (-l)— 1!=. ^M. 
dx* ^ x» 

d*i/ 
Ex. 3. GiTen y = sin x ; find —^ • 

dx* 

Solution. -~ = co8X = 8infx + ^Y 

dx \ 2/ 

'^ = |8in(x + ^) = co.(« + ^) = rin(x + ^). 



dx» 






= an(x + ~\ Ant. 
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90. Leibnitz's formula for the nth derivative of a product. This 
formula expresses the nth derivative of the product of two variables 
in terms of the variables themselves and their successive derivatives. 

If u and V are functions of o^ we have, from Y, 

dx dx dx 

Differentiating again with respect to Xj 

(P . . d^u du dv , du dv dh) 

(lit;) = V -|- 1 J- U 

da? da? dx dx dx dx do? 

dSi , c%du dv d?v 

da? dx dx da? 
Similarly 

do? da? da? dx da? dx dx da? dx da? da? 

ePw . o d?u dv ^ ndud?v ^ d?v 

= — V -|- o h o + u — • 

da? do? dx dx da? da? 

However far this process may be continued, it will be seen that 
the numerical coefficients follow the same law as those of the 
Binomial Theorem, and the indices of the derivatives correspond 
to the exponents of the Binomial Theorem.* Reasoning then by 
mathematical induction from the mth to the {m + l)th derivative 
of the product, we can prove Leibnitz's Formula 

Ex. 1. Given y = e« log « ; find ^ by Leibnitz's Formula. 



Solulion. 


Let 


u = e», 


and t) = logx; 


then 






dv 1 
di^x' 






^^^ 
A^-"^' 


dh> _ 1 








dH _ 2 



• To make thif oorrMpondence complete, u and v are conildered m --- and •--- • 
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Substituting in (17), we get 

-;^ = e«logx + r+ IT 

8 3 



\ 



"(-"i-^j.) 



Ex. 2. Given y = x^e^; find ~^ by Leibnitz's Formula. 

ax" 



SoZtt^ion. 


Let 


u = x«. 


and » = «" ; 


then 




s- 


- = ««, 






S-. 


S"^. 






S-. 






£=». 


— — = are". 



Substituting in (17), we get 

-^ = x^»€f» + 2a"-iaB«« + n(n - l)<r»-«6« 
= a»-«e«*[x«o« + 2ax + >i(n - 1)]. 

91. Successive differentiation of implicit functions. To illustrate 
the process we shall find — ^ from the equation of the hyperbola 

Differentiating with respect to x as in § 75, p. 84, 

2b'x-2a*y^ = 0,OT, 
ax 

Differentiating again, remembering that y is a function of x, 
c?y _ ax 

^ ay 
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dy 
Substituting for -^ its value from {A), 

a'b*y-a'b*x(—\ 
d^ ay cfx^ 

But from the given equation, 6V — o*^ = a*6*. 

a*y_ b* 





da? ay 




EXAMPLES 


Differentiate the following. 




1. y = 4x«-6x» + 4« + 7. 


g = 12(2x-l). 


^ /<*)=— 


/i^(x) = ^ . 


3. /(») = V«. 


/^(y)=l6. 


4. y=:x*logx. 


d*y_6 
dx*~x" 


.. ,.±. 


dx* x"+* 



6. y = (x-3)€^* + 4xe* + x. ^ = 4c*[(x - 2)c* + x + 2]. 

ox^ 

2 dx^ 2 a a^ 

8. /(x) = ax« + 6x + c. r'{x) = 0. 

9. /(x) = log(x + l). /^(«) = - ^ 
10. /(x) = log(c' + e-'). /"' (X) = - 



(x + 1)* 
8(e»-e-») 



dV 

11. r = sin o^. — = a* sin a^ = c^r. 

12. r = tan^. — = 6 sec* ^ - 4 sec* ^. 

d^» 

13. r = log8in^. -— = 2 cot ^ cosec* 0. 

d0' 

14. f(t) = e- « cos t. /i^ (0 = - 4 e-« cos t = - 4/(0- 
16. f(e)= V8ec20. /" (0) = 8 [/(tf)]» - / W. 
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16. p = (^« + a«)arcuui?. ^ = ^f?^. 

^^ ' a dq» (a« + 7«)« 

17. y = a'. ~- = (loga)"a'. 

etc" 

d"v |n-l 

iay = log(l+«). _^ = (_i).-.-L=.. 

d"V / Wr \ 

19. y = co8ax. — ^ = a»coB( oa; + —- I 

dx" \ 2 / 



20. y = a5»-Mogx. 



d"y 



|n-l 



dx" X 
[«« a positiTe integer.] 



21. » = l:i^. ^ = 2(-i) ^ 

' l + X dl» * ' (1 + *)■ + ! 

2 
Hint, Beduce fraction to form - 1 + ^ before differentiating. 

22. If y = c«8lnx, provethat ^-2-^ + 2y = 0. 

ax' ax 

(fSji (ft/ 

23. If y = a co6(logx) + ftsinrlogx), prove that x'-^ + x-^ + y = 0. 

dx^ ax 

Uae Leibnitz's Formula in the next four examples. 

24. y = x*o«. -— = a* (log o)»-«[(x logo + n)^ — n]. 

dx* 

d"i/ 
26. y=:e*x. -ii = c* (x + n). 

dx* 

26. /(x) = c*slnx. /<-)(x) = (V2)-c«8ln(x + ^). 

27. /(^) = cos o^cos W. /(•)(«) = <?L±5)! cos [(a + 6) tf + ^1 

28. Show that the formulas for acceleration, (14), (15), p. 105, may be written 

cPb d^ dPy 

29. ». = 4ax. S = -^- 
82.y. + v = A ^ 2^^ 



dx* (l + 2y)» 



33. ax^-\-2hxy + by^ = l. 
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d^ h^-db 



36. 8ec^cos0 = c. 



38. e-^-ursC + w. 



41. y« + x«-3axy = 0. 



43. y = 8in(xH-y). 



(te« (hz + 6y)» 



34. 1/2 — 2xv = o^. — ^= ; — ^ = • 

"^^ ^ ^a;y «• ^2 (y-x)« dx» (V - «)* 



d3g _ tan» g - tan» 
d02 ~ tan» e 



36. ^ = tan(^ + ^). 5^ = -"^^ ^i - 

37. log(u + .) = u-i,. _ = ___. 

(Po_ (e«^»'-l)(e«-e«>) 

dPa 3 — s « 
40. e. + --e = 0. _ = .i_J__. 



cPy _ 2 a^y 
dx^"""" (i^-ox)*' 



42. v«-2OTxy + x«-a=:0. t4 = 7-^ A' 



dx* [l-co8(x + y)]» 



' dx« x«(y-l)» 

46. ax« + 2toy + 6y« + 2flfx + 2/y + « = 0. 

d»y _ o&c H> 2/flr^ - g/« - 6g« - c^' 
dx2~ (Ax + 6y+/)» 



CHAPTER IX 



KAXIMA Aim MINIMA* 



92. Increasing and decreasing functions. A function is said to be 
increanng when it increases as the variable increases and decreases 
as the variable decreases. A function is said to be decreasing when 
it decreases as the variable increases and increases as the variable 
decreases. 

The graph of a function indicates plainly whether it is increas- 
ing or decreasing. For instance, consider the function a" whose 
graph (Fig. a) is the locus of the equation 

y = a". a > 1 

As we move along the curve from left to right the curve is m- 
ing^ i.e. as x increases the function (s= y) always increases. There- 
fore a* is an increasing function for all values of x. 





Fxo. 



FtO. 5 



On the other hand, consider the function (a — xf whose graph 
(Fig. h) is the locus of the equation 

y = (a-a:)». 

• The proofs given in this chapter depend chiefly on geometrie IntoJtion. The subject of 
MasdmA and Minima wiU be treated analytically in % 119, p. 160. 
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Now as we move along the curve from left to right the curve 
is falling^ i.e. as x increases the function (= y) always decreases. 
Hence (a — :r)' is a decreasing function for all values of x. 

That a function may be sometimes increasing and sometimes 
decreasing is shown by the graph (Fig. c) of 
y=:2a:'-9a:*-hl2a:-8. 

As we move along the curve from left to right the curve rises 
until we reach the point A^ then it falls from A to B^ and to the 
right of B it is always rising. Hence 

(a) from xz=z--qc to x=zl the function is 
increasing; 

(b) from x=l to x=2 the function is de- 
crecLsing; 

(<?) from x=z2 to a;=4-oo th^ function is 
increasing. 

The student should study the curve care- 
fully in order to note the behavior of the fio. c 
function when x=l and x=2. Evidently A 
eu^d B are turning points. At A the function ceases to increase 
and commences to decrease ; at B^ the reverse is true. At A and 
B the tangent (or curve) is evidently parallel to the axis of Xy and 
therefore the slope is zero. 

93. Tests for determining when a function is increasing and when 
decreasing. It is evident from Fig. c that at a point, as C, where 
a function ^, ^, x 

is increasing^ the tangent in general makes an acute angle with the 
axis of X; hence 

slope = tan t = -~ =/' {x) = a positive number, 
ax 

Similarly at a point, as 2>, where a function is decreasing^ the tan- 
gent in general makes an obtuse angle with the axis of X; therefore 

slope = tan t = -^ =/' (x) = a negative number,* 
dx 

* Gonyenelyf for any giren yalue of x^ 

if fix) = +, then/(x) is increasing! 

i//'(x) = - , then/{x) is decreasing. 
Wben/'(x)»0, we cannot decide without further investigation whether /(x) Is increasing or 
decreasing. 
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In order then that the function shall change from an increasing 
to a decreasing function, or vice versa, it is a necessary and suffi- 
cient condition that the first derivative shall change sign. But this 
can only happen for a continuous derivative by passing* through 
the value zero. Thus in Fig. c^ p. 117, as we pass along the curve 
the derivative (= slope) changes sign at A and B where it has the 
value zero. In general then we have at turning points 

(18) g=/r(aj) = 0. 

The derivative is continuous in nearly all our important appli- 
cations, but it is interesting to note the case when the derivative 
(= slope) changes sign by passing through oo.* This would evi- 
dently happen at the points B^ E^ G in Fig. (2, p. 119, where the 
tangents (and curve) are perpendicular to the axis of X. At such 
exceptional turning points 



g-/W-«; 



or, what amounts to the same thing, 

M. Maximum and minimum values of a function.f A maximum 
value of a function is one that is greater than any values imme- 
diately preceding or following. 

A minimum value of a function is one that is le%% than any 
values immediately preceding or following. 

For example, in Fig. c, p. 117, it is clear that the function has 
a maximum value MA (= y = 2) when 2; = 1, and a minimum value 
NB{=.y^l) when a: = 2. 

The student should observe that a maximum value is not neces- 
sarily the greatest possible value of a function nor a minimum 
value the least. For, in Fig. c it is seen that the function (= y) has 
values to the right of B that are greater than the maximum MA^ 
and values to the left of A that are less than the minimum NB. 

* By this to meant that its reciprocal passes through the value zero. 

t The student should not forget that in general the definitions and proofs glren In this hook 
^ply only at points where the function to continuous. 
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A function may have several maximum and minimum values. 
Suppose that the following figure represents the graph of a 
function f{x). 

At B^ 2>, (?, /, K the function is a maximum, and at C, E, H, J 
& minimum. That some particular minimum value of a function 
may be greater than some particular maximum value is shown in 




Fio. d 



the figure, the minimum values at C and H being greater than the 
maximum value at K. 

At the ordinary turning points C, A ^^ I^ «^» K the tangent 
(or curve) is parallel to 0X\ therefore 

slope = ^=f{x)^Q. 

At the exceptional turning points B^'E^ O the tangent (or curve) 
is perpendicular to OX^ giving 

slope = -^ =/' (a:) = oo. 
dz 

One of these two conditions is then necessary in order that 
the function shall have a maximum or a minimum value. But 
such a condition is not sufiicient ; for, at F the slope is zero and at 
^ it is infinite, and yet the function has neither a maximum nor a 
minimum value at either point. It is necessary for us to know, in 
addition, how the function behaves in the neighborhood of each 
point. Thus at the points of marimum value^ B, D, Gy /, K, the 
function changes from an increasing to a decreasing function^ and 
at the points of minimum value, C, E^ H, c7, the function changes 
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from a decreasing to an increasing functum. It therefore follows 
from § 93 that at maximum paints 

slope = -^ =/'(-r) wM«t change from -I- to — , 

and at minimum points 

slope = -r^ =f'{^) must change from — to + 

when we move along the curve from left to right. 

At such points as A and F where the slope is zero or infinite, 
but which are neither maximum nor minimum points^ 

slope = -- =/'(a') does not change sign, 
ax 

We may then state the conditions in general for maximura and 
minimum values oif{x) for certain values of the variable as follows : 

(19) /(^) is A maximum ifff(x) = O, and ff{x) chancres from + 
to -. 

(20) f(x) is a minimum if /'(a?) = O, and /'(x) chancres firom — 
to +. 

The values of the variable at the turning points of a function 
are called critical values; thus a;=l and x = 2 are the critical 
values of the variable for the function whose graph is shown in 
Fig. <?, p. 117. The critical values at turning points where the 
tangent is parallel to OX are evidently found by placing the first 
derivative equal to zero and solving for real values of z^ just as 
under § 77, p. 86.* 

To determine the sign of the first derivative at points near a 
particular turning point, substitute in it, first a value of the variable 
just a little less than the corresponding critical value, and then one 
a little greater,^ If the first gives + (as at Z, Fig. rf, p. 119) and 
the second — (as at Jlf ), then the function (= y) has a maximum 
value in that interval (as at /). 

* Similarly if we wish to examine a function at ezoeptlonal turning points where the tangent 
is perpendicular to OX, we set the reciprocal of the first deriTative equal to xero and soWe to 
find critical values. 

t In this connection the term ** little less," or ** trifle less/' means any value between the 
next smaller root (critical value) and the one under consideration ; and the term ** little greater,*' 
or " trifle greater," means any value between the root under consideration and the next larger one. 
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If the first gives — (as at P) and the second -|- (as at N)^ then 
tlie function (= y) has a minimum value in that interval (as at C). 

If the sign is the same in both cases (as at Q and E)^ then the 
function (= y) has neither a maximum nor a minimum value in 
iAiskt interval (as at F).* 

We shall now summarize our results into a compact working rule. 

95. First method for examining a function for maximum and 
minimum values. Working rule. 

First step. Find the first derivative of the function. 

Second step. Set the first derivative equal to zero f and solve the 
' resulting equation for real roots in order to find the critical values of 
the variable. 

Third step. Write the derivative in factor form ; if it is algebraic^ 
tvrite it in linear factor form. 

Fourtii step. Considering one critical value at a timcj test the 
first derivative^ first for a volume a trifle less and then for a value a 
trifle greater than the critical value. If the sign of the derivative is 
first 4- and then — , the function has a maximum value for that partic- 
ular critical value of the variable; but if the reverse is trucy then 
it has a minimum value. If the sign does not change^ the function 
has neither. 

Ex. 1. Examine the function (x — l)S(x + l)* for TnATimnm and minimum 
values. 

Soltdion, f{x) = (x - 1)« (x + 1)«. 

First step, /'(x)= 2(x -l)(x + 1) + 8(x -l)a(x + 1)« 

= (X - 1) (X + 1)» (5 X - 1). ^i^ 

Second step, (x-l)(x+l)«(5x -1) = 0, ^ 

X = 1, - 1, i, wbicli are critical yalues. 
Third step, f'(x) = 6(x - l)(x + l)«(x - i). 

Fourth step. Examine first for critical value x = 1 (C in figure). 
When X < 1, r(x) = 6(-) (+)«(+) = -. 

When X > 1, /'(x) = 5(+) (+)M+) = +• 
Therefore, when x = 1 the function has a minimum value /(I) = (= ordinate 
of C7). 

• A similar diaciusion will evidently hold for the exceptional turning points B, E^ and A 
respeotlTely. 

t When the first derivative becomes infinite for a certain value of the independent variable, 
then the function should be examined for such a critical value of the variable, for it may give 
maximum or minimum values, as at B^ E, or A (Fig. d, p. 119). See footnote on preceding page. 
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Examine now for critical value x = } (B in figure). 

Wlienx<i,/'(x) = 6(-) (+)«(-)=+. 
When X > i, /'(x) = 6(-.)(+)M+) = -. 

Therefore, when x = | the function has a maximum value /(|) = 1.11 + (= ordi- 
nate of B). 

Examine lastly for critical value x =: — 1 (ii in figure). 

Whenx<-l./'(x) = 6(-)(-)«(-) = +. 
When x>-l,/'(x) = 5 (-)(+)« (-)=+. 

Therefore, when x =s — 1 the function has neither a maximum nor a minimum 
value. 

Ex. 2. Examine sin x (1 + cos x) for maximum and minimum values. 

Solution. f(x) = dn X (1 + cos x). 

FirABtep, /'(x) = -sin2x+(l + cosx)cosx=2co^x+co8X — 1. 

Second step, 2 cos^ x + cosx — 1 = 0. 

Solving the quadratic, cos x = J or — 1 ; 

hence the critical values are x = db -= or r. 

8 

Third step. f'(x) = 2 (cos x - }) (cos x + 1). 

Fourth step. Examine first for critical value x = - • 

8 

When x<|, /'(x) = 2 (+)(+)=+. 
When x>^, /'(x) = 2 (-)(+) = -. 

o 

Therefore, when x = ^ the function has a maximum value /(-] = - Vs. 

Examine now for critical value x = — - • 

3 

When x<~5i /'(x) = 2 (-)( + ) = -. 
When x>-^, /'(x)=2(+) (+) = +. 
Therefore, when x = - ^ the function has a minimum value /( — - j = — - Vs. 

Examine now for critical value z = w. 

Whenx<ir, /'(x)=: 2 (-)(+) = -. 
Whenx>ir, /(x) = 2(-)(+) = -. 

Therefore, when x = r the function lias neither a maximum nor a minimum 
value. 
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Since the conne is a periodic function, the critical yalaes are really 
X = 2 nir ± - and nir, 

o 

where n is any integer. Therefore the function has an infinite numher of maxima 
all equal to f Vs, and an infinite number of minima all equal to - f Vs. 

Ex. 3. Examine the function a - 6 (x — c)' for maxima and minima. 
Solution. ' f(z) = a-b{z- c)K 

2b p 



/» = - 



S{x-c)^ 




Since x = c is a critical value for which /'(x) = oo, but 
for which /(x) is not infinite, let us test the function for 
maximum and minimum values when x = c. 
When x<c, /'(x) = +. 
When X > c, /'(x) = - . 
Hence, when x = c = OM the function has a maximum value /(c) = a = MP. 

96. Second method for examining a function for maximum and 

minimum values. From (19), p. 120, it is clear that in the vicinity 

of a maximum value of /(a:), in passing along the graph from left 

to ricfht, /.f V f i» /v ^ 

f'(x) changes from -^ to to — * 

Hence /'(x) is a decreasing function, and by § 93 we know that its 
derivative, i.e. the second derivative of the function itself [=/"(2:)], 
is negative or zero. 

Similarly we have, from (20), p. 120, that in the vicinity of a 
minimum value ot f(x) 

f\x) changes from — to to +. 

Hence f\x) is an increasing function, and by § 93 it follows that 
f{x) is positive or zero. 

The student should observe that f"{x) is 
positive not only at minimum points (as at A) 
but also at points such as P. For, as a point 
passes through P in moving from left to right, 

dope = tan t = -^ ^f(x) is an increasing function, 
ax 

At such a point the curve is said to be concave upwards. 

*/*(«) to assumed to be continuous, and /"(or) to extot. 
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Similarly f'{x) is negatiye not only at 
maximum points (as at B) but also at points 
such as Q. For, as a point passes through Q, 



%lope = tan ^ = -~ ^f (x) u a deeretuing function. 

(X>X 

At such a point the curve is said to be concave downloardd.* 

We may then state the sufficient conditions for maximum and 
minimum values of f{x) for certain values of the variable as 
follows : 

(21) fix) is a maximum if ff(x) =: O and ff^(x) s a ne^rati^e 
number. 

iW f(x) is a minimum if ff(x) = O and ff^{x) s= a positlTe 
number. 

Following is the corresponding working rule. 

First step. Find the first derivative of the function. 

Second step. Set the first derivative equal to zero and solve the 
resulting equation for real roots in order to find the critical values of 
the variable. 

Third step. Find the second derivative. 

Fourth step. Substitute each critical value for the variable in the 
second derivative. If the result is negative^ then the function is a 
maximum for that critical value ; if the result is positive, the furustion 
is a minimum.^ 

Ex. 1. Examine x* ~ 3 2' — 9x + 5 for maxima and minima. 

SoMion. f{x) = x» - 8x« - 9x + 6. 

First step. f(x) = 3x2 - 6x - 9. 

Second step. 8x«-6x-9 = 0; 
hence the critical yalues are x = — 1 and 3. 

Third step. /"(x) = 6x - 8. 

Fourth step. /"(-I) = -12. .-./(- 1) = 10 = (ordinate of 
A) = maximum value. 

/" (3) = + 12. .-. /(3) = 22 = (ordinate of B) 
= minimum value. 

* At a point where the cnire 1b concave upwards we sometimes say that the cnrre has ApoHHve 
bending^ and where it is concave dotcntrards a negatirf funding. 

t When/"(x)» 0, or does not exist, the above process fails, although there may even then be 
a maximum or a minimum ; in that case the first method given in the Ust section still holds, 
being fundamental. Usually this second method does apply, and when the process of finding 
the second derivative Is not too long or tedious, it is generally the shortest method. 
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Ex. 2. Examine Bin^ xcobz for maximum and minimum values. 
SolutioTL f{z) = sin* z cos z. 

First step, f(z)-2 sin z coS" z - sin* sc 

Seamd step, 2 sin x cos* a; — sin* x = ; 
bence the critical values are x = nir ^ 

and X = nir i: arc tan V2 = nr ± a. 

Third step, f (x) = cos x (2 cos* x - 7 sin* x). 

Fourth step, f" (0) = + . .-. /(O) = = minimum value at 0. 

/" (»)=—. .'. /(t) =r = maximum value at C, 
f (a) = — . /. /(a) = maximum value at A, 
/" (ir — a) = + . .-. /(r — a) = minimum value at jB, etc. 

The work of finding maximum and minimum values may frequently be simpli- 
fied by the aid of the following principles which follow at once from pur discussion 
of the subject. 

(1) Tht vnaxitMim and minimum vcUues of a corUiniLOUS function miat occur 
aUernatdy. 

(2) WTien c is a positive constant^ rf{z) is a maximum or a minimum for such 
values of x, and such orUy, as mxike f(x) a maximum or a minimum. 

Hence, in determining the critical values of x and testing for maxima and minima, 
any constant factor may be omitted. 

When c is negative^ qf{x) is a maximum whenf{x) is a minimum, and conversely. 

have maximum and minimum values for the same values ofx. 

Hence a constant term may be omitted when finding critical values of x and 
testing. 

EXAMPLES 

Examine the following functions for maximum and minimum values. 

1. 3x» - 9x* - 27x + 30. Ans, x = - 1, gives max. = 46; 

X = 3, gives min. = — 61. 

2. 2x»-21x* + 36x-20. Ans. x = 1, gives max. =~8; 

X = 6, gives min. = - 128. 

X* 

3. 2x* + 3x + l. Ans, x= 1, gives max. = }; 

X = 3, gives min. = 1. 

4. 2x« - 16x* + 36x + 10. Ans. x = 2, gives max. = 38 ; 

X = 3, gives min. = 37. 

6. X* — 9x* + 16x — 3. Ans. x = 1, gives max. = 4 ; 

X = 5, gives min. = — 28. 

6. x' - 3x* + 6x + 10. Ans. No max. or min. 

7. x* — 5x* + 5x' + 1. Ans. x = 1, gives max. = 2 ; 

X = 3, gives min. = — 26 ; 
X = 0, gives neither. 
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8. 8x*- 126x* + 2100x. Am. x = - 4 and 8, give max. ; 

X = — 8 and 4, give min. 

9. (x-8)S(x-2). Am, x = |, gives niax. = ^^ ; 

X = 8, gives min. = 0. 

10. (x-l)«(x-2)«. Am, x = {, gives max. =:. 03456; 

X = 2, gives min. = ; 
X = 1, gives neither. 

11. (x~4)*(x + 2)4. Am. x = - 2, gives max.; 

X = }, gives min. ; 
X = 4, gives neither. 

12. (X- 2)*(2x + l)*. Am. x = - J, gives max. ; 

X = IJ, gives min. ; 
X = 2, gives neither. 

13. (x + l)'(x-6)>. Am. X = }, gives max. ; 

X = — 1 and 6, give min. 

14. (2x - a)* (X — a)'. Am. x = -— , gives max. ; 

3 

X = a, gives min. ; 

X = - 1 gives neither. 
2 

15. x(x — l)'(x + l)'. Am. X = }, gives max. ; 

X = 1 and — ), give min. 

16. x(a + x)*{a — x)'. ^tis. x = — a and - , give max. ; 

8 

X = — f gives min. 
2 

Am. X = o, gives min. = 6. 
Am. No max. or min. 

Am. X = 4, gives max. ; 
X = 16, gives min. 

An9. X = - f gives min. 

Am. X = }, gives min. 

Am. X = V2, gives min. = 12 V5 - 17; 

x=-V2, gives max. = -12V^-17. 

. 2ab (a-6)« 

Am. x = -, gives max. = i^ -L. 

a + 6 ^ 4a5 

Am. x^ 1 gives min. ; 

a — 6 

X = , gives max. 

a + 6 



17. 


6 + c(x -a)'. 


18. 


a-6(x-c)*. 


19. 


xa-7x + 6 


x-10 


20. 


(a-x)« 
a-2x 


21. 


l-X + !t« 


l+x-x« 


22. 


jt«-8x + 2 


x' + 3x + 2 


23. 


(x-a)(h-x) 


x« 


24. 


X a -X 
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26. / . 
logx 


Ans. z = e, giyes min. 


26. - + «rK 

X 


Ans. Min. when x Hei 
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27. ae*» + 6e-** -4n«. Min. = 2 VoS. 

28. X*. ^?w. X = - f gives min. 

I 

29. x*. Ans, X = e, gives nuix. 

SO. cos X + sin X. Ana, x = ^ ' S^^^ "^'^^ = ^ i 

X = — - ♦ gives min. = — V2. 
4 

Ana, X = - f gives max. ; 
6 

x = — ^1 gives min. 
8 

J.iia. No max. or min. 

_ o 

Ans. X = -, gives max. = —VS; 
o 16 

X = - ^, gives min. = - ~ VS. 
o 10 

Ans, X = ootx, gives max. 

Ans, X = arc sin }, gives max. ; 

X = - 1 gives min. 

Ans, x = ~, gives max. 

Ajis, x = 'ji gives max. 

Ans, X = cos X, gives max. 
1 + xtanx * 

39. The range OA of a projectile in a vacuum is given by the formula 



31. 


sin2x-x. 


32. 


x + tanx. 


33. 


sin*xcosx. 


34. 


xcosx. 


36. 


sinx + cos2x. 


36. 


2tanx — tan*x. 


37. 


sinx 
1 + tanx 


38. 


X 



/•^ 



9 
where Vi = initial velocity, g = acceleration due to grav- 
ity, ^ = angle of projection with the horizontal. Find 
the angle of projection which gives the greatest range q 
for a given initial velocity. Ans. ^ = 46^. 

40. The total time of flight of the projectile in the last problem is given by the 
formula ^_ 2viiAn^ 

9 
At what angle should it be projected in order to make the time of flight a 
maximum? Ans. ^ = 00^. 
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41. The time it takes a ball to roll down an inclined plane AB is given by the 
_o formula 

Neglecting friction, etc., what must be the valua of ^ to make the 
|r^ quickest descent? Aht, 4» = 4&'. 

42. When the resistance of air is taken into account, the inclination of a pen- 
dulum to the vertical may be given by the formula 

^ = oe-*' cos {nt + €). 

Show that the greatest elongations occur at equal intervals - of time. 

n 

43. It is required to measure a certain unknown magnitude x with precision. 

Suppose that n equally careful observations of the magnitude are made, giving the 

T^eavdU „ ^ ^ 

«i» o«» *8» •••» «•• 

The errors of these observations are evidently 

X — ai, X — Os, X — as, • • • , x — a„, 

some of which are positive and some negative. 

It has been agreed that the most probable value of x is such that it renders the 
sum of the squares of the errors, namely 

(X - ai)« + (X - (n)a + (X - a8)« + . . . + (X - a,)«, 

a minimum. Show that this gives the arithmetical mean of the observations as the 
most probable value of x. 

44. The bending moment at jB of a beam of length 2, uniformly loaded, is given 
by the formula M=iwtx-\w^, 

L ^ 

where to = load per unit length. Show that the maximum ^^SaL 
bending moment is at the center of the beam. "^ 



45. If the total waste per mile in an electric conductor is 

r 

where c = current in amperes, r = resistance in ohms per mile, and f = a constant 
depending on the interest on the investment and the depreciation of the plant, what 
is the relation between c, r, and t when the waste is a minimum ? Am. cr=it. 

46. A submarine telegraph cable consists of a core of copper wires with a cover- 
iug made of nonconducting material. If x denote the ratio of the radius of the core 
to the thickness of the covering, it is known that the speed of signaling varies as 

x'log-. 

X 

Show that the greatest speed is attained when x = — . 

Ve 



MAXIMA AND MINIMA 129 

47. Aflsuming that the power given out by a voltaic cell is given by the formula 

where E = constant electro-motive force, r = constant internal resistance, R = exter- 
nal resistance, prove that P is a maximum when r = R. 

48. When a battery of mn cells is joined up so that m rows of n cells, connected 
in series, are joined in parallel, the current is given by the formula 

^ mnE 

c = — — » 

mR-hnr 

where E = electro-motive force of each cell, r = internal, and R = external resist- 
ance of each cell. Show that the current is a maximum when Rm = m, that is, 
the total internal resistance equals the total external resistance. 

49. The force exerted by a circular electric current of radius a on a small magnet 
whose axis coincides with the axis of the circle varies as 

X 

where x = distance of magnet from plane of circle. Prove that the force is a maxi- 
mum when 2= -. 
2 

60. We have two sources of heat at A and B with intensities a and b respectively. 
The total intensity of heat at a distance of x from A is given by the formula 

1=4+ ' 



Show that the temperature at P will be the lowest when - ^ f S 

d - g _ V 6 ' 

that is, the distances BP and AP have the same ratio as the cube roots of the 
corresponding heat intensities. The distance of P from A is 

97. General directions for solving problems involving maxima and 
minima. In our work thus far the function has been given whose 
maximum and minimum values were required. This is by no means 
always the case ; in fact, we are generally obliged to construct the 
function ourselves from the conditions given in the problem, and 
then test it as we have been doing for maximum and minimum 
values. 

No rule applicable in all cases can be given for constructing the 
function, but in a large number of problems we may be guided by 
the following 
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General Directions. 

(a) Uxpress the function whose maximum or minimum t$ involved 
in the problem, 

(b) If the resulting expression contains more than one variable^ the 
conditions of the problem will furnish enough relations between the 
variables so that all may be expressed in terms of a single one. 

(c) To the resulting function of a single variable apply one of our 
two rules for finding maximum and minimum values, 

(d) In practical problems it is usually easy to tell which critical 
value unll give a maximum and which a minimum value^ so it is not 
always necessary to apply the fourth step of our rules. 



. a H 
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i 
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PROBLEMS 

1. It is desired to make an open-top box of greatest possible yoltime from a 
square piece of tin whose side is a by cutting equal squares out of the comers and 

then folding up the tin to form the sides. What should be 
the length of a side of the squares cut out ? • 

Solution, Let x = side of small square = depth of box ; 
then a — 2 2 = side of square forming bottom of 

box, and volume is 

F=(a-2x)««; 

which is the function to be made a maximum by yarying x. 
Applying rule, 

dV 
First step. -- = (a - 2x)« - 4x(a - 2x) = o« - 8ax + 12x«. 

ax 

Second st^. Solving a^ - 8 ox + 12x> = gives critical values x = - and -. 

2 

It is evident from the figure that x = - must give a minimum, for then all the tin 

2 

would be cut away, leaving no material out of which to make a box. By the usual 

a 2 a* 
test, X = - is found to give a maximum volume Hence the side of the square 

6 27 

to be cut out is one sixth of the side of the given square. 

2. Assuming that the strength of a beam with rectangular cross section varies 
directly as the breadth and as the square of the depth, what are the dimensions of 
the strongest beam that can be sawed out of a round log whose 
diameter is d ? 

SoltUion. If X = breadth and y = depth, then the beam will 
have maximum strength when the function xy^ is a maximum. 
From the figure, y^ = d^ — x> ; hence we should test the function 

/(x) = x((P-x«). 
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First Btep, 
Second step. 



/'(x) = - 2x« + (P - x« = d« - 8x« 



(P- 3x2=0. 



d 





. X = -yz = critical value which gives a maximum. 
Therefore, if the beam le cut so that 

depth = V} of the diameter of log, 
and breadth = Vi of the diameter of log, 

the beam will have maximum strength. 

3. What is the width of the rectangle of muTiTp^m 
area that can be inscribed in a given segment OAA' of a 
parabola? 

Hint. If OC^ k, BC= A- or and PF'^ 2y ; therefore the area 
of reetaagle PDiyp* Is 

2(A-a:)jf. 

But tlnoe i* lies on the parabola ys - 2pa;, the function to be tested is 

2(A-ar)V2iM?. 

Ans, Width = f A. 

4. Find the altitude of the cone of maximum volume that 
can be inscribed in a sphere of radius r. 

Bint. Volume of cone* \ *x^. But afi'» BC x CD- y (2r- y) ; there- 
fore the function to be tested is 

/(y)«||f»(2r-y). 

Ans. Altitude of cone = } r. 

5. Find the altitude of the cylinder of maximum volume 
that can be inscribed in a given right cone. 

Hint. Let AC=r and BC^ h. Volume of cylinder -■ »x<y . 
But fft>m similar triangles ABC and DBO 

r:x::A:A-y. .♦. ar--^ — ^' 

Hence the function to be tested is 

/(y>-if(*-y)». Ans. Altitude = iA. 

6. Divide a hito two parts such that their product is a 

maximum. . -o u ^ ^ 

Ans. Each part = - . 
2 

7. Divide 10 into two parts such that the sum of their squares is a minimum. 

Ans. Each part = 6. 

8. Divide 10 into two such parts that the sum of the square of one and the cube 
of the other may be a maximum. Ans. 4 and 6. 

9. Find the number that exceeds its square by the greatest possible quantity. 

Ans. i. 

10. What number added to its reciprocal gives the least possible sum ? Ans. 1. 

11. Assuming that the stiffness of a beam of rectangular cross section varies 
directly as the breadth and the cube of the depth, what must be the breadth of the 
stiffest beam that can be cut from a log 16 inches in diameter ? 

Ans, Breadth = 8 inches. 
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12. A torpedo boat is anchored 9 miles from the nearest pofait of a beacbt and 
it is desired to send a messenger in the shortest possible time to a militazy camp 
situated 16 miles from that pohit along the shore. If he can walk 5 miles sa boor 
but row only 4 miles an hour, required the place he must land. 

Ans, 8 miles from the camp. 

13. For a certain specified sum a man takes the contract to build a rect ang n lar 
water tank lined with lead. It has a square base and open top, and holds 108 cubic 
yards. What shall be its dimensions in order to require the least possible quantify 
of lead ? Ans, Altitude ^ 3 yds., side = 6 yds., tbat is, 

length of side = twice the altitude. 

14. A gasholder is a cylindrical yessel closed at the top and open at the bottom, 
where it sinks into the water. What should be its proportions for a given yolame 
to require the least material (this would also give least weight) ? 

Aji8. Diameter = double the height. 

15. What should be the dimensions and weight of a gasholder of 8,000,000 cubic 
feet capacity built in the most economical manner out of sheet iron |>^ of an inch 
thick and weighing 2| lbs. per sq. ft? 

Ajia, Height = 137 ft., diam. = 273 ft, weight = 200 toiUL 

16^ What are the most economical proportions for a cylindrical steam boiler f 

AnM. Diameter = length. 

17. A paper-box manufacturer has in stock a quantity of strawboard 30 inches 
by 14 inches. Out of this material he wishes to make open-top boxes by cutting 
equal squares out of each comer and then folding up to form the sides. Find the 
side of the square that should be cut out in order to give the boxes maximum 
volume. Ans. 3 inches. 

18. A roofer wishes to make an open gutter of maximum 
capacity whose bottom and sides are each 4 inches vride and 
whose sides have the same slope. What should be the width 
across the top ? ^ns. 8 inches. 



19. Assuming that the energy expended in driving a steamboat through the 
water varies as the cube of her velocity, find her most economical rate per hour 
when steaming against a current running c miles per hour. 

Hint, I/et v « most eoonomicftl speed ; 
then av* - energy expended each honr, a being a constant depending upon the particular 

eondltiona, 
and v-C" actual distance adTaneed per honr. 

Hence is the energy expended per mile of distance advanced, and it is therefore the 

function whose minimum is wanted. AllS. O = } C 

20. Prove that a conical tent of a given capacity vdll require the least amount of 
canvas when the height is V2 times the radius of the base. Show that when the 
canvas is laid out flat it will be a circle with a sector of about 60® cut out A bell 
tent 10 ft. high should then have a base of diameter 14 ft. and would require 272 
pq. ft of canvas. 
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21. Find the right triangle of maximum area that can be constructed on a line 

of length h as hypotenuse. . h , _.. ^ . ,, , 

^ ^^ Am, —-= length of both legs. 

22. Show that a square is the rectangle of maTimnm area that can be inscribed 
in a given circle. Also show that the square has the maximum perimeter. 

23. What is the isosceles triangle of maximum area that can be inscribed in a 
given circle? Ara, An equilateral triangle. 

24. Find the altitude of the maximum rectangle that can be inscribed in a right 

triangle with base b and altitude k, ^ a w. ^ ^ 

** Ara, Altitude = -. 

2 

26. Find the dimensions of the rectangle of maximum area that can be inscribed 

in the ellipse l^ + aV = a^. Ans. a V2 and 6 V2 ; area = 2 a6. 

26. Find the altitude of the right cylinder of maximum volume that can be 

inscribed in a sphere of radius r. . ..^.^ j « i* j 2r 

^ Ana. Altitude of cylmder = — - . 

Vs 

27. Find the altitude of the right cylinder of maximum convex (curved) surface 
that can be inscribed in a given sphere. j^j^. Altitude of cylinder = r V^. 

28. Find the altitude of the right cylinder Inscribed in a ^ven sphere when its 

entire surface is a maximum. . .,^.. , /o ^ \^ 

An8. Altitude = f 2 — 1 r. 

29. Find the altitude of the right cone inscribed in a sphere when its entire 
surface is a maximum. ^^ Altitude = (23 - ^)t3' 

30. Und the altitude of the right cone of minimum volume circumscribed about 
a given sphere. Ana, Altitude = 4 r, and volume = 2 x voL of sphere. 

31. A right cone of maximum volume is inscribed in a given right cone, the vertex 
of the inside cone being at the center of the base of the given cone. Show that the 
altitude of the inside cone is one third the altitude of the given cone. 

32. Through a point (a, 5) referred to rectangular axes a straight line is to be 
drawn, forming with the axes a triangle of least area. Show that its intercepts on 
the axes are 2 a and 2 6. 

33. Through the point (a, 5) a line is drawn such that the part intercepted 
between the axes is a minimum. Prove that its length is (a' + &')'• 

34. Given a point on the axis of the parabola jfi = 2pztktsk distance a from the 
vertex ; find the abscissa of the point of the curve nearest to it. Ana. x=: a — p. 

35. What is the length of the shortest line that can be drawn tangent to the 
ellipse lAfi + a^' = a^ and meeting the coordinate axes ? Ana. a + 6. 

36. Find the altitude of the least isosceles triangle that can be circumscribed 
about an ellipse, the base being parallel to the major axis. 

Ana, Altitude = 3 times semi-minor axis. 
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37. A Norman window consisU of a rectangle surmounted by a semicircle. 
Given tlie perimeter; required the heiglit and breadth of the window when tlie 
quantity of light admitted is a maximum. 

Ans. Radius of circle = height of rectangle. 

38. A tapestry 7 feet in height is hung on a wall so that its lower edge is 9 feet 
above an observer's eye. At what disUnce from the wall should he stand in order 
to obtain the most favorable view ? 

Hint. The vertloal angle labtended by th« tapettry in the eye of the obeerver mnat be at a 
maxlmam. An». 12 feet. 

39. The regulations of the British Parcels Post require that the sum of the length 
and girth of a parcel shall not exceed 6 feet. Show that 

(a) The greatest sphere allowed is about 17} Inches in diameter and has a volume 
of about 1| cubic feet. 

(b) The greatest cube has an edge 14 J inches in length and a volume of nearly 
1| cubic feet. 

(c) The greatest rectangular box is 1 ft. by 1 ft. by 2 ft, containing 2 cubic feet 

(d) The greatest parcel of any shape is a cylinder 2 ft. long and 4 ft. circom- 
ference, and contains over 2\ cubic feet 

40. What are the most economical proportions of a tin can which shall have a 
given capacity, making allowance for waste ? 

Bint. There is no waste in cutting out tin for the aide of the ean, 

bat for top and bottom a hexagon of tin cironmseribing the eireahu' 

ieees required is uied up. , 

2 Vs 
An». Height = x diameter of base. 

Note 1. Ex. 16 shows that if no allowance is made for waste, then height 
= diameter. 

Note 2. We know that the shape of a bee cell is hexagonal, giving a certain 
capacity for honey with the greatest possible economy of wax. 

41. An open cylindrical trough is constructed by bending a given sheet of tin 
of breadth 2 a. Find the radius of the cylinder of which the trough forms a part 
when the capacity of the trough is a maximum. 

Ana. Rad. = a, i.e. bent in the form of a semicircle. 

42. A weight TT is to be raised by means of a lever vrith the force F at one 
end and the point of support at the other. If the weight is suspended from a point 
at a distance a from the point of support, and the weight of the 
beam is to pounds per linear foot, what should be the length of 
the lever in order that the force required to lift it shall be a 
minimum ? 



6&^ 



V to 




An8, z = V feet 

V to 

43. A rectangular stockade is to be built which must have a certain area. If a 
stone wall already constructed is available for one of the sides, find the dimensions 
which would make the cost of construction the least 

Ana. Side parallel to wall = twice the length of each end. 
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44. An electric arc light is to be placed directly over the center of a circular 
plot of grass 100 feet in diameter. Assuming that the intensity of light varies 
directly as the sine of the angle under which it strikes an illuminated surface and 
inversely as the square of its distance from the surface, how high should the light 
be hung in order that the best possible light shall fall on a walk along the circum- 
ference of the plot ? . 

46. The lower comer of a leaf, whose width is a, is folded over 
iK> aa just to reach the inner edge of page, (a) Find the width of 
the part folded over when the length of the crease is a minimum. 
(b) Find width when the area folded over is a minimum. 



Ana, 



{*)?«; 



(b) ?«. 




CHAPTER X 

POINTS OF INFLECTION 

98. Definition. Points of inflection separate arcs concave upwards 

from arcs concave downwards.* Thus, if a curve y =/(a^) changes 

(as at B) from concave upwards (as at A) to 

concave downwards (as at C), or the reverse, 

b/^-*^ then such a point as ^ is called a point of 

A^ inflection. 

5^ From the discussion of § 96 it follows at 

once that at A, f\x) = -f-, and at C, /"(a:) = — . 
In order to change sign it must pass through the value zero;f 
hence we have 

(98) At points of inflection, p^(x) s= O. 

Solving the equation resulting from (9S) gives the abscissas of 
the points of inflection. To determine the direction of curving in 
the vicinity of a point of inflection, test f\x) for values of x^ first 
a trifle less and then a trifle greater than the abscissa at that point. 

If /"(x) changes sign, we have a point of inflection, and the signs 
obtained determine if the curve is concave upwards or concave 
downwards in the neighborhood of each point. 

The student should observe that near a point where the curve 
is concave upwards (as at A) the curve lies above the tangent, and 
at a point where the curve is concave downwards (as at C) the 
curve lies below the tangent. At a point of inflection (as at B) 
the tangent evidently crosses the curve. 

• Points of inflection may also be defined as points where 

(a) ^ « and ^ changes sign, or 
oic* oar* 

(b) :— - and -— changes sign. 
dy* dp* 

t It is assumed that f{x) and/Xr) are continuous. The solution of Ex. 2, p. 1S7, shows how 
to discuss a case where /" (x) and fix) are both Infinite. Eridently salient points (see p. 265^ are 
excluded, since at snch points /"(x) is discontinuous. 

136 
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Following is a rule for finding points of inflection of the curve 
'whose equation is y =f{x)^ including also directions for examining 
the curve in the neighborhood of such a point. 

First step. Findf\x). 

Second step. Setf'\x) = Oj and solve the eqvMionfor real roots. 

Third step. Write f\x) in factor form. 

Fourth step. Test f"(x) for values of x^ first a trifle less and then 
a trifle greater than each root found in the second step. If f\x) 
changes sign^ we have a point of inflection. 

Whenf'{x):=-\-^ the curve is concave upwards ^i^.* 

'Whenf\x) = — , the curve is concave downwards ^'^^^^. 

EXAMPLES 
Examine the following curves for points of inflection and direction of bending. 

1. y = 3a5*-4z»+l. 

Sohition, f(x) = 32* ~ 4x» + 1. 

First tAep. /" (x) = 36 x^ - 24 x. 

Second step, d6x^-24x = 0. 

.*. X = f and X = 0, critical values. 

TMfd step, r (25) = 36 X (X - f ). 

Fourthstep. When x <0,/"(x) = + ; and when x >0,/"(x) =-. 

,\ curve is concave upwards to the l^ft and concave downwards to the right of 
X = (il in figure). 

When x< J,/"(x) = --; and when x > |,/"(x) =+. 

/. curve is concave downwards to the left and concave upwards to the right of 
X = f (B in figure). 

The curve is evidently concave upwards everywhere to the left of A, concave 
downwards between A (0, 1) and B (}, }l), and concave upwards everywhere to 
the right of B, 

2. (y-2)> = (x-4). 

SoliaUm, y = 2 + (X - 4)*. 




First step. 



S-l'"-')-'- 



• Thlfl may be easily remembered if we say that a vessel shaped like the curve where It Is 
concave upwards holds (+) water, and where it Is concave downwards spills (-) water. 
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Second ttep. When x = 4, both first and second deriTEtires are infinite. 

Fourlhstep. Whenx<4, ^ = + ; but whenx>4, t^ = -- 
ax* ox* 

We may therefore oonclude that the tangent at (4, 2) is 

perpendicular to the axis of X, that to the left of (4, 2) the 

^ ^ curve is concave upwards, and to the right of (4, 2) it is 

jf concave downwards. Therefore (4, 2) must be considered 

a point of inflection. 

Ans, Concave upwards everywhere. 

Am, Concave downwards everywhere. 

Ans, Concave downwards to the left and 
concave upwards to the right of (0, 0). 

6. ysx* — 3x*--9x + 0. Ans. Concave downwards to the left and 

concave upwards to the right of (1, — 2). 

7. y = a + (x — b)\ Ans. Concave downwards to the left and 

concave upwards to the right of (a, b). 

8. a^ = — — ox* + 2 a*. AnB. Concave downwards to the left and 
3 / 4 ffl\ 

concave upwards to the right of f a, — y 

(2b*\ 
6, — y 

10. y = X*. Ans. Concave upwards everywhere. 

11. y = x*-12x» + 48x«-50. 
Ans, Concave upwards to the left of x = 2, 

concave downwards between x = 2 and x = 4, 
concave upwards to the right of x = 4. 

8a« M^ ^ _ J ._ 1. . / . 2o 8a> 

concave upwards outside of these points. 



--* 8 a' M ^ • ,. /2a3a\ 

12. y = — -• Ans, Concave downwards between I ± — -, — )♦ 

x2 + 4a« VVa2/ 



13. y = x+36xa-2x»-x*. Ans, Points of inflection at x = 2 and - 3. 

14. y = — . Ans, Concave upwards to the left of f - 3 a, j » 

x«4-3a« \ 4 / 

concave downwards between ( — 3 o, — — j and (0, 0), 
concave upwards between (0, 0) and f 3a, — )* 
concave downwards to the right of f 3 a, — V 

16. (-\ ■\-(-\ =1. Ans. Points of inflection are X = ± -^ . 

Va/ \h/ V2 
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le. aV = aV-a^- -^ns. Points of inflection are as = ± - V27 - 3 Vss. 

o 

17. y = --^ — Ans, Points of inflection are x = 0, ± a Vs. 

a* + X* 

18. y = sin X. Ata. Points of inflection are x = nr, n being any 

integer. 

19. y = tan x. ^fM. Points of inflection are x = nr, n being any 

integer. 

20. y = xe-'. ^?is. x = 2 gives a point of inflection. 

21. Show that no conic section can have a point of inflection. 

22. Show that the graphs of e* and log x have no points of inflection. 

23. Show that the curve y {x* 4- a') = x has three points of inflection lying on 
the straight line x — 4 ay = 0. 

24. Show that the abscissas of the points of inflection of the curve y* = f{x) 
satisfy the equation 

[/'(x)]« = 2/(x).r(x). 



CHAPTER XI 
DIFFERENTIALS 

99. Introduction. Thus far we have represented the derivative 
of y =f{x) by the notation 

We have taken special pains to impress on the student that the 
symbol rfy 

di 
was to be considered not as* an ordinary fraction with dy as numer- 
ator and dx as denominator, but as a single symbol denoting the 
limit of the quotient ^^ 

Az 
as Ax approaches the limit zero. 

Problems do occur, however, where it is very convenient to be 
able to give a meaning to dx and dy separately, and it is especially 
useful in applications of the Integral Calculus. How this may be 
done is explained in what follows. 

100. Definitions. lif{x) is the derivative oif{x) for a particular 
value of x, and A^ is an arbitrarily chosen increment of x^ then the dif- 
ferentialoff{x)^ denoted by the symbol df{x)^ is defined by theequation 

{A) df{x)=f{x)Ax. 

If now f(x) = x, then f(x) = 1, and (-4) reduces to 

dx=: Ax, 
showing that when x is the independent variable the differential 
of X {= dx) is identical with Ax. Hence, if y =f{x)^ {A) may in 
general be written in the form 

{B) dy = ff(x)dx.* 

• On aooount of the position which the deriT»tiTe/(x) here oeonplee, It ia sometimes called 
the differential coefficient. 

The student shoald obseire the important fact that, since dx may be glren any arbitrary value 
whateyer, dx m independent of x. Hence dy is a /Unction of tteo independent variablei x and dx. 
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The differential of a function equals its derivative multiplied hy the 
differential of the independent variable. 

Let us illustrate what this means geomet- 
rically. 

Let /'(a;) be the derivative of y =f{x) at P. 

Take<£E = PQ, then 

dy=f{x)dx^tanT.FQ = ^'FQ^QT. 

Therefore iy, or 4f (a;), is the increment (= QT) of the ordinate 
of the tangent corresponding to dx.* 

This gives the following interpretation of the derivative as a 
fraction. 

If an arbitrarily chosen increment of the independent variable z 
for a point P (x, y) on the curve y =f{x) be denoted by dx^ then in 
the derivative 

%=f(') = tanr 

dy denotes the corresponding increment of the tangent to the curve at 

the point P. 

101. dx and dy considered as infinitesimals. In the Differential 

Calculus we are usually concerned with the derivative, i.e. with 

the ratio of the differentials dy and dx. In some applications it 

is also useful to consider dx as an infinitesimal (see § 80, p. 21). 

Then by (-B), p. 140, and (2), p. 21 ^ dy is also an infinitesimal. 

Hence in such cases dx and dy are corresponding variables each 

of which approaches the limit zero.f 

102. Derivative of the arc in rectangular 
coordinates. Let s be the length^ of the arc 
AP measured from a fixed point A on the 
curve. Denoting the corresponding -incre- 
ments by Aar, Ay, A«, we have from the figure 

(chord Pe)^=(Aa:)*-f (Ay)*. 




* The ftndant thoald note eipeolally that the diiferential {"dy) and the Increment (» Ay) of 
the function correeponding to the tame value dxC^Ax) are not in general equal. For, in the 
figure, dy « QT but Ay = QP'. 

t In the Integral Caloului dx and dy are alwayi regarded as inflnltoslmalfl. 

t Defined in $224. 
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Both multiplying and dividing the first member by (arc PQf 
[=(Af)*], we get 

^/<f| ^ ; Dividing both members by ^x^ 

m I / chord fg y/AgY^i^/AyX'^ 

From this we get, when Ax approaches the limit zero, 

Similarly^ if we divide (A) by Ay and pass to the limit, we get 

Also, from the above figure, 

' ^ Ax Aa: arc PQ , 

cos d = -r — 5-——- = -7 '. — T-777. 9 wid 

chord Pg As chord Pg 

chord P^? A« chord P© 

[Multiplying both numerator and denominator in each eaae by arc PQ(r ^)*] 

As As approaches the limit zero, approaches the limit r, and the 
ratio of the arc FQ to the chord FQ approaches unity. Therefore 

(46) co8r = -7-» 8inr= -r^» 

ds ds 

Using the notation of differentials, (94) and (ftS) may be written 

*" *•= [(5;)'+ »]'•"'• 
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An easy way to remember the relations (84) to (28) between the 
differentials dx^ dy^ ds is to note tJtat they are correctly repre- 
sented by a right triangle whose hypotenuse 
is ds^ sides dx and dy^ and angle at base r. Y 

Tlien , 

ds=^{dxy-^{dy)\ 

and dividing by dz or dy gives (94) or (95) 
respectively. Also, from the fig^nre, 

<ix . dp 

the same relations given by (96). 

103. Derivative of the arc in polar coordinates. In what follows 
we shall employ the same figure, notation, and reductions used on 
pp. 97, 98. From the right triangle FEQ 

(chord FQY = (PjK)« + (EQ)* 

= (p sin Atf)' ^(p + Ap-p cos A0)* 

= /)« sin* Atf 4- (2 /) sin* ^ + Ap)\ 

Multiplying and dividing the first 
member by (arc FQf [= (A«)'], and then 
dividing throughout by (Atf)*, we get 

Atf V 8 




/chord PQ\VA«\' /sinA^V / • ^ 



Le «^° 2 




Passing to the limit as A0 diminishes towards zero (see § 80, 
p. 98), we get 



(») 



- S-nF^O'- 



In the notation of differentials this becomes 
(SO) 



*•-['■ +o^'•»• 
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These relations between p and the differentials cl«, dp, and d0 
are correctly represented by a right triangle whose hypotenuse is 
d9 and sides dp and pd0. Then 

d8=.y/{pde)^-\^{dp)\ 

and dividing by dO gives (99). 

Denoting by '^ the angle between dp 
and ds^ we get at once 
^_^ d0 

g^nl ^ ^i^-PTp' 

which is the same as (A)^ p. 98. 

101 Formulas for finding the differentials of functions. Since 
the differential of a function is its derivative multiplied by the 
differential of the independent variable, it follows at once that 
the formulas for finding differentials are the same as those for 
finding derivatives given in § 46, pp. 46-48, if we multiply each 
one by dx. 

This gives us 

I d((?)=0. 

' II d(x)=dz. 

III rf(u -h v — w) = rfw 4- (fv — dw. 

IV d{cv)=cdv. 

V d (uv) =zudv -^ vdu. 

VI d(V,--0 = (Va--Orfvi + (v,v,...vJrft;, + ... 

VII d(if)=zn^-^dv. 

Vila <i(af)=n^-*rfa:. 



VIII 
Villa 



Villi c?f-^=-^. 






vdu — udv 
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IX <i(log„v) = log„e — . 

V 

X d{a'')=: a'' log adv. 

Xa «?(«")= e'civ. 

XI d^u") = vu^~^du H- log u . u^-dv, 

XII d (sin v) = cos V dv. 

XIII d (cos v) = — sin V dv. 

XIV <i (tan v) = sec* v civ, etc. 

XIX <i(arc sin v) =— r===, etc. 

The term differentiation also includes the operation of finding 
differentials. 

In finding differentials, the easiest way is to find the derivative 
as usual, and then multiply the result by dx. 

Ex. 1. Find the differential of 

x + 3 



y = 



x«4-8 



_ (g^ + 8) (fa - (g + 8)2a!(fa _ (3 >- 6x - g«)(ie 

(x» + 3)« "■ (x« + 3)« ' ""• 

Ex. 2. Find dy from 

iSoZu^ion. 26%6dE -2€?ydy = 0. 

^ Wx , 
<j?y 

Ex. 8. Find dp from 

P>=a3cos20. 

/SoZutum. 2pdp=:-a>8in20'2(20. 

, a«8in2^-^ 

.-. dp = d», 

9 



Ex. 4. Find d [arc ain (8 < - 4 <•)]. 

1= 

Vl-(3t-.4«')a Vr^ 



fioiidion. d[arc8ln(3<-4<»)] = -Jili^i^ = -l^. .In*. 
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105. Successive differentials. As the differential of a function is 
in general also a function of the independent variable, we maj 
deal with its differential. Consider the function 

y=/(^). 

d{dff) is called the second differential of y (or of the function) 
and is denoted by the symbol 

dY 

Similarly the third differential of y^ ^^didy^l is written 

and so on, to the nth differential of y^ 

dry. 

Since dx^ the differential of the independent variable, is inde- 
pendent of z (see footnote, p. 140), it must be treated as a constant 
when differentiating with respect to z. Bearing this in mind 
we get very simple relations between suecemve differentialB and 
successive derivatives. For 

dy^f{z)dx, 
and dry=r{x){dz)\ 

since dz is regarded as a constant. 

Also, d'y=r*{x){dz)\ 

and in general d^y = /^"^ {x) {dz)\ 

Dividing both sides of each expression by the power of dx 
occurring on the right, we get our ordinary derivative notation 

g-/'«.S=r(«),-,g-/->(.). 

Ex. 1. Find the third differential of 

Solution, dy = (605* - 6aB^ + 3)dx, 

(l«y = (20x«-12z)(dx)«, 
d»y = (60 x^ - 12) (dx)K Ana, 

NoTB. This is evidently the deriyative of the fanction multiplied by the cube of 

the differential of the independent variable. Dividing through by (dz)*, we get the 

third derivative 

^ = 00z«-12. 
dz* 
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EXAMPLES 

Differentiate the following, using differentials. 
1. y = ax«-te« + cx + (f. dy = (3ax«-2te + c)dx. 

a. y = 2x*-3x' +6ar» + 6. dy = (5z' -2x"* - 6ar2)dx. 

3. y = (a«-x9)*. dir = -10x(oa-x«)*dx. 

4. y = Vl 4- x«. dy = -— J=dx. 

Vl+x« 

- x*» - 2nx»»-' , 

5. |i = . dy = dx. 

6. y = logVr:i?. dy = .^^ 



2(x»-l) 
7. y = (e» + e-»)«. dy = 2 (c** - e- «') dx. 



8. y = e'logx. dy = e'Mogx + - jdx. 

Vc' + e-'/ 



9. a = e- 



x> 



10. p = tan0 + Bec0. d^o = i^-?^ d0. 

11. r = |tanS0 + tan^. dr = 8ec«0dtf. 
12./(x) = (logx).. /^(x)dx = ^2?£f^. 

X 

(* 3Att 



ydy 



IB. d [arc tan log y] = - , ,, 

' y[l + (logy)«] 

16. dfrarcvers- -V2ry-y«| =- ^ 

L r J V2ry-y« 

17. dr-55!^_liogtan^l=--^. 

L2 8in«0 2 *^ 2J 8in»0 
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106. The derivatiye considered as the ratio of two rates. Let 

y=/(^) 

be the equation of a curve generated 
by a moving point P. Its coordinates 
X and y may then be considered as 
functions of the time, as explained 
in § 84, p. 104. Differentiating with 
respect to t, by IXTI, we have 




(«1) 



f -'>->§• 



At any instant the time rate of change of y (or the function) eqaaU 
its derivative multiplied by the time rate of change of the independent 
variable. 

Or, write (81) in the form 



(«« 



dx ^^ ' dx 
dt 



The derivative measures the ratio of the time rate of change of y 
to that of X. 
ds 



dt 



being the time rate of change of length of arc, we have from 



(18), p. 105, 



dt \\dtj \dtj ' 



which is the relation indicated by the above figure. 

Ex. 1. A point moves on the parabola 6 y = x^ in such a way that when x = 6 
the abscissa is increasing at the rate of 2 ft. per second. At what rates are the 
ordinate and length of arc increasing at the same instant ? 
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Solvlion, Differentiating with respect to the time t, we get 



dx 
dt a'^dt' 



This means that at any point on the parabola 

{Rate of change of y) = (J x) (Rate of change of z) . 

dx 
Bat irom the problem, when z = 6, — = 2 ft. per sec. 

dt 

SubstituUng in {A), -^ = - . 6.2 ft. per sec. = 4 ft. per sec. 
dt o 




P(M) 



Also, 



ds 
dt 



= V4 + 16 = 2 Vs ft. per sec. 




That is, at the point P (6, 6) the ordinate changes in value twice as rapidly as 

the abscissa. 

dy 
If we consider the point P^ (— 6, 6) instead, the result is -^ = — 4 ft. per sec. 

dt 
The minus sign indicates that the ordinate is decreasing as the abscissa increases. 

Ex. 2. A man is walking at the rate of 5 miles per hour towards the foot of a 
tower 60 ft. high standing on a horizontal plane. At what rate is he approaching 
the top (a) at any instant ; (b) when he is 80 ft. from 
the foot of the tower ? 

Solution. Let y = distance from top and x — dis- 
tance from foot of tower at any instant. Then 
«« + (60)« = y«. 
Differentiating with respect to the time t gives 
dy _xdx 

(a) Hence he is approaching the top - times as fast as he is approaching the foot. 

dx 

(b) When x = 80, y = 100 ; and we have given — = 6 x 6280. Therefore 

dt 

^ = ^ X 5 X 6280 ft per hour 
(ft 100 

= 4 miles per hour. 

Ex. 3. A circular plate of metal expands by heat so that its diameter increases 
uniformly at the rate of .01 inch per mbiute. At 
what rate is the surface increasing (a) at any instant ; 
(b) when the radius is 2 inches? 

SohdUm. Let x = radius and y = area of the plate. 
Then y = xx>, and differentiating with respect to the 
time t, 

dJt dt 

(a) That is, at any instant the area of the plate is 
increasing in square inches 2 rx times as fast as the radius is increasing in linear 
inches. 
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dx 
(b) When — = .01 in. per sec. and x = 2 in. 
cU 

^ = .04 «> sq. in. per MC. ; 

i.e. the area is increasing .04 r aq. in. per sec. at that instant 

Ex. 4. An arc light is hung 12 ft directly above a straight horizontal walk on 
which a man 5 ft. in height is walking. How fast is the man's shadow leDgtheains 
when he is walking away from the light at the rate of 168 ft per minute ? 

jj SoltUion, Let x = distance of man from a point directly 

under light L, and y = length of man's shadow. From 
the figure, 

y:y -\-x :: 6:12, 

y = Jx. 

-i 1r I>iff«rentiaUng, 2 = ^1' 

i.e. the shadow is lengthening i as fast as the man is walking, or 120 ft per minute. 



EXAMPLES 

1. In a parabola y< = 12 x, if x increases uniformly at the rate of 2 in. per second, 
at wliat rate is y increasing when x = 3 in. ? Ans. 2 in. per sec. 

2. At what point on the parabola of the last example do the abscissa and ordi- 
nate increase at the same rate ? Ant. (3, 6). 

3. In the function y = 2 x* + 6, what is the value of x at the point where y 
increases 24 times as fast as x ? Ant. x = ± 2. 

4. Find the value of x when the function 2 x* — 4 is decreasing 6 times as rapidly 
as X increases. An», x = — {. 

6. Find the values of x at the points where the rate of change of 

x»-12x« + 46x-13 
is zero. Ans. x = 8 and b. 

6. What is the value of x at the point where x« - 5 x^ + 17 x and x« — 3« change 
at the same rate ? Am. x = 2. 

7. At what pobit on the ellipse 16 x> 4- y^ ~ 400 does y decrease at the same 
rate that x increases ? Ans. (3, ^). 

8. Given y = x* — 6x> + 3x + 6; find the i)oints at which the rate of change of 
the ordinate is equal to the rate of change of the slope of the tangent to the curve. 

Ans. X = 1 and 6. 

9. Where in the first quadrant does the arc increase twice as fast as the sine ? 

Ans. AteO*". 
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10. The side of an equilateral triangle is 24 inches long, and Is hicreasing at the 
rate of 8 inches per hour ; how fast is the area increasing ? 

Ana. 36 Vs sq. in. per hour. 

11. Find the rate of change of the area of a square when the side b is increas- 
ing at the rate of a units per second. Ana. 2ab sq. units per sec. 

12. (a) The yolume of a spherical soap bubble increases how many times as fast 
as the radius ? (b) When its radius is 4 in. and increasing at the rate of | in. per 
second, how fast is the volume increasing ? Ana. (a) 4 rr^ times as fast ; 

(b) 82 T cu. in. per sec. 

13. One end of a ladder 50 ft. long is leaning against a perpendicular wall stand- 
ing on a horizontal plane. Supposing the foot of the ladder be pulled away from the 
wall at the rate of 8 ft. per minute ; (a) how fast is the top of the ladder descending 
when the foot is 14 ft. from the wall ? (b) when will the top and bottom of the 
ladder move at the same rate ? (c) when is the top of the ladder descending at the 
rate of 4 ft. per minute ? Ana. (a) } ft. per sec. ; 

(b) when 26 V2 ft. from wall ; 

(c) when 40 ft. from wall. 

14. A barge whose deck is 12 ft. below the level of a dock is drawn up to it by 
means of a cable attached to a ring in the floor of the dock, the cable being hauled 
in by a windlass on deck at the rate of 8 ft. per minute. How fast is the barge 
moving towards the dock when 16 ft. away ? Ana. 10 ft. per minute. 

16. An elevated car is 40 ft. immediately above a surface car, their tracks inter- 
secting at right angles. If the speed of the elevated car is 16 miles per hour and of 
the surface car 8 miles per hour, at what rate are the cars separating 6 minutes 
after they met ? Ana. 10.8 miles per hour. 

18. One ship was sailing south at the rate of 6 miles per hour ; another east at 
the rate of 8 miles per hour. At 4 p.m. the second crossed the track of the first 
where the first was two hours before, (a) How was the distance between the ships 
changing at 3 p.m. ? (b) how at 5 p.m. ? (c) when was the distance between them 
not changing ? Ana. (a) Diminishing 2.8 miles per hour ; 

(b) increasing 8.73 miles per hour ; 

(c) 8.17 P.M. 

17. Assuming the volume of the wood in a tree to be proportional to the cube 
of its diameter, and that the latter increases uniformly year by year when growing, 
show that the rate of growth when the diameter is 3 ft. is 86 times as great as when 
the diameter is 6 inches. 



CHAPTER Xm 
CHAlf 0£ OF VARIABLE 

107. Interchange of dependent and independent yariables. It is 

sometimes desirable to transfoim an expression involving deriva- 
tives of y with respect to x into an equivalent expression involving 
instead derivatives of x with respect to y. Our examples will 
show that in many cases such a change transforms the given expres- 
sion into a much simpler one. Or, perhaps x is given as an explicit 
function of y in a problem and it is found more convenient to use 

a formula involving -^-i -—-r, etc., than one involving -^^ -t^' ^te- 
ay d}f ax or 

We shall now proceed to find the formulas necessaiy for making 
such transformations. 

Given yz=zf(x)^ then from IIVII we have 

ax 



(SS) 


dy _ 1 
dx dx 


. dy . 
vmg-f- va 
ax 


dx ^^ 
terms of -v-- Also, by IIVI, 
dy 




^y^d/dy\d/dy\dy 
d^ dx\dxj dy\dxjdx ' 


(^) 


d*y _d i\\dy 

d^ dy\dx dx 




w 




d'x 


But 


dy dx ('^"Y <^^ <** 


Substituting these in (A), we get 

(84) '^*'= '"^ , 



\dy> 

152 
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giving -r^ in tenns of — and — • Similarly, 

^ ' dx* /dxy • 

\dy) 
and so on for Iiigber derivatives. This transformation is called 
changing the independent variable from x to y, 

Ex. 1. Change the independent variable from x to v in the equation 
r(Py\2 dyd^ dhf/dy\^ 



Vdx*/ dxdx« dx^\dx/ 



Solution, Substituting from (38), (34), (35), 

1/8 \ /I \ / dy^dy \dy«/ 



dy« 



\di,) I \dy/ \ V^/ 

(Pa; tPx 
—- + -— = 0, 




Reducing, we get « « 

d»a; . d»x 



a much simpler equation. 

106. Change of the dependent variable. Let 

(A) y=f{^). 

and, suppose that at the same time y is a function of z^ say 

{B) y = H^)' 

We may then express -^1 -r-^, etc., in terms of -r-» ^r-;* etc., as 
. „ dx djT dx dar 

follows. 

In general, 2; is a function of y by (£), § 55, p. 57, and since y 

is a function of x by {A)^ it is evident that 2 is a function of x. 

Hence by UTI we have 

But s *'W - 1 *'«S -*"«!■ B'™ 



- S=*"'«(i)*+*'«"S 
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Similarly for higher derivatiyes. This transformation is called 
changing the dependent variable from y to z^ the independent vari- 
able remaining z throughout. We will now illustrate this process 
by means of an example. 

Ex. 1. Having given the equation 

change the dependent variable irom y to s by means of the relation 
(F) y = tan s. 

Sohdion, From (F), 

-?^=Bec«« — , -^ = aec««-— + 28ec««tan«( — ) . 
dx dz dx^ dx> \dx/ 

Subetitnting in {E), 

• <P« . o . /^'\^ , . 2(l + tan«)/ , dz\* 

•ec««~- + 2aec«tan«( — 1 =1 + -J ^(Bec**— )» 

dz« Vdx/ l + tan« V dx/ 

and redacing, weget— - — 2( — ) = cos'x. Ana, 
dx* V ux / 

109. Change of the independent variable. Let y be a function of 
x>, and at the same time let x (and hence also y) be a function of a 
new variable L It is required to express 

f • s- ««- 

in terms of new derivatives having t as the independent variable. 

^ ' dy _dy dx 

'di'^dxdi' ^'' 
dy 

dt 



air dx\dx/ dt\dx/ dx dx 

'di 
Rut differentiating (^1) with respect to t, 

(dy\ dxoPyi_dy^ 
dt (if df dt d^ 
dx ~ /dx\* 
dt} [dt) 
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Therefore 

iJB) 



dx d^y 
d^y _ dt d^ 



dy dhc 
dt dt^ 



dx* 



(f)' 



and 80 on for higher derivatives. This transformation is called 
changing the independent variable frtym x to t It is usually better 
to work out examples by the methods illustrated above rather 
tlian by using the formulas deduced. 



Ex. 1. Change the independent variable from x to t in the equation 



dx' dx 



by means of the relation 




(I>) 


x = C. 


Solution, 


^ = e*, therefore 
dt 


(E) 


dx 


Also, 


S-ll'"— 


(F) 


g=-^- *-». 



^ ^ ^, d^/dy\ dy ^^^^ _ ^^ d /dy\^ _ dy ^^ 
dx< dt\dt/ dt dx dt\dt/dx dt dx' 



Sabstitating in the last result from (E), 



dx^ dt^ dt ' 



Substituting (D), (F), (Cf) in (C), 
d'y 



and reducing, we get 



dt^ 



+ y = 0. Ana. 



Since the formulas deduced in the Differential Calculus gener- 
ally involve derivatives of y with respect to x, such formulas as 
(-4) and (jB) are especially useful when the parametric equations of 
a curve are given. Such examples were given on pp. 92-97, and 
many others will be employed in what follows. 
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lia Slmiiltaneous change of both independent and dependent 
variables. It is often desirable to change both variables simul- 
taneously. An important case is that arising in the transformar 
tion from rectangular to polar coordinates. Since 

x = pcoB0 and y = psin0, 
the equation 

bocomes by substitution an equation between p and defining^ p 
as a function of 0. Hence p, 2:, y are all functions of 0. 

Ex. 1. TranBform the formula for the radius of curvature (42), p. 168, 

into polar codrdinates. 

Solution. Since in (A) and (B), pp. 164, 156, t is any variable on which z and f 
depend, we may in this case let t = 9, giving 

dy 
/Dv dy de ^ 

d0 

dxd^ dyd^ 
cPv d$d^ d$d^ 



(O) 



dx« /dx\« 



(S) 



Substituting (B) and (C) in (A), we get 

]• dxd^ ^yd^ 
ded^ 



(D) R = 



"/dx\« f^\^ dxd^ til 

. (D* J^ ©■ 
[(S)*-(S)T 



dxd^ dyd^ 
did^ dddfi 



But since x = p cos $ and y = p sin 9, we have 

dz ^ ^ , ^dp dy -.j-dp 

— = — psin^ + cos^-T-; ^ = pcos^ + sintf — ; 
de '^ d$ d$ '^ d$' 

^ = -pco6^-28intf^ + co8^^; ^ = -psin^ + 2co8^^ + Bin^^. 
d0^ d$ d^ dfi dd dfi 
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Sabetitutiiig these in (D) and reducing, 



"*<%)'- 






Ana, 



EXAMPLES 

Change the independent variable from x to y in the four following equations. 



dx« dy« 

Change the dependent variable from v to « in the following equation. 

»• (■+«-(S-"')^(i)"=K'*')is- ""*'- 

Change the independent variable in the, following eight equations. 

6. *?_^,^+^^ = 0, x = co.t. Ar.. S + y = 0. 
dx« 1 — «" dx 1 — X* dt^ 

7. (i-x«)^-x^ = 0, x = cos«. Ana, ^ = 0. 

8. (1 — ya) — - — y -- + a«u = 0, y = sin x. 4n«. — - + a«u = 0. 

dy^ dy dx^ 

9. ^^ + 2xf?+^„ = 0, x=l. ^n.. ^ + ««, = 0. 

dx^ dx x^ 2; dz^ 

10. «.|!E + 8»«^ + x^ + t, = 0, x = e'. .In*. ^ + i, = 0. 

dx* dx^ dx dt> 

^ _2x_dy^ y x = tan«. ^w. ^ + y = 0. 

(ix«^l + x»dr^(l + X«)« ' (W*^" 

12. 1- «t -— + cosec^a = 0, a = arc tan <. 

ds^ ds tth A 

Ana, (l + <«)^ + (2< + uarctan<)^ + l = 0. 
df" dx 

13. x«^ + a«y = 0, x = l. ^n*. ^ + ?^ + aV = 0. 
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In the following foor examples the equations are giren in panunetrie form. 

Find -^ and ^ in each case. 
dx dz* 

14. X = 7 + ««, y = 8 + (« - St*. Ans, ^ = l -61^, ^ = - 6. 

dz az^ 

16. « = cot«, y = 8in«t Ans, ^ =:-88in<tcost, ^=: 3sin*t(4 - 58111*0. 

dx cu^ 

16. X = a(co6 1 + t sin t)f y = a(sin t - 1 cos Q. 

^ns. -^ = tant. —^ = — 

dx ' d^ atoot^i 

17. x = ; — -, y^- — -. Am. ^ = -1, —^ = 0. 

l + « 1 + t dx (fa* 

dy 

18. Transform — by assuming x = p cos tf, y s psin tf. 



ilns. 



19. Let /(x, y) = be the equation of a curve. Find an expression for its 

slope (-T-) in terms of polar coordinates. ^ , , ^d^ 

*^\dx/ *^ ' ^ pcos* + 8ln*^ 

An.. g = ^. 

— psin^ + cos*^ 
d§ 
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CURVATURE. RADIUS OF CURVATURB 



111. Curvature. The shape of a curve depends very largely 
upon the rate at which the direction of the tangent changes as 
the point of contact describes the curve. This rate of change 
of direction is called curvature and is denoted by K. We now 
proceed to find its analytical expression, first for the simple case 
of the circle, and then for curves in general. 

112. Curvature of a circle. Consider a circle of radius B. Let 

r = angle that the tangent at P makes with OX^ and 
r + At = angle made by the tangent at a neighboring point P'. 
Then we say 
At = total curvature of arc PP*. 
If the point P with its tangent be 
supposed to move along the curve to 
P', the total curvature (= At) would 
measure the total change in direction, 
or rotation, of the tangent ; or, what 
is the same thing, the total change in 
direction of the arc itself. Denoting by % the length of the arc 
of the curve measured from some fixed point (as A) to P, and 
by A^ the length of the arc PP*^ then the ratio 

At 
A« 
measures the average change in direction per unit lengtli of arc.* 
Since from the figui-e, 




or, 



A» = iJ.AT, 
At^1_ 
A« R' 



• Thus, if Ar «> - radiani (« 3(r)f an<i A« ~ 3 eentimeten ; then 

6 
— • — radians per oentimeter- 10" per centimeter" arerage rate of change of direction. 

160 



160 
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it is evident that this ratio is constant everywhere on the circle. 
This ratio is by definition the curvature of the circle^ and we have 



(86) 



x.i. 



The curvature of a circle equals the reciprocal of tt$ radius. 

lis. Curvature at a point. Consider any curve. As in the last 

section, 

At = total curvature of the arc PP\ 



and 



At 

-T— = average curvature of the arc FF'. 

As 



More important, however, than the notion of the average cnnra- 

ture of an arc is that of curvature at 
a point. This is obtained as follows. 
Imagine P' to approach F along the 
curve, then the limiting value of 

the average curvature ( =-r^ ) as -P* 

approaches F along the curve is defined 
as the curvature at P, i.e. 

Curvature at a point =. ^^f-r-i=-T'-' 
^ A« = \ A«y ds 




(«n 



IC = — - = curvature. 



If we suppose F to move along the curve, t and » are functions 

of the time t, and we may write 

dr 

ds ds^ 



dt 



dr 



where — = angular velocity of rotation of the tangent, 
at> 

ds 
and — = v = magnitude of the velocity of P in the path. 

Let t; = 1, then 
and we have the theorem : 

The curvature at F is equal to the angular velocity of the tangent 
at F when F describes the curve mth unit velocity. 



^^-dt' 
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114. Formulas for curvature. It is evident that if in the last 
section, instead of measuring the angles which the tangents made 
Tvith OX, we had denoted by t and t 4- At the angles made by the 
tangents with any arbitrarily fixed line, the different steps would 
in no wise have been changed, and consequently the results are 
entirely independent of the system of coordinates used. How- 
ever, since the equations of the curves we shall consider are all 
g^ven in either rectangular or polar coordinates, it is necessary to 
deduce formulas for K in terms of both. We have 

tanT = $^, §45, p. 44 

ax 

dv 
or, T = arctan-:~. 

ax 

Differentiating with respect to «, 

d^(dy\ 

dr ds\dx) 



^» i+r^y 



m 

d^y dx 
da? ds 



Mm' 

and, since K = -=-^ we have 

as 

d*y 

m K 2f— J. 



by III 



(A) ^ ^i^. BylXTI 



" I Mm 

Theiefore, substituting in (A), 

dr . dx' 
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If the equation of the curve be given in polar coordinates, 
K may be found by transforming* the above formula by means 
of the relations 

z = p cos d, y =: p sin d; 
giving 



k+CS)"]' 



Ex. 1. Find the curvature of the parahoU y* = 4|xb at the upper end of the 
latua rectum. 

dz y dz^ y'^dx y* 

Substituting iif (38), 



giving the ourTKtare at any point. At the upper end of the l»tiu rectom (p, 2p) 

(4p« + 4p«)i iav^i>» 4V2p 

Ex. 2. Find the curvature of the logarithmic spiral p =: e^ at any point 

Solution, 4- = a«^ = o^; :r= = «*«^ = ^V- 

dA de^ 

Substituting in (39), 

Jr = — -L=. Am. 

115. Radius of curvature. By analogy with the circle [see (M) 
p. 160], the radius of curvature of a curve at a point is defined as 
the reciprocal of the curvature of the curve at that point. Denot- 
ing the radius of curvature by R^ we have 

• The detalli of this innaformAtion were glTen in Ex. 1 on pp. IM, 157. 
t While in our work it is generally only the nnmerical ralue of K that is of importanoe, yet 
we ean gire a geometric meaning to its sign. Throoghout our work we hare taken the positlTe 

sign of the radical V 1 + (^) • Therefore K will be positire or negatire at the same time as 
^ t that is (f 96, p. 136), according as the cunre is concare upwards or coneare downwards. 

X Hence the radius of curvature will hare the same sign as the ourratnre, l.e. -¥ or -aoeonllng 
as the curve is concave upwards or concave downwards. 



CURVATURE 163 



or, substituting the values of K from (38) and (39), 



(40) B = 






.-. [-('^)T 



Ex. 1. Find the radius of curvature at any point of the catenary y = -\^-\-f v, 

2 

SUution. ^ = 1 (e^ - c~9 ; ?? = r^ (e« + c"9. SuhetituUng in (40), 

X _x X __x 4 a 

2 a 2a 

If the equation of the curve is given in parametric form, find 
the first and second derivatives of y with respect to x from {A) 
and (£), p. 154, 155, namely: 

(B) f = ^>^^^ 

dx dx 

dt 

dx cPy dy d^x 
.^. d^y 'did?~'di'^ 

<^^ d^= — T^Y — ' 

and then substitute the results in (40). 

Ex. 2. Find the radius of curvature of the cycloid 

x = a(t — sint), 
y = a(l — cosQ. 

SolutiofL — = a(l - cost), -^ = asintj 

dt at 
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Substituting in (B) and (C), and then in (40), p. 163, we get 
dy sin t dPy a (1 — cos t) a cos t — a sin t a sin t __ 



dx l-cost dx'^ a«(l-co8t)» a(l-co80« 



['-(ra=;)T 



fi = ± M-vu»i^ -, ^^2aV2~2co8t. Ans, 



O(l-C08<)« 

Note. Prom (6), p. 90, we get 



length of noniial = y Vl + (^Y = a(l - co8 0\l + L^^ ^ Y 

=a V2 - 2 cos t 
Hence from a comparison of the last two results : 
At any point on the cycloid the length of the radius of curvature 
is tunce the length of the normal. 

EXAMPLES 

1. Find the radiuB of carvatore of the equilateral hyperbola xy = 12 at the 
point (3, 4). AnB, B = W- 

2. What is the curvature of y = x* - isfi - 18x* at the origin ? , „ ^ 

Am. K = 3». 

3. Find the radius of curvature of the ellipse 6^^ + a^ = aVj^ (a) at anj 
point, (b) at end of major axis, (c) at end of minor axis (a > 5). 

4. What is the radius of curvature of the curve 10y> = 4x* — x* (a) at (0, 0), 
(b) at (2, 0) ? Ana. (a) iJ = 1, (b) B = 2. 

6. Find the curvature of the cubical parabola a^ = 2*. . . 

An». K = 



6. Get the radius of curvature in the semicubical parabola ajfi = 2*. 

Ans, B = d(lf±!^. 
6a 

7. Find the radius of curvature of the curve v = z* + 52'-H6 x at the origin. 

Ans, 22 = 22.606. 

8. Find the point on the parabola ^ = 8 x at which the radius of curvature 
isTiJ. ^n«. (1,3). 

9. Find the curvature of the curve^-^ + (^\ = 1 at the point (0, 5). 

Ans, ir = --. 
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10. Determine the radius of curvature of the curve a^ = 6x> + C2^ at the 
origin. Ans, R = co, 

11. Show that the radius of curvature of the witch y« = — ^ ~ ' at the vertex 



18?. 



12. Find the radius of curvature of the curve y = log sec z at any point. 

Ana, 12 = sec X. 

13. Find K at any point on the parabola a* + y* = a*. Ana. K = 

2(z + y)* 

14. Find R at any point on the hypocycloid x' + y* = a'. Ans. R = S (oxy)*. 

16. Find R at any point on the cycloid x = r arc vers - — V2 ry — y". 

r y 

-4na. JJ = 2v2ry. 

Fhid the radius of curvature of the following curves at any point. 

16. The circle p = asin 0, Ana, i2 = - • 

'^ 2 

17. The spiral of Archimedes p = a0. .i •.. i? _('>' + «'^) 

18. The cardioid p = a (1 — cos ^. 

19. Thelemniscatep' = a3cos29. 

g 

20. The parabola p = a sec* - . 

g 

21. The curve p = a sin' - • 

3 

22. The trisectriz/) = 2acos9-a. 

23. The equilateral hyperbola p^cos 2 = a*. 

24. The conic /)= °(^-^) . Ana. iJ = ! 

1-ccos^ (1-CC0S^)8 

26. The curve j ^ = gf- ««. ^n«. 12 = f (1 + 1^». 

x = acos^t, 

sin't. ^ns. 12 = 3 a sin t cos t. 









p2 + 2a2 




Ana. R 


= |V2ap. 






Ana. 


-s- 




Ana, 


R = 


2a8ec«l 




Ana. 


R = 


} a Sinai 


A 


na, R = 


a(6- 


-4C08^)» 




9- 


6cos^ 






Ant 


a2 


a(l. 


-a(l- 


2eco8^ + g9)i 



26. The hypocycloid } * _ * 

W. The curve (« = a(co8« + t8lnt). 

(y = a (sin t — f cos Q. 

gg^ ,p. (x = a(m cos < + cos m<), 

inecurve {^ = a(msint -sinmQ. ^^ ^^ ll!^,^(ri±A)t 

m -1 \ 2 / 



^n5. 12 = at. 
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THBOREM OF MEAN VALUE. IND£T£RMIKAT£ FORMS 

116. Rolle'8 Theorem. Let y=f{x) be a continuous single-iralued 
function of x vanishing for 2; = a and a; = i, and suppose that J^(x) 

changes continuouslj 
p _ when X varies from a 

to h. The function iwill 
then be represented 
g^phically by a contin- 
uous curve with a con- 
tinuously turning tan- 
gent as in the figure. 
Geometric intuition shows us at once that for at leeut one value of x 
between a and b the tangent is parallel to the axis of X (as at 2^), 
i.e. the slope [—f\x)] is zero. This illustrates Rolle's Theorem: 

Iff{x) vanishes when x=za and a; = 6, and y 
f{x) andf(x) are continuous for all values ofx 
from x = ato xz=:b, thenf{x) will be zero for 
at least one value of x between a and b,* 

This theorem is obviously true, because 
as X increases from a to i, f{x) cannot always 
increase or always decrease as x increases, 

since f{a) = and f{b) = 0. Hence for 
at least one value of x between a and &, 
f(x) must cease to increase and begin to 
decrease, or else cease to decrease and 
begin to increase ; and for that particular 
value of X the first derivative must be 
zero (§ 93, p. 118). 

• The aeoond figure shows the graph of a function which is discontinuous («■ « ) for x «■ e, a Talne 
lying between a and b. The third figure shows the graph of a continuous function whose first 
derlratiTe does not exist for such an intermediate value x« c. In each case it is seen that at no 
point on the graph between x « a and x^b does the tangent (or cunre) become parallel to OX 
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f{h)-f{a) r> 
b-a "^' 



or. 



ating (C) we get 
Therefore, since 



117. The Theorem of Mean Value.* Consider the quantity Q 
defined by the equation 

(^) 

(B) m^f{a)-{h-a)Q=Q. 

Let F{x) be a function formed by replacing 6 by a; in the left- 
hand member of {B)\ that is, 

(<7) F{x) =f{x) -f{a) - (a: - a) Q. 

From (fi), i^(i)= 0, and from ((7), F{a)= 0, 

therefore by RoUe's Theorem, p. 166, F\x) f must be zero for at 
least one value of x between a and i, say Xy But by differenti- 

F^{x)=f{x)-Q. 

F\xj) = 0, then also/'(x,) - ^ = 0, and 

Substituting this value of Q in (A)^ we get the Theorem of Mean 
Value, 

o — a 

where in general all we know about x^ is that it lies between a and b. 
The Theorem of Mean Value can be easily interpreted geomet- 
rically. Let the curve in the figure be the locus of 

Take OC=a and OD=b; the.n 
f{a) = CA and f{b) = DB, giving 
AF=b - a BJid EB=kf(b)--f{a). 

Therefore the slope of the chord 
^Bis EB^ f{b)^f{a) 

AE b--a 
and the Theorem of Mean Value 
simply asserts that there is at least one point on the curve between 
A and B (as P) where the tangent (or curve) is parallel to the 
chord AB. If the abscissa of P is x^ the slope at P is /'(arj, and 

^^^^^ m-f(a) _^,^^^^ 




b-a 

• Alflo called the Law <^ the Mean* 



t H F(,x) and F\x) are continuoufl. 
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The student should draw curves to show that there may be more 
than one such point in the interval, and curves to illustrate on the 
other hand that the theorem may not be true if /(a?) becomes diflconr 
tinuous for any value of x between a and 6, or iif\x) ceases to exist. 

Clearing (43) of fractions, we may also write the theorem in the form 

(4a) f(b) = f(a) + (6 - a)/'(xi). 

Let 5 = a 4- Aa ; then i ~ a = Ao, and since 2^1 is a number lying 
between a and by we may write 

2;^ = a + . Aa, 

where is a positive proper fraction. Substituting in (4S), we g^et 
another farm of the Theorem of Mean Value, 

(44) f(a + Aa) - f(a) = Aa/'(a + ff • Aa). < ^ < 1 

118. The Extended Theorem of Mean Value.* Following the 
method of the last section, let R be defined by the equation 

{A) fib) ^f{a) - (6 - a)f{a) - ^ (6 - a^R = 0. 

Let F{x) be a function formed by replacing 5 by 2; in the left- 
hand member of {A)\ that is, 

{B) F{x)^f{x)^f{a)-{x^a)f!{a)^\{x^aYR. 

From {A), i^(i)=0; and from {B), -F(a)=0, 
therefore, by Rolle's Theorem, p. 166, at least one value of x be- 
tween a and i, say x^^ will cause F^{x) to vanish. Hence, since 
r{x)==f{x)-^f(a)^{x-a)R, we get 
^'(^i)=/'(^i)-/(«)-(^i-a)^ = 0. 

Since F\x^)z=z and JF"(a)= 0, it is evident that F'(x) also satis- 
fies the conditions of Rolle's Theorem, so that its derivative^ namely 
F"{x)^ must vanish for at least one value of x between a and Xj, 
say 2;,, and therefore x^ also lies between a and h. But 

F''{x)^r{x)-Ri therefore i?'"(T,)=:/"(a:,)- ^=: 0, and 
R=^r{x,). 
Substituting this result in {A)^ we get 

* Also called the Extended Law qf the Mean. 
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In the same manner, if we define S by means of the equation 

we can derive the equation 

'(a)+l(J_a)V"(a) + i(i- 



f^b)-f(a)-(b-a)f(a) + hb-ar/"{a) + hb-ays=0. 



(^)/(i)=/(«)-(i-«)/(a) + j|(i-«)V"(a) + j|(*-a)'/"'(=r.), 



where x^ lies between a and b. 

By continuing this process we get the general result,* 

where x^ lies between a and i. (^ is called the Ikctended Theorem 
of Mean Value. 

119. Maxima and minima treated analytically. By making use 
of the results of the last two sections we can now give a general dis- 
cussion of maxirna and minima of functions of a single independent 
variable. 

Given the function /(a:). Let A be a positive number as small 
as we please ; then the definitions given in § 94, p. 118, may be 
stated as follows: 

If, for all values of x different from a in the interval [a — A, a + A], 

(A) f(x) —f{a) = a negative number, 

thenf(x) is said to be a maocimum when x=a. 
If, on the other hand, 

(B) f{x) —f{o) = a positive number , 

then/(2;) is said to be a minimum when x = a. 
Consider the following cases: 
L Let f {a) 4-0, 
From (48), p. 168, replacing bhj x and transposing /(a), 

(C) f{x) ^f(a) = (a; - a)f{x,). a<x,<x 

• It to aisumed that/(j:), fix), /"(x), •••,/(») (jr) exist throughout the Interval [a, b]. 
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Since /'(a) ^ 0, and f{x) is assumed as continuons, h maj be 
chosen so small that f(x) will have the same sign as /'(a) for all 
values of x in the interval [a — K, a-\-K\. Therefore /'(x^ has ihz 
same sign as /'(a) (§§ 29--S3). But x^a changes sign according 
as 2; is less or greater than a. Therefore, from ((7), the difference 

will also change sign, and by (A) and (J3), f{a) will be neither a 
maximum nor a minimum. This result agrees with the discussion 
in § 94, where it was shown that /or all valiies of x for which /^ {2^) w 
a maximum or a minimum the first derivative f^ {x) must vanish, 

II. Letf{a)=0, andf"(a) ^ 0. 

From {(7), p. 168, replacing bhj x and transposing /(a), 

(D) /(a,)_/(a) = ^^/"(a^). a<T,<x 

Since f"(a) =^ 0, and f"{x) is assumed as continuous, we maj 
choose our interval [a — A, a + A] so small that/" (2:^) will have the 
same sign as /''(a) (§§ 29--33). Also {x — af does not change sign. 
Therefore the second member of (2>) will not change sign, and the 
difEerence ... . \, . 

wiU have the same sign for all values of x in the interval [a — A, 
a -H A], and moreover this sign will he the same as the sign off"(a). 
It therefore follows from our definitions (A) and (B) that 

(E) f{a) is a maximum iff\a) = andf"{a) z=z a negative number; 

(F) f{a) is a minimum iff\a) = andf'\a) = a positive number. 

These conditions are the same as (91) and (99), p. 124. 

III. Let f{a) =-f\a) = 0, and f"{a) ^ 0. 

From (2>), p. 169, replacing bhy x and transposing /(a), 

m f{x) -f{a) = ji (^ - «)•/'>•). a<x,<x 

As before, f^\x^ will have the same sign as /'"(a). But {x — a)' 

changes its sign from — to -f as z increases through a. Therefore 

the difference -., . -, . 

/(ar)-/(a) 

must change sign, and f{a) is neither a maximum nor a minimum. 
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IV. Let f\a) =r{a) = ^Z^-' V) = 0» «^^ /^"'(«) =^ <>. 

By continuing the process as illustrated in I, II, and III, it is 
seen that if the first derivative of f{x) which does not vanish for 
a; = a is of even order (= n), then 

(45) /(a) is a maximum if /(n)(a) = a necrative number; 

(46) /(a) is a minimum if /(n)(a) = a positive number.* 

If the first derivative of f{x) which does not vanish for a; = a is 
of odd order, then /(a) will be neither a maximum nor a minimum. 

Ex. 1. Examine x* — Ox* -H 24x — 7 for maximum and minimum values. 
Solution, f(z) = x« - 9x« + 24x - 7. 

/'(x) = 3xa-18x + 24. 
Solving 3x2 -18x + 24 = 

gives the critical values x = 2 and x = 4. .*. /(2) = 0, and /(4) = 0. 
Differentiating again, f"(x) = 6 x - 18. 

Since /''(2) = - 6, we know from (46) that/(2) = 13 is a maximum. 
Since /''(4) = + 6, we know from (46) that /(4) = is a minimum. 

Ex. 2. Examine e« + 2 cosx + e*' for maximum and minimum values. 

SiAuiion, f(z) = e« + 2 cosx + «-*, 

f(z) = e» - 2 sinx - e-* = 0, for X = 0,t 
f\x) = e« - 2cosx + e-* = 0, for x = 0, 
/"'(x) = c* + 2 sinx - e-* = 0, for X = 0, 
/»v(x) = c» + 2cosx + e-« = 4, for x = 0. 

Hence, from (46), /(O) = 4 is a minimum. 

EXAMPLES 

Examine the following functions for maximum and minimum values, using 
method of the last section. 

1. 3x*-4x«+l. Am. x = 1 gives mfai.=0; 

X = gives neither. 

2. x»-6x» + 12X + 48. Ann. x = 2 gives neither. 

3. (x- l)a(x + l)«. AnB, x = l gives min. = 0; 

X = I gives max. ; 
X = — I gives neither. 

4. Investigate x* — 6x* + 6x» — I, at x = I and x = 3. 
6. Investigate x^ - Sx* + 3x + 7, at x = 1. 

6. Show that if the first derivative of /(x) which does not vanish for x = a is 
of odd order (= n), then /(x) is an increasing or decreasing function when x = a, 
according as/<">(a) is positive or negative. 

* As in §94, a critical value ;ir= a is found by placing the lint derivative equal to lero and 
solving the resulting equation for real roots. 

t j?= is the only root of the equation «« - 2 sin a? - e- • « 0. 
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120. The Generalized Theorem of Mean Valne. This theorem 

asserts about the two functioDS f(x) and F(x) that 

where x^ lies in the interval [a, 6] and -F'(a:) does not vanish in 
the interval. 

Proof. By multipljdng both sides of (47) by F\x^ and trans- 
posing/' (2;^) to the left-hand side, we see that this theorem requires 
that the equation 

F{b)-F{a) ^ ' -^ ^ ' 

shall have a root x^ lying between a and b. In order to make it 
possible to apply RoUe's Theorem, p. 166, let us try to construct a 
function having this leftrhand member for a derivative and such 
that it (the function) vanishes for 2; = a and xz=b. Such a fuuo- 
tion is 

||5^[^(.)-^(a)]-[/(x)-/(«)], 

because it vanishes for xz=a and 2; = 5, and hence by Rolle's 
Theorem its derivative must vanish for an intermediate value of 
2;, say x^i that is, 

which is equivalent to (47). 

121. Indeterminate forms. When, for a particular value of the 
independent variable, a function takes on one of the forms 



« 
0' « 



— » Sd' O'QO, go — GO, , 00 , 1 , 



it is said to be indeterminate^ and the function is not defined for 
that value of the independent variable by the given analytical 
expression. For example, suppose we have 

where for some value of the variable, as x = a, 
/(a)=0, F{a)=0. 
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For this value of x our function is not defined and we may 
therefore assign to it any value we please. It is evident from 
^w^hat has gone before (Case II, p. 28) that it is desirable to assign 
to the function a value that wiU make it continuous when z = a, 
i^henever it is possible to do so. 

122. Evaluation of a function taking on an indeterminate form. If 
Avhen 2; = a the function /(z) assumes an indeterminate form, then 

i% taken a* the value off{x) for x=a. 

The assumption of this limiting value makes f{x) continuous 
for x=a. This agrees with the theorem under Case II, p. 23, 
and also with our practice in Chapter IV, where several functions 

assuming the indeterminate form - were evaluated. Thus, for 

a:* — 4 

a: = 2, the function — assumes the form -, but 

x— 2 



limit a^ — 4 



= 4. 



ic=2a;-2 

Hence 4 is taken as the value of the function for x=2. Let us 
now illustrate graphically the fact that if we assume 4 as the value 
of the function for x = 2, then the function is continuous for a; = 2. 



Let 



y = - 



x-2 
This equation may also be written in the form 
y(a;-2) = (:r-2)(a: + 2), 
or, (x-2)(y-2:-2)=0. 

Placing each factor separately equal 
to zero, we have 

2; = 2, and y = x + 2. 
In plotting, the loci of these equations 
are found to be the two lines AB and CD 
respectively. Since there are infinitely 
many points on the line AB having the 
abscissa 2, it is clear that when x=2 
(=OJIf), the value of y (or the function) may be taken as any 




* The calculation of this limiting value is called evaluating the indeterminate form. 
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number whatever, but when x is different from 2 it is seen from 
the graph of the function that the corresponding value of y (or the 
function) is always found from 

the equation of the line CD. Also, on CD^ when a; = 2, we get 

which we saw was also the limiting value of y (or the function) 
for 2; = 2 ; and it is evident from geometrical considerations that 
if we assume 4 as the value of the function for 2; = 2, theo the 
function is continuous for 2; = 2. 

Similarly, several of the examples given in Chapter IV illustrate 
how the limiting values of many functions assuming indeterminate 
forms may be found by employing suitable algebraic or trigonomet- 
ric transformations, and how in general these limiting values make 
the corresponding functions continuous at the points in question. 
The most general methods, however, for evaluating indeterminate 
forms depend on differentiation. 

123. Evaluation of the indeterminate form §• Given a function 

of the form =^ such that f{a) == and -F(a)= ; that is, the 

function takes on the indeterminate form ~ when a is substituted 
for X. It is then required to find 

limit f{x) 
x=a F(x)' 

Considering the functions f{x) and F{x) the same as in § 120 
and replacing ( by 2; in (47), p. 172, we get 

f(x) ^f{x,) 
F(x) F'(xy 

[SliiC6/(a)- 0. and F(a)- 0.) 

Since x^ lies between x and a, x^ approaches a as its limit when 
X approaches a, and we have 

limit /W ^ limit fi^i) ^ limit /V) « 
x=a F(x) x^ — a F\x^ x=za F\x) ' 

* Assuming that ^ — does approach a limit as x approaches a. 
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ttf\jr) divided by F\x) does not assume an indeterminate form 
for X = a, we may write 

lifi\ Wmit f(Jr) _ na) 

^ ' « = «/?• (0?) rf{a)* 

where f{a) = 0, F{a) = 0, F'{a) ^ 0. Hence 

Rule for evaluating the indeterminate form g- Differentiate the 
7iumerator for a new numerator and the denoinmator for a new 
denominator,* The value of this new fraction for the assigned 
valued of the variable will he the limiting value of the original 
fraction. 

In case it so happens that 

/'(a)=0 and i^'(a)=0, 

that iSy the first derivatives also vanish for a; = a, then we still 
have the indeterminate form 



and the theorem can be applied anew to the ratio 

fix) 
F\x) 
giving us 

limit fix) ^ f\a) 
x=zaF{x) F'\a) 

When also /"(a) = and F''{a)= 0, we get in the same manner 

limit f(x)i ^ f'^ja) 
x=:aF(x) F''\a)' 
and so on. 
It may be necessary to repeat this process several times. 

* The ttude&t to warned against the very careless but common mistake of differentiating the 
whole expression as a fraction by VIII. 

t If a« 00, the substitution x^- reduces the problem to the evaluation of the limit for s ■» o ; 

z 

^__ Ibnit /(£) Umit Wai» limit W limit /W. 

Therefore the rule holds in this case also. 
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Ex.1. Evaluate ^ = .^^1^£+?- when x = l. 

F(x) X« - X2 - X + 1 



Solution, ^^z^ 

F{1) x8 - x« 



x«-3x + 2 



X 

^_8x2-3 
f"(l) ^ ex 



2 1 1-3 + 2 , ^ ^ 

— r = ; — :; — , -- = ;:• •'. indeterminate. 
+ lJ,.i 1-1-1 + 1 



3x2 - 2x - lJ,,i" 3 - 2 - 1 "" u' 



indetennin&te. 



"'(1) 6x-2j,.r6-2""2 



Ans, 



Ex.2. Evaluate li°»«^?Lt£:lzlf. 
X = w X — sin X 



Solution, 



r(0) 

2^(0) 

r(0) . 
1?"'(0) 



e'-e'*-2 x- 
X — sin X 

C + e-* - 2 
1 — cos X 



1 = 1-1-0 ^ 
Jx-o 1-1 o' 



.'. indeterminate, 
indeterminate. 



sinx 



cosx 



n 1-10 

= — r— = - • .-. indeterminate. 
Jx»o 

5] ^1 + 1^ 

Jx.O 1 



2. .dna. 



EXAMPLES 

Evaluate the following by differentiation.* 

8 
9' 



, limit g'-16 . 



2 limit g-l 
x = l x«-l* 

3 limit logg 
x=lx-r 

^ limit e«-<r« 
« = sinx 

g limit tanx-x 
x = Ox_ginx* 

g limit log sin x 
• x = ?(T-2x)a' 

7 limit g^-fe' 

'• x = 0"~^ 



log 



a 



limit r» - ar« - aV + o» 



r = a 



r^-aa 



1 
n 

1. 
2. 



1 

a 
V 

0. 



Q limit g — arc sin ^ 
^ = Bin«tf 



jQ limit sin X- Bin 

jj limit ey + sin y - 1 

' y = log(l + y) 

^2 limit tan^ + secg-l 
^ = 0tan^-8ectf + l* 

j3 limit sec'^ - 2 tan ^ 

' = J l + cos'40 



14. 



16. 



az- 22 



Ans, 

6 



C08^ 



limit 

2 = o a* - 2 a»2 + 2 az« - «* " 

limit (C - c«)» 



' (x-4)c*+c%; 



6c«. 



• After differentiating, the ttudent shoald in every case reduce the reialtlng ezprewion to its 
simplest possible form before substituting the value of the variable. 
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124. Evalttation of the indeterminate form §• 



In order to find 


Umit f(x) 
x = a F(x) 




when 


limit 
z = a 


/(:r)=ooand^i-i^ 


F{x) = 00, 


that is, 


when for x = 


a the function 




F{x) * 
assumes the indetenninate form 

oo' 





we follow the same rule as that given on p. 175 for evaluating 
the indeterminate form -• Hence 

Rule for evaluating the indeterminate form §• Differentiate the 
numerator for a new numerator and the denominator for a new 
deiwminator. The value of this new fraction for the assigned value 
of the variable will be the limiting value of the original fraction.* 

In case the new fraction is indeterminate for the given value of 
the variable, we repeat the process as in the last section. 

To prove this rule we must show that 

limit m ^ />) 

x^a F{x) F\a) 
when ^^^l fix) = 00, ^^l^\ F{x) = oo. 

First we assume that 

i°^i J \ ) -_ I where ? is a definite number. 
xz=a F\x) 

From the Generalized Theorem of Mean Value, p. 172, we have 

^^) m-m M a<x<x,<h<a^h 

^ ^ F{x)-^F{b) F'{x,) ^ > 

[Beplacing b and a by x and b reapeotlrely.] 

where b is an arbitrary number and F^(x) does not vanish in the 
interval [a, a 4- A]. From (A) 

/(^)-/(ft)=|J^[i^(^)-i^(ft)], 
or, /(^)=/(i) + ^ [n=^)-mi 

* * /'(x) and ^'(x) are aasumed to be continoonfl. 



178 



DIFFERENTIAL CALCULUS 



Dividing through by F{r\ 



F(x) F(x) F'(x,)l F{T)J 



By making h sufficiently small it is evident that the difference 

F\x) F\x,) 

may be made as small as we please. Hence if we let x approach 
the limit a we get from {B) 

limit f{^ ^ limit f(^ ^ f(a) ^ 
x = a F{x) x^a F\x) F\a) ' 

rc,„^^ limit /^A) o "«nH^(ft) ftl 

In the same manner the rule may be shown to hold true when 

limit fix) ^^ 
x = a F\x) 

Ex. 1. Evaluate !^^ for x = 0. 



Solution. ^ = ?5^1 = — 5. .-. indeterminate. 



F(0) 
F'(0) 



i_] .. 

C2COtxJx-*0 



sin^z 



- CSCZCOIiXJxmO 

28inxco8X 
C08X — xsinx. 



Jx-O 

1 =-2 = 0. ^n*. 



. indeterminatei 



125. Evaluation of the indeterminate form 0*oo. If a function 
f{x) • ^ (x) taSe^OR the indeterminate form • oo for x = a, we write 
the given function 



f(x)-4>{x)^ 



or, = 



4>(^)\ 



mi 

00 

so as to cause it to take on one of tUe forms /7 oi* ^9 thus bringing 
it under § 128 or § 124. 
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Ex. 1. Evaluate sec 3 z cos 5 x for x = - - 

2 

SolutioTL sec 3 X COS 5 xlx »£:=«• 0. .-. indeterminate. 

2 

Substituting —- for sec 3«, the function becomes 5?L_? = IM. . 

cosSx cos 82 F(z) 

f(-) 

V2/ cos6xl - , ^ 

^— ^ = -— . = - • .'. indetermmate. 

j^/T\ C083«Jx.^ 

^\2/ -8in6a;.6-| __6 



"(i) 



sin 62 •6'; 

Ana. 



-sinSx-SJ 



126. Evaluation of the indeterminate form 00 — 00. It is possible 
in general to transform the expression into a fraction which will 

assume either the form - or ^. 
00 

Ex. 1. Eyaluate sec x — tan x for x = - • 

2 

Solut'um. sec X — tan x]x.5 =00 — 00. .*. indeterminate. 

-, -. , ^ ^ 1 sin X 1 — sin X f(x) 

By Trigonometry, secx-tanx = = = ^^ . 

•^ ** •'' cosx cosx cosx F{z) 

. A2/ l-8inx-| 1-1 , , ^ , ^ 

— — = . = — -r— = - • .-. indeterminate. 

/r\ cosx J«-J 



\2J -cosx-l ^_0_^^ ^^^ 

Jar-! — 1 



COBX l 



Ana. 3. 



EXAMPLES 

Evaluate the following expressions by differentiation.* 

J Umit «C + & ^^ a limit tang 

■ « = «cx« + (l c *• g = ?tan8g* 

„ limit cotx 

. limit ^V 2/ 

3 limit logx ^ 6- ^=?— s[jr;j «• 

x = « j^ 2 

• In lolTiiig the remaining examples in this chapter it may be of assistance to the student to 
refer to §37, pp. 36, 36, where many special forms not indetermituUe are evaluated. 
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6. 1"»»^ ^-. Ans, 0. 12. ^"^^WJ- ^1 -l 

7. ^*'"^i(r-2x)Unx. 2. 13. ^'^^^\[J ^1 . - 1. 

« = ^^ ' x = lLlogx logxJ 

a "™i^X8in?. a. 14. ^^'i[«<5^-tan^]. 0. 

X=0O X ^= z 



2 



9. ""^'xMogx. [npcltiv.] 0. 16. "°»it [ 2 1 -[ 1 

X = = L8m*0 1 - coB^J 2 

* = ^ y = 1 Ly — 1 log y J 2 



^Q limit 



"• 0=a^" ''''*"2a r « = 0L4« 2«(€»» + l)J 8 

127. Evaluation of the indeterminate forms 0^, 1*, oo^'. 
Given a function of the form 

In order that the function shall take on one of the above three 
forms, we must have for a certain value of x 

/(a;)=0, <t>{x)=0, giving 0«; 

or, f{x) =1, <^ (2-) = 00, giving 1*; 

or, f{x) = 00, <^ (x) = 0, giving oo^ 

Let y=f(x)^^'\ 

taking the logarithm of both sides, 

logy = <^(a')log/(a:). 

In any of the above cases the logarithm of y (the function) will 
take on the indeterminate form 

Ooo. 

Evaluating this by the process illustrated in § 125 gives the 
limit of the logarithm of the function. This being equal to the 
logarithm of the limit of the function, the limit of the function 
is known.* 

* Thai, if limit logey *■ Oi then y » e«. 
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Ex. 1. Eyaluate x* when x = 0. 

Solution, This function assumes the indeterminate form O^ for x = 0. 
Let y = «*; 

then ' log y = X log X = • — 00, when x = 0. 

By §126, p. 179, log y = !2|i = I^ , whenx = 0. 

1 ** 

X 

1 
By§124, p. 177, logy = — -=s-x = 0, whenx = 0. 

"x« 
Since y = x«, this gives loge x'' = ; that is, x' = 1. Ana. 

1 
Ex. 2. Evaluate (1 + x)* when x = 0. 

Solution, This function assumes the indeterminate form 1" for x = 0. 
Let y = {l + x)'i 

then logy = -log(l + x) = «0, whenx = 0. 

By § 126, p. 179, log y = ??^^l±ii = ? , whenx = 0. 

X 

1 



1 -f- X 1 

By § 123, p. 174, logy = --i— = ; = 1, when x = 0. 

1 1 + X 

d 11 

Since y = (1 + x)*, this gives log^ (1 + «)* = 1 ; i.e. (1 + z)* = e. Ana. 



Ex. 8. Evaluate (cot z)'^* for x = 0. 

Solution, This function assumes the indeterminate form acP for x = 0. 
Let y = (cot x)"*"* ; 

then log y = sin X log cot x = • oo, when x = 0. 

By 8 126, p. 179, logy = i??^?^ = ^, when x = 0. 

CSC X « 

- CSC*X 

By 8 124, p. 177, logy = — 2212 = ^ = o, when x = 0. 

— cscxcotx cos«x 

Since y = (cot x)"*»*, this gives loge (cot x)»*»* = ; i.e. (cot x)"*"' = 1. Ana. 
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EXAMPLES 

Evaluate the following expreasionB by differentiation. 

1 limit ^f~. ^^ 1. 5 ^J^l(^ + ^)'' ^^' ^ 



o limit /1\*"' 



limlt/.«« n\un$ 



6- i'!l*ft(cotx)Si^ 



1 



7. ^^l{l + nz)l 



3. "'"^iCsin^)^-. X. u • . ^. wM 1 



i . 



*• ."^t(^ + ^)'- - «• n<-"-)*- 



e 



CHAPTER XVI 
CIRCLE OF CURVATURE. CENTER OF CURVATURE 

128. Circle of curvature.* Center of curvature. If a circle be 
drawn through three points P^ Pj, P, on a plane curve, and if P^ 
and P, be made to approach P^ along the curve as a limiting posi- 
tion, then the circle will in general approach in magnitude and 
position a limiting circle called the circle of curvature of the curve 
at the point P^. The center of this circle is called the center of 
curvature. 

Let the equation of the curve be 

(1) y=f{x); 

and let x^ x^ x^ be the abscissas of the 
points Po, Pj, Pj respectively, (a', fi*) 
the coordinates of the center, and -B' 
the radius of the circle passing through 
the three points. Then the equation 
of the circle is 

(x^ay^iy^fir^E' 

and smce the coordinates of the points Pp, P^ P, must satisfy this 
equation, we have 

(2) (x,-ar-f(y,-^r-^'" = 0' 
Now consider the function of x defined by 

in which y has been replaced hjf{x) from (1). 
Then from equations (2) we get 

P(^o) = 0, F(x,)=0, F(x,):=0. 




:f,C«„Vi) 



FxC«i.Vi> 



?«. 



• Sometimes called the oteutating circle. 
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Hence by RoUe's Theorem, p. 166, F*{z) must vanish for at 
least two values of x^ one lying between x^ and x^^ say a^^ and the 
other lying between x^ and x^ say x" ; that is, 
F'{x)=0, F'{x")=0. 

Again, for the same reason, F"{x) must vanish for some value 
of X between x' and x"y say x, ; hence 

Therefore the elements a\ fi\ E' of the circle passing through 
the points F^ P^, P, must satisfy the three equations 
F{x,)=.0, F'{x)=0, P"(x,)=0. 
Now let the points P^ and P, approach P^ as a limiting position ; 
then x^, x„ x\ x'\ x^ will all approach x^ as a limit, and the elements 
a, /3, R of the osculating circle are therefore determined by the 
three equations 

P(2:,)=0, P'(x,)=0, P"(a:o)=0; 

or, dropping the subscripts, what is the same thing, 
{A) (a:-a)«-h(y-)8)« = i?, 

{B) (a; - a) -f (y - iS) -^ = 0, diflferentiating (A). 

dx 

(0) 1 + (^)*+ (y - /3) = 0, differentiating (5). 

Solving (B) and (0) for x — a and y — /8, we get, {-j^'^^p 

x—a = = ^ — ^-s^9 



(D). 



1 + 



r_/8 = . 



dPy 
dx' 

(M)'. 



hence the cod'rdinates of the center of 
curvature are 







dx* dx* 
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Substituting the values of a; — a and y — P from (D) in (J.), and 
solving for By we get 

.an! 



.jiim. 



which is identical with (40), p. 163. Hence 

Theorem. Tlie radius of the circle of curvature equals the radius 
of curvature. 

From (23), p. 136, we know that at a point of inflection (as Q 
in the figure) 

da?-^' 

Therefore, by (88), p. 161, the curvature 
jS'= 0; and from (40), p. 163, and {E), p. 184, 
we see that in general a, )9, R increase with- 
out limit as the second derivative approaches 
zero. That is, if we suppose P with its tangent 
to move along the curve to P\ at the point of 
inflection Q the curvature is zero, the rotation 
of the tangent is momentarily arrested, and as the direction of 
rotation changes, the center of curvature moves out indefinitely 
and the radius of curvature becomes infinite. 




Ex. 1. Find the coordinates of the center of curvature of the parabola y* = 4|)x 
corresponding (a) to any point on the curve; (b) to the vertex. 

Of*. ^y 2p (Py 4j>* 
dx y dx^ y^ 

(a) Substituting in (E), 




o = a; + 



/3 = y- 



y« + 4p« 2p y» 



y» + 4p« 



= 3x + 2p. 
y 4pa 

y* y* 



y« 4p« 4pa 

Therefore ^ 3 x + 2 p, - -^ j is the center of curva^ 
ture corresponding to any point on the curve. 

(b) (2p, 0) is the center of curvature corresponding 
to the vertex (0, 0). 
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129. Center of curvature the limiting position of the intersectiim 
of normals at neighboring points. 
Let the equation of a curve be 

(A) y^m- 

The equations of the normals to the curve at two neighboring 
points Po ^^d A *^ * 

If the normals intersect at C\a\ /S*), 
Qii/Vi) the coordinates of this point must 
satisfy both equations, giving 




-^OcvVo) 



(^ 






Now consider th^ function of x defined by 

^(;r)=(x-«') + (y-/9')g, 

in which y has been replaced by /(a:) from {A), 
Then equations {B) show that 

But then by Rollers Theorem, p. 166, ^\x) must vanish for some 
value of X between x and j;^ say a/. Therefore a' and ff are deter- 
mined by the two equations 

<^(ro)=0, ft>\x^^Q. 

If now Pj approaches P^ as a limiting position, then x^ approaches 
x^, giving 

<^(i^,)=0, <A'K) = 0; 

and C" (a', /8') will approach as a limiting position the center of 

• From (2), p. 90, X and Y being the variable ooordlnatet. 
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curvature C (a, p) corresponding tx) P^ on the curve. For, if we 
drop the subscripts and write the last two equations in the form 

(x-a')4-(^-)8')g = 0, 

it is evident that solving for a' and )8' will give the same results 
as solving {B) and ((7), p. 184, for a and )8. Hence 

Theorem. T!he center of curvature C corre%p<mding to a point P 
on a curve is the limiting position of the hitersection of the normal to 
the curve at P with a neighboring normal, 

130. Evolutes. The locus of the centers of curvature of a given 
curve is called the evolute of that curve. Consider the circle of 
curvature corresponding to a point P on 
a curve. If P moves along the given 
curve, we may suppose the correspond- 
ing circle of curvature to roll along the 

curve with it, its radius varying so as ^^^SSSj^^^rr;::^^^ 
to be always equal to the radius of cur- /^^^-*^^-- 7^* 

vature of the curve at the point P. The / ^Y^V "- *^VX * 

curve CC^ described by the center of the V ^ \ \\yPt 

circle is the evolute of PP^. ^**-L>^^* 

Formula (£?), p. 184, gives the coordi- ^ 

nates of any point (a, )8) on the evolute expressed in terms of the 
coordinates of the corresponding point (rr, y) of the given curve. 
But y is a function of 2:, therefore 

dj? da? 

give us at once the parametric equations of the evolute in terms of 
the parameter x. 

To find the ordinary rectangular equation of the evolute we 
eliminate x between the two expressions. No general process of 
elimination can be given that will apply in all cases, the method 
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to be adopted depending on the form of the given equation. In a 
large number of cases, however, the student can find the rectan- 
gular equation of the evolute by taking the following steps. 

General directions for finding the evolute. 

First step. Find a and fifrom (JE)^ p. 184. 

Second step. Solve the two restdting eqiuxtiom for x and y in 
terms of a and fi. 

Third step. SuistitiUe these values of x and y in the given equa- 
tion. This gives a relation between the variables a and fi which f« 
the equation of the evolute. 

Ex. 1. Find the equation of the evolute of the parabola of y* = 4jxe. 

dy 2p (Py 4p* 




Solviion. 



First step. 






dx y dz* 



y« 



4p« 



Second step. x = " ^ t y =— (4i)*/S)*. 



Third Uep. (4p««« = 4p(^!-^), or, 



p/5«=-(«-2p)». 

Remembering that a denotes the abscisaa and p the 
ordinate of a rectangular system of coordinates, we see 
that the evolute of the parabola ^ OB is the semicubical parabola DC'E; the 
centers of curvature for O, P, Pi, P2 being at C, C, Ci, C^ respectively. 

Ex. 2. Find the equation of the evolute of the ellipse bW + aV* = a^. 
dy b^ d^y &♦ 



Solution. -T- = r- 



dx 



First step. 



a^ dx« aV 
(a« - 63)x« 



/3 = - 



ft* 
Secondstep. x = (^j-^), 

Third step. (aa)^ + (6/3)' = (a« - 6«)', 
the equation of the evolute EUE^H' of the 
ellipse ABA'B'. E, Ef^ B\ H are the centers of curvature corresponding to the 
points -4, A\ B, B' on the curve, and C, C, C" correspond to the points P, P', P^. 
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When the equations of the curve are given in parametric form, 

-we proceed to find -^ and -r^i as on pp. 154, 155, from 
ax dsr 



(^) 



(B) 



dy 

dx dx 
It 

dx d^ __ dy d^x 
d^y _ di'd^'"did^ 
da^" 



\dtj 



and then substitute the results in formulas (£), p. 184. This 
gives the parametric equations of the evolute in terms of the same 
parameter that occurs in the given equations. 

Ex. S. Find the parametric eqaations of the evolute of the cycloid. 

(x=a(«-8iiit), 
^ ' (y = a(l-co8t). 

SoluUon. As in Ex. 2, p. 163, we get 

dy _ sin t (Py _ 1 

Ac" 1- cost' dsfi"^ {I -cobQ«* 

Snbstitating these resolts in for- 
mulas (J2f), p. 184, we get 
m\ (« = «(« + sin 0, 
^^' (^ = -a(l-cosO. Ana. 

NoTB. If we eliminate t between 
equations (D) there results the rectan- ^ 
galar equation of the evolute OC/Q^ 
referred to the axes (/a and (X^. 
The co5rdinates of with respect to 
these axes are (— ra, - 2 a). Let 
us transform equations (D) to the new set of axes OX and OT. Then 

a = x~ra, ^ = y — 2a, trrt' — r. 

Substituting in (D) and reducing, the equations of the evolute become 

|a;=a(f-8inOi 
I y = a (1 - cos t). 

Since (E) and (C) are identical in form, we have : 

The evolute of a cycloid is itself a cycloid whose generating cirde equaJU that of 
the given cycloid. 



I 


-^ 


^ 


a 

a 

o-aap£vi 








f X-cwif 





f 


Q 


V 



{E) 
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13L Properties of the evolute. Differentiating a and fi from (£)^ 
p. 184, with respect to x gives 



(^) 



ia^_^ dxyrfz*^ d? \dx) rfa* 






(^ 



m ■ 

Dividing (5) by (Jl), member for member, 



dfi 
dx' 



dfi 
da 



d/3 



d^ 
dx 



But -^ = tan t' = slope of tangent to the evolute at (7, and 
da 

-^ = tan r = slope of tangent to the given curve at the 
corresponding point F. 

Substituting the last two results 
in ((7), we get 

tanr' = 

tauT 

Since the slope of one tangent is 
the negative reciprocal of the slope 
X of the other, they are perpendicular. 
But a line perpendicular to the tan- 
gent at P is a normal to the curve. Hence 

A normal to the given cxirve is a tangent to its evolute. 
From (W), p. 106, and (A) and (B), we have for an arc » of 
the evolute 

\dxj \dxj'^\dxj 

U <Jy fW _d^_ /dgy d^\ « 



r 








^ 


\^' 





X 


X 



dj* \dx) d^ 



m 
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But this is identically the result we get by diflferentiating i?, (40), 
p. 163, with respect to x and then squaring. Therefore 



\dxj \dx) ' 



or, 



<i« = ± dB. 

That is, the radius of curvature of the given curve increases or 
decreases as fast as the arc of the evolute increases. In our figure 
this means that p^^^ - PC = arc CC^ 

The length of an arc of the evolute is equal to the difference between 
the radii of curvature of the given curve which are tangent to this arc 
at its extremities,* 

Thus in Ex. 3, p. 189, we obsei-ve that if we fold QT' (= 4 a) 
over to the left on the evolute, P^ will reach to 0\ and we have : 

The length of one arc of the cycloid (as 00' Q^) is eight times the 
length of the radius of the generating circle. 

132. Involutes and their mechanical construction. Let a flexible 
ruler be bent in the form of the curve C^C^ the evolute of the 
curve PjP,, and suppose a string 
of length E^ with one end fastened 
at C, to be wrapped around the ruler 
(or curve). It is dear from the 
results of the last section that when 
the string is unwound and kept 
taut the free end will describe the 
curve PjP,. Hence the name ^voZi^te. 

The curve P^F^ is said to be an 
involute of C^C^. Obviously any 
point on the string will describe 
an involute, so that a given curve 
has an infinite number of involutes but only one evolute. 

The involutes PiP^y P1P91 Pi'Pj' are called parallel curves since 
the distance between any two of them measured along their com- 
mon normals is constant. 

The student should observe how the parabola and ellipse on 
p. 188 may be constructed in this way from their evolutes. 

• It is aaaumed that — does not dumge sign, 
dx 



ft ^*f\\v V 



i\\\\\'\>4' 



J.'' 
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EXAMPLS8 

Find the codrdinates of the center of caryatura and the equation of the erokale 
of each of the following corvee. 



a« 6» • o* ft* 

evolute (aa)' - (6^' = (d» + 6*)*. 

2. The hypocyclold x' + y' = a'. -4nJ. o = x + 8«*y', ^ = y + 3zV 

evolute (o + ^)' + (a - /5)' = 2 o^ 

3. The cycloid « = r arcvetB - — V2 ry - y*. 

*" ^n«. o = « + 2V2ry-y«, ^ = -y 

evolute o = r arcven^ - -) + V-2r;^-^. 

4. The Bemicubical parabola x* = ay>. ^ , o\ S 

^«. a = -.x-— ./J = 4(^^ 

evolute 729 aa« = 16 [2 o + Vo* - 18aa]«[Va? - 18a« - a] 



a 



+ Vas"^^ 



5. The tractrix x = a log -^ — - va^-Tya. 

^-4na. a = olog-^^^ — ^, ^ = — ; evolute ^ = -U« + e -A 

° y y 2 

6. The catenary y = ?(«• + c"«). Ana, o = x-|(c^-e V. ^ = 2y; 

2 2 

evolute . = o log ^±i^=i^ T -^ (/?- 4 a»)». 
2a 4a 

7. Find the eottrdinates of the center of curvature of the cubical parabola 

y« = a^. . o* + 16y* _ a«y-9y» 

A.na. a = — - — - — f p = — — — — • 
6aV 2 a* 

8. Show that in the parabola x^ + y^ = a^ we have the relation a + ^ = 3 (x + y). 

x* 

9. Find the equation of the evolute of the ciasoid y^ = 

2a-x 

Ana. 4096aSa+1162a>^ + 27/9« = 0. 

10. Given the equation of the equilateral hyperbola 2xy = a^; show that 

a* a 

From this derive the equation of the evolute (a + ^)' - (a — ^)' = 2 a'. 
Find the parametric equations of the evolutes of the following curves in terms 
of the parameter t. 

-- -n. V 1 -J (x = aco8«t, . (a = acos*t + 8acofitsin>t, 

11. The hypocycloid j^ ^ ^^^.^ Ans. j^ ^ 3„^e,i„, + .^.^ 

12. Thecurve ^Jf' « ^n*- {"« = ^^1;^ '*'"*'>' 

Jy = 3t-««. |/3 = -4t». 

18. Thecurve ' = "f""/"^/"'"!!' ^"*- !:""".'*",*' 

(y =a(smt~tco8Q. (jS^asint. 
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PARTIAL DIFFERENTIATION 

133. Continuous functions of two or more independent variables. 
A. function /(a:, y) of two independent variables x and y is defined 
as continuous for the values (a, b) of (a;, y) when 

limit , , , , 
x = af(x, y)^f{a, 6), 
y = h 

no matter in what way x and y approach their respective limits a 
and 6. This definition is sometimes roughly summed up in the 
statement that a very small change in one or both of the independ- 
ent variables shall produce a very small change in, the value of the 
function.* 

We may illustrate this geometrically by considering the surface 
represented by the equation 

Consider a fixed point P on the surface where z = a and y = 6. 

Denote by Ao; and Ay the increments of the independent vari- 
ables X and y, and by ba the corresponding increment of the 
dependent variable 2, the coordinates of P' 

^^ (ar+ Ar, y + Ay, 2 -f As). 

At P the value of the function is 
2=/(a, 6) = 3fP. 

If the function is continuous at P, then how- ^/ 
ever Ar and Ay may approach the limit zero, 
As will also approach the limit zero. That is, -¥' P' will approach 
coincidence with MF^ the point P' approaching the point P on the 
surface from any direction whatever. 

* This win be better understood if the student again reads oyer f 33, p. 22, on continuous 
functions of a single yariable. 
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A similar definition holds for a continuous function of more 
than two independent variables. 

In what follows, only values of the independent variables are 
considered for which a function is continuous. 

134. Partial derivatives. Since x and y are independent in 

z =/(T, y), 

X may be supposed to vaiy while y remains constant, or the reverse. 

The derivative of z with respect to x when x varies and y remains 

constant* is called the partial derivative of z tvith respect to r, and 

dz 
is denoted by the symbol — • We may then write 

dx 

... dz_ limit r /(^ + ^^ y) -/('^ y) 1 

^^> ai-A:r = 0L a; J' 

Similarly, when x remains constant* and y varies, the partial 
derivative of z with respect to tf is 

/n\ ^_ limit r /(ai,y + Ay)-/(x,y) -| 

<^> ay-Ay = 0L Ay J* 

— is also written — /(a-, y) or ^ ; similarly 

dx dx dx 

— is also written rrflx^ y) or -^^ 
dy dy-"^ ^' dy 

In order to avoid confusion the round df has been generally 
adopted to indicate partial differentiation. Other notations, how- 
ever, which are in use are 

(£)' (^) ' •^''^''' ^^'•^''^''' ^^ ' ^'^'' ^^'-^'^^ *^' '^'•^' ^'^'' ''" '*' 

Our notation may be extended to a function of any number of 
independent variables. Thus, if 

u = F{x, y, 2), 

then we have the three partial derivatives 

du du du dF dF dF 

T-» T-» -r-5 or -7^-1 -r— » -TT" 
dx dy dz ex dy cz 

* The constant ralaM are labetltated in the function before differentiailBg. 
t Introduced by Jacobi (1804-1861). 
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Ex. 1. Find the partial derivatives of z = ox^ + 2 tey + cj^^. 

Si^uUon. — = 2 ox + 2 5y, treating y as a constant, 
dx 

dz 

— = 2 6x + 2 cy, treating x as a constant. 
dy 

Ex. 2. Find the partial derivatives of u = sm (ox + &y + cz). 

Solution, — = ac<M(ax + by + cz), treating y and z as constants, 

dx 

du 

— = b GOB (ax -\- by + cz), treating x and z as constants, 
dy 

ft%L 

— = c COS (ox -k-by + cz)y treating y and x as constants. 
Again turning to the function 

dz 
we have by (-4) defined -- as the limit of the ratio of the increment 

ox 

of the function (y being constant) to the increment of z, as the incre- 

dz 
ment of x approaches the limit zero. Similarly IB) has defined — • 

It is evident, however, that if we look upon these partial deriva- 
tives from the point of view of § 106, p. 148, then 

dz 

dx 
mskj be considered as the ratio of the time rates of change of z and 
x when y is constant, and ^^ 

Vy 
as the ratio of the time rates of change of z and y when x is 
constant. 

V 135. Partial derivatives interpreted geometrically. Let the equa- 
tion of the surface shown in the figure (next page) be 

« =/(^i y)- 
Pass a plane EFGH through the point P (where x=a and y = h) 
on the surface parallel to the XOZ plane. Since the equation of 
this plane is v = 6 

the equation of the section JFK cut out of the surface is 

z=f{x, 6), 
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if we consider EF as tiie axis of Z and Ell as the axis of X. In 

this plane — means the same as 

-r~» and we have 
ax 

^^tanMTF 
dx 

= slope of section JK at -P. 

Similarly, if we pass the plane 
BCD through P parallel to Uie 
YOZ plane, its equation is 

and for the section DFI^ — means the same as -7-. Hence 

dy dy 

dz 

— ==tan MT'F = slope of section DI at F. 

dy ^ 

a;S 1/8 2* 

Ex. 1. Given the ellipsoid -- + i^ -f ~ = 1 ; find the slope of the section of 

the ellipsoid made (a) by the plane y = 1 at the point where x = 4 and z is positive; 
(b) by the plane 2 = 2 at the point where y =^Z and z is positive. 

Solution, Considering y as constant, 
2 X . 2 z dz 




When X is constant, 



. ^ dz z 

^ = 0, or, — = . 

24 6 ax ' ' dz 4z 

2y 2zaz_ dz y 

— -f = 0, or, — = • 

12 Q dy dy 2z 



(a) When y = 1 and x = 4, z = -%/- • /. — = — 



Ans, 



(b) When x = 2 and y = 3, z = i. .-. — = ~ ? \^. ^n«. 

. Vi ay 2 



EXAMPLES 



1. w = x« + 3 x*y — y^. 



au 



^iw. — = 3x2 + 6xy; 
ax 



du 
dy 
du 



= 3x2-3y«. 



2. u=:Az^ + Bzy-\-Cy^+Dz + Ey-{-F, Ara, — = 2Ax + By + D: 

ax 

— = fe + 2 Cy + jE. 
dy 
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cu 2 anzu 



3. tt = (ax2 + 6y* + cz2)». Ans. 



dx~ ax^-{-by^-{-cz^* 
du _ 2bnyu 



4. tt = arc sin - • Am, — = 



tu X 



^y y Vya - x« 

f)X 

du 

— = zvlogx. 

ay 

6. tt = ox^y^z + tey*2* + cy« + dw*. -4na. — = S ax^z -\- by^z* + ds* ; 

dx 

du 

— = 2ax>yz + Stey^z^ + 6cy«; 
dy 

— = ax«y» + 4tey«2« + Sdrza. 

7. tt = xV — 2xy* + Sx^y* ; show that x (- y — = 5tt. 

5x ?y 

8. tt = — =^ i show that x h y — = w. 

x + y dx dy 

9. tt = (y ~ 2) (« — x) (x — y) ; show that h h — = 0. 

dz dy dz 

10. tt = log(e* + ey); show that — + — = 1. 

dx dy 

11. tt = ; show that h — = (x + y — 1) tt. 

e'-\-e9. dx dy 

12. tt = x»y» ; show that x h y — = (x + y + log u) tt. 

dx dy 

13. tt = log(x« + y« + z»-3xy«); show that — + — + — = 

dxdydzx-\-y-\-z 

14. tt = e*sin y + ^sin X ; show that 

(^)'+ (^y = c«* + c«>' + 2c«+»sln (X + y). 

15. tt =: log (tan X 4- tan y + tan z) ; show that 

Sln2x??^ + sin2y?^ + 8in22?^ = 2. 

dx dy dz 

16. Let y be the altitude of a right circular cone and x the radius of its base. 
Show (a) that if the base remains constant, the volume changes i tx' limes as fast 
as the altitude ; (b) that if the altitude remains constant, the volume changes f irxy 
times as fast as the radius of the base. 
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17. A point moves on the elliptic paraboloid z = — V — and also in a plajie par- 

9 4 
allel to the XOZ plane. When x = 3 f t. and is increasing at the rate of O it. per 
second, find (a) the time rate of change of z ; (b) the magnitude of the velocity of 
the point ; (c) the direction of its motion. , "^7*^ 

A M. (a) », = 6 ft. per sec. ; (b) r = ^_Vb ft. per sec. ; 

(c) r = arc tan f , the angle made with the XOY pUuie. 

18. If, on the surface of Ex. 17, the point moves in a plane parallel to tbe plane 
YOZy find, when y = 2 and increases at the rate of 6 ft. per sec., (a) the time rate 
of change of z ; (b) the magnitude of the velocity of the point ; (c) the direction of 
ite moUon. ^^ ^^^ ^ ^^ ^^ ^ . (b) 6 V2 ft. per sec. ; 

(c) r = - 1 the angle made with the plane JKOY. 

136. Total derivatives. We have already, on page 57, considered 
the differentiation of a function of one function of a single inde- 
pendent variable. Thus, if 

y^fiy) and V 55 <^ (a:), 

it was shown that 

dy ^dy dv 

dx dv dz 

We shall next consider a function of two variables, both of which 
depend on a single independent variable. Consider the function 

« =/(^5 y)y 
where x and y are functions of a third variable t 

Let t take on the increment Af, and let Ax, Ay, Au be the corre- 
sponding increments of 2;, y, u respectively. Then the quantity 

Au =/(t -f Aa-, y -h Ay) -/(ar, y) 

is called the total increment of u. 

Adding and subtracting /(a-, y 4- Ay) in the second member, 

(^) AM=[/(a;+Air,y+Ay)-/(a-,y + Ay)]4-[/(a-,y+Ay)-/(a^y)]. 

Applying the Theorem of Mean Value, (44), p. 168, to each of 
the two differences on the right-hand side of (A)^ we get, for the 
first difference, 

(B) fix + At, y + Ay) - f{x, y -f Ay) = /,7a: -f ^1 • Aaj, y + Ay) Aa:. 

[a»jr, Aaa. Ax, and lince x Tariea wlille y + Ay remainil 
constant, we get the partial derivatire with respect to x.J 
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For the second difference we get 

ra-s fff Aa B Ay, and sinoe y varies while x remains oon-1 
Lstant, we get the partial deriTatiTe with respect to p.\ 

Substituting (B) and (C) in (A) gives 
where 0^ and 0^ are positive proper fractions. Dividing (2>) by At, 

Now let At approach zero as ^ limit, then 

t Since Ax and Ay conTerge to xero with Af , we get ~| 

/•'(^f y) f^d /y'(x, y) being assumed continuous. J 

Replacing /(a:, y) by ti in (F)^ we get the totoZ derivative 

^ ' dt" dx dt"^ dy di' 

In the same way, if -, 

w =/(a;, y, z), 

and 2:, y, 2 are all functions of f, we get 

. . du __ ^ d£ 5>t£ dy dudz 

^^ di^dx dt"^ dy dt'^ dz dt* 

and so on for any number of variables.* 

In (49) we may suppose t=zx; then y is a function of x, and u is 
really a function of the one variable a:, giving 

.V du _ ^ , ^ ^ 

dx'~ dx dy dx * 

In tlie same way from (50) we have 

(R9\ du _du du dy du dz 

dx" dx dy' dx dz dx* 

* This is really only a special case of a general theorem which may be stated as follows : 
If tt is a function of the independent variables x, y, z, • • •« each of these in turn being a func- 
tion of the Independent variables r, ji, f, • • •, then (with certain assumptions as to continuity) 

tudu dx du dy tu dz 
dr dx dr dy cr dz dr 

and similar expressions hold for -. « ^ f «tc. 
■^ dn Ct 
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The student should observe that — and -7- have quite different 

dx dx ^ 

meanings. The paitial derivative — is formed on the supposition 

dx 

that the particular variable x alone varieSj while 

du_ limit /Ati\ 

dx Ax^O\^x)' 
where Au is the total increment of u caused by changes in all the 
variablet^ these increments being due to the change Ax in the inde- 
pendent variable. In contradistinction to partial derivatives, -r- j -=- 

cU dx 

are called total derivatives with respect to t and x respectively.* 

Ex. 1. Given u = sin-f x = «', y = <2; find — . 
y dt 

a , .. ^1 X du X X dx . dy ^. 

SoltUUm, — = - cos - » — = 1 COB - ; — = c*. — = 2t. 

dx y y dy y^ y dt dt 

du ^ ^ 

SubsUtuting in (49), _ = (« ~ 2) - cob - . Ans, 
dt t* (r ' 

du 
Ex. 2. Given u = c^(y - z), y = aainx, 2 = cobx ; find — 

dx 

du du du dy dx 

SolutUm, — = ae^iy -«), — = c*«, — = -c««f;~ = acoBx, — = — slnx. 

dx dy dz dx dx 

SabstitaUng in (62), 

~ = ae^{y - «) + ac«"coflx + c«8in x = e^{cfl + l)8in x* Aub. 
dx 

Note. In examples Hke the above, u could, by BabBtitation, be found explicitly 
in terms of the independent variable and then differentiated directly, but generally 
this process would be longer and in many cases could not be used at all. 

137. Total differentials. Multiplying (49) and (50) through by dt, 
we get, (§ 104, p. 144), 

(54) au = -dx + -dv + j^azi 

• It should be obsorred that ^ has r perfectly definite yalne for any point <:r, y), while — 

depends not only on the point (a;, y) but also on the particular direction chosen to reach that 
point. Hence ^ 

■^ is called a point function ; while 

ox 

— is not called a point function unless it is agreed to approach the 
point from some particular direction. 
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a.nd so on.* Equations (58) and (54) define the quantity du^ which 
is called a tot€U differential of u or a complete differential^ 

are called partial differenticUt, These partial (differentials are 
sometimes denoted by d^^u^ d^u^ d^Uy so that (54) is also written 

du = d^u -f d^u -f d^u. 

V 

Ex. 1. Given u = arc tan - ; find du, 

X 

o 1 *' ^^ y du z 

Solution. — = — — ^ — - 1 ^i- = - 



dx z^ + y^ dy x^ + ya 

Substituting in (63), 

au^^y-^. Ans. 

z* + rfi 

Ex. 2. The base and altitude of a rectangle are 6 and 4 inches respectively. 
At a certain instant they are increasing continuously at the rate of 2 inches and 
1 inch per second respectively. At what rate is the area of the rectangle increasing 
at that instant ? 

Solution. Let x = base, y = altitude ; then u = xy = area, — = y, — = x. 

dx dy 

Substituting in (49), 

, .. . du dx , dy 

But X = 6 in., y = 4 in., -- = 2 in. per sec, -^ = 1 in. per sec. 
dt at 

.-. — r= (8 + 5) sq. in. per sec. = 13 sq. in. per sec. Ans. 

Note. Considering du as an infinitesimal increment of area due to the inflnitpp- 
imal increments dx and c2y, du is evidently the sum of two thin strips added on to 
the two sides. For, in du = ydz + zdy (multiplying (A) 



ydz = area of vertical strip, and ^^ 

xdy = area of horizontal strip. 

But the total increment Ati due to the increments dx and dy « 
toerldently ^u~„dx*xd„ + d«lg. 

Hence the small rectangle In the upper right-hand comer (=» dxdy) X dx 

is eyidently the dilTerence between Au and du. This figure illus- 
trates the fact that the total increment and the total dilferential of a function of scTcral vari- 
ables are not in general equal (see p. 141). 

•A geometric interpretation of this result will be given on p. 274. 
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138. Differentiation of implicit functions. The equation 

(A) /(^,y)=o 

defines either z or y as an implicit function of the other.* It rep- 
resents any equation containing x and y when all its terms have 
been transposed to the first member. Let 

(B) u^f{x,y); 

du 
But from (-4), f{Xj y) =0. .-. w = and — = ; that is, 

^ ' dx dy dx 



Solving for -j^r we get 
(55) 



^^ du 



dx du* dy 

a formula for differentiating implicit functions. This formula in 
the form {C) is equivalent to the process employed in § 76, pp. 83, 
84, for differentiating implicit functions, and all the examples on 
p. 85 may be solved using formula (55). Since 

for all admissible values of x and y, we may say that (55) gives the 
relative time rates of change ofx and y which keepf(x^ y)from chang- 
ing at all. Geometrically this means that the point {x^ y) must 
move on the curve whose equation is (2>), and (55) determines the 
direction of its motion at any instant. Since 

w =/(^, y), 

we may write (55) in the form 

(55a) l^=-i- ^^^ 

dx df_ dy 

* We assume that a small change in the ralue of jr caases only a small change in the ralne of y . 

t It is assamed that -- and :^ exist. 
ex cy 
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Ex. 1. GiyenxV + siny = 0; And-??. 

ax 

Solution. Let/(x, y) = x^ + sin y. 



2«y* 



g = 2xy4,^ = 4xV + co6y. .-.fromCSea).^ = -- ^, , 

de ay dx 4xV + co8y 



^ns. 



£x. 2. If X increases at the rate of 2 inches per second as it passes through the 
▼alue X = 3 inches, at what rate must y change when y = l inch, in order that the 
function 2 x^ — 8 xV shall remain constant ? 

Solution. Let /(x, y) = 2 xy« - 8 xV ; then 

^ = 2y» - 6xy, ^ = 4xy - 8x« 
dz dy 



Substituting in (&5 a), 

dy 2y« — 6xy 



dy 



dt _ 2y»~6xy 
dx"" 4xy-8x«' *^~ 4xy-8x«* 

But X = 8, y = 1, — = 2. .-. ^ = - 2^ ft. per second. 
dt dt 



By (84), p. 162 



Ans. 



Let P be the point (Xj y, is) on the surface given by the equation 
(H) u^F(x,y,z)^0, 

and let PC and AP be sections made by planes through P parallel 
to the YOZ and XOZ planes respectively. Along the curve -4P, 
y is constant, therefore from (E)^ z is 
an implicit function of x alone, and we 
have from {55 a) 

dJF 

dz 

giving the slope at P of the curve -4P, 
§ 133, p. 193, 

— is used instead of -z- in the first member since z was originally 
dz ax 

from (J?) an implicit function of x and y, but (56) is deduced on 
the hypothesis that y remains constant. 
Similarly the slope at P of the curve PC is 

dF 
dz _ dy 
dy dFl 

dz 




(5T) 
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XXAMPLB8 
Find the total derivatlTes, namg (49), (60), or (61) in the foUowing six ez&mpteB. 

1. u = 2«+y' + «y,2 = 8lnx,y = c*. AnB. -^ = 36**+e»(8inz+co«x)+«n2i. 

ox 

2. u = arc tan (xy), y = c«. Ana. — = ^^ ae^te*^ ' 

3. tt = log(a« -p«), p = asin tf. -Ana. ^ = - * **" ^• 

du 2o + if 

4. tt = «« + tv»» = log<» y = e". -Aim. ~- = — H vf. 



6. tt = arc8in(r-«), r = 3^ a = 4««. -4n«. 



ds 

du_ 8 



&'*(y — z) dtt 

6. u = — ^^^ ^, V = aBinx, z = coBX. -4n«. — - = e^8iiia:. 

a2 + 1 dx 

Using (63) or (64), find the total differentials in the next eight ezamplea. 

7. tt = 6y%c + cx' + flry« + cx. Ans, du = (6y«+2cx+c)dx+(26yx+3ury«)dy. 

8. u = logxy. Ans, du = ^dx + log xdy. 

X 

9. u = tf^'. ^n«. dtt = y^ * logy cos xdx H dy. 



10. tt = x»««>'. 



. ^n.. dtt = tt(!^dx + !5ffdy) 



,, a + e ^ ^ 2(«tt-td«) 

11. tt = — ^. Am. du=:-^^ -— -'. 

a - t (» - 0' 

12. u = sin (pq), Ans. dtt = cos (i>9) [gdp + pdq]. 

13. ttisxi'*. -4na. dtt = xv-i(yzdx+ zx log xdy+xy log xdz). 

14. M = tan2^tan««tan«^. Ana. dtt = 4tt/'-^^ + -^ + -^^L-V 

^ \8in2^ sin2tf sin2^/ 

16. Assuming the characteristic equation of a perfect gas to be 

vp = Rt, 
where v = volume, p = pressure, t = absolute temperature, and R a constant, what 
is the relation between the differentials do, dp^ dt ? Ana, vdp + pdv = BdL 

16. Using the result in the last example as applied to air, suppose that in a 
given case we have found by actual experiment that 

t = 300° C, p = 2000 lbs. per sq. ft., r = 14.4 cubic feet. 

Find the change in p, assuming it to be uniform, when t changes to 801° C, and 
« to 14.6 cubic feet. JJ = 96. Ana. - 7.22 lbs. per sq. ft 



PARTIAL DIFFERENTIATION 205 

In the remaining examples find -^» using formula Wl)'(S'S) 
• ax 

17. (x« + ,,«)«-aMx«-y») = 0. Ans, J? = - ^^g+Jj^;. 

^ ' ^ ' dz y 2(aJ» + y») + o2 

la ey-C + icy = 0. -4n«. ^ = ^LlJ^. 

dx ey + x 

19. 8in(«y)-e^-;t»y = 0. ^n.. ^^vS^^MlLfl^. 

^ dx z[x + eFtf- co8(xy)] 

«/v . , r^ A ^y co8«(co8X + siny) 

20. sm xsin y + cosz cosy — y = 0. Am. ~ = — ^— r^* 

dx 1 — sin X (cos y — sm y) 

139. Successive partial derivatives. 

then, in general, 

— and — 

dx dy 

are functions of both x and y, and may be differentiated again 
with respect to either independent variable, giving mccessive par- 
tied derivatives. Regarding x alone as varying, we denote the 

results by 

^ ^ ^ ^ 

d3?' daf' dx'' '"' dsr' 

or, when y alone varies, 

ff^ ^ ^ ^ 

dy"' dy"' dy"' '"' dy-' 

the notation being similar to that employed for functions of a 
single variable. 

If we differentiate u with respect to x^ regarding y as constant, 
and then this result with respect to y, regarding x as constant, we 
obtain 

— ( r- ) » which we denote by t— —• 
dy\dxj -^ dydx 

Similarly, if we differentiate twice with respect to x and then 
once with respect to y, the result is denoted by the symbol 

dyd3?' 
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140. Order of differentiation immaterial. Consider the function 
/(2;, y). Changing x into x + Ax and keeping y fconstant, we get 
from the Theorem of Mean Value, (44), p. 168, 

(A) f{x + Ax,i/)-^f{x,y) = Ax^f,(x + 0,-Ax,y). < ff ^ < 1 

[aa X, Aa IK At. and ilnce x Tvles while y remains oon-l 
•Unt, we get the partial deriTatlTe with reipeot to x.J 

If we now change y to y + Ay and keep x and Ax constant, the 
total increment of the left-hand member of (A) is 

(B) [fix + Ax, y + Ay) -/(r, y + Ay)] - [f{x + Ax, y) -/(x, y)]. 

The total increment of the right-hand member of (A) found by 
the Theorem of Mean Value, (44), p. 168, is 

(C) Ax/;(x+^i-Ax,y + Ay)-Ax/;'(x + d,.Aa:,y) 

= AyAx/;."(x + ^iAa:,y + d,.Ay). < ^, < 1 

[a. y, Aaai Ay, and since y Tariea while x and Ax remainl 
constant, we get the partial deriTatire with respect to y.j 

Since the increments (B) and (C) must be equal, 

(D) [f{x 4- Ax, y + Ay) -/(x, y + Ay)] - [/(x + Ax, y) -/(x, y)] 

= AyAx/;."(x + <>,. Ax, y + ^,. Ay). 

In the same manner, if we take the increments in the reverse order, 

(H) [f{x + Ax, y + Ay) -/(x + Ax, y)] - [/(x, y + Ay) -/(x, y)] 

= AxAyf^"(x + ^,.Ax,y + d,.Ay), 

d, and 0^ also Ijring between zero and unity. 

The left-hand members of (D) and (H) being identical, we have 

(F) f^\x^^0,'Ax,y^e,^Ay)=f^\x-^e,.Ax,y^0,.Ay). 

Taking the limit of both sides as Ax and Ay approach zero as 
limits, we have * 

(G') /^"(^,y)=/x,>y). 

since these functions are assumed continuous. Placing 

(O^) may be written 

(58) S^u {flu 



dydx dxdy 



• AMuming the continuity of the first partial deriratires and the existence and oontinnlty of 
/•r" and /^". 
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That is, the operations of differentiating with respect to z and with 
respect to y are commutative. 

This may be easily extended to higher derivatives. For instance, 
Bince (58) is true, 

dj^dy dx\dxdyj dxdydz dxdy\dx) dydx\dx)~ dydx^' 
Similarly for functions of three or more variables. 

Ex. 1. Given u = ifiy — 8xV ; verily = 

dybx dxdy 

SoluUoi^ ~ = 8a5«y-6xy«, — = 3xa-18xy«, 
dx bybx 

— = «» - 9xV, — = 8x» - 18xy«; hence verified. 

EXAMPLES 

Shi 8hi 

1. » = co.(x + y); verify ^ = ^- 

2. «=?J±^; yerify ^ = ^. 

y«-x^ dydz dxdy 

Shi {f^Xl 

3. « = ylog(l + x,,); yerify ^^ = ^- 

. ^ r. ,^ dhi i^ 

4.u = a«tan-; venfy _ = — . 

a»u a«tt 



6. u = 8in(^^); verify 



ded^ difflde 



6. u =:6el^z + SeifxH* + 2c^*y - xyz; show that— =12(cy + ei'z + ex). 

ax^aya* 
a'u 

7. tt = e=^ : show that = (1 + Sxyz + x*f/hfl)u. 

dxdydz 

8. tt = — =^ ; show that x — - + y = 2 — 

x + y ax* axay ax 

9. „ = (x. + »^*;8howthat3x^ + 3vg + g = 0. 

? I' f a«tt - ^ ! 

10. tt = 1/hfle* + «%c^» + xVc« J show that ^^^ ^, ^ = e* + c« + c». 

cX'^ay'^cz* 

1 dhi dhi dht 

11. u = (xa + y» + 2«)-*; showthat — + — + — = 0. 

dhi .a%4 

12. tt = sec (p + og) + tan (g - ap) ; prove — - = a»— -. 

ag* ap* 




CHAPTER XVm 
ElffVELOPES 

141. Family of curves. Variable parameter. The eqiiation of a 
curve generally involves, besides tlie variables x and y, certain con- 
stants upon which the size, shape, and position of that particular 
curve depend. For example, the locus of the equation 

is a circle whose center lies on the axis of X at a distance of a from 

the origin, its size depending on the 
radius r. Suppose a to take on a 
series of values, then we shall have a 
corresponding series of circles differing 
in their distances from the origin, as 
shown in the figure. 
Any ^tem of curves formed in this way is called a family of 
curveSy and the quantity a, which is constant for any one curve, 
but changes in passing from one curve to another, is called a vari- 
able parameter. 

As will appear later on, problems occur which involve two or 
more parameters. The above series of circles is said to be 2i family 
depending on one parameter. To indicate that a enters as a vari- 
able parameter it is usual to insert it in the functional symbol^ 

'*^"'= /(x,y,«)=0. 

142. Envelope of a family of curves depending on one parameter. 

Any two neighboring curves of a family will in general intersect* 
If the corresponding values of the parameter are a and a -f Aa, the 
point or points of intersection, if these exist, will in general tend 
to definite limiting positions (points) as Aa approaches zero. The 
locus of all such limiting points is called the envelope of the family 

* An ezoeption to this would be the system of concentric circles we get from {A) when & is 
constant and r varies, no two of which would intersect. 
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of aztrves. Thus, in the last figure, the limiting positions of the 
pK>iiits of intersection of the circles are all on the straight lines AB 
and. CD^ which form therefore the envelope of the family of circles 

Now find the equation of the envelope of a family y ^ X 

of tncrves depending on one parameter. Let 

{£) /(x, y, a)=0 and 

(C) /(a^y,a4-Aa)=0 

be two neighboring curves of the same family ^ 
intersecting at a point (2/, y') ; and let us find the limiting position 
of this point of intersection as Aa approaches the limit zero. 

We can find the equation of a third curve through (a/, y') by 

applying the Theorem of Mean Value, (44), p. 168, to (B) and (C), 

regarding a as the variable and x and y as constants. For we have 

(2>) /(2Hy,a4-Aa)-/(2^y,a) = Aa/J(a:,y,a4-«.Aa). 0<5<1 

Since P' lies on both of the curves (B) and ((7), the left-hand 
members of their equations vanish for 2; = 2/ and y = y'. Hence 
the left-hand member of (D) must vanish for the same values, and 
consequently the right-hand member also. Therefore 

(H) /.'(a:,y,a + 5.Aa)=0 

is the equation of a third curve passing through the intersection 
of (B) and ((7). If then (B) and {O) intersect in a point which 
approaches a fixed point as a limit as Aa approaches zero, we get 
in general 

(F) /;(a:,y, a)=0 

as the equation of a curve which passes through the limit of the 
intersection of {B) and ((7). In general (F) is distinct from (B) 
and therefore has a definite intersection with it. 

Since the coordinates of the points on the envelope satisfy both 
(F) and (JS), its equation is found by eliminating a between these 
equations. The equation of the envelope is therefore a new rela- 
tion between x and y that is independent of a.* 

• By definition we should aolre (B) and (O simnltaneooBly for their point of intersection and 
then pass to the limit. In practice, however, it is found to he more convenient first to pass to 
the limit and then solve for x and y, Just as we do here. It is not self-evident hy any means that 
these two processes give the same results in all oases, hut it is a fact that the results are iden- 
tical in all the i4;)pUcation8 made in this hook. 
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On account of the process of elimination that is involved, no 
detailed method of procedure can be given for finding the envel- 
ope that will apply in all cases. In a large number of problems, 
however, the student may be guided by the following 

General directions for finding the envelope. 

First step. IHfferentieUe ttnth respect to the variable parameter^ eon- 
ndering all other quantities involved in the given equation as constants. 

Second step. Solve the result for the variable parameter. 

Third step. Svhstitvte this value of the variable parameter in the 
given equation. This gives the equation of the envelope. 

Ex. 1. Find the envelope of the straight line y = mx + ~t where the dope fn Is 
the variable parameter. 



SoX\dUm, 



First step. 






o=zx — 



Second step, m = ± 



m« 



Third step. y = i-^|xdb^|p = ±2 



i«, 




and squaring, y< = 4|kc, a parabola, is the equation of 
the envelope. The family of straight lines formed by 
varying the slope m is shown in the figure, each line being tangent to the envelope, 

for we know from Analytic Geometry that y = mx + — is the tangent to the parab- 
ola ys = 4 jMC expressed in terms of its own slope m. 



143. The envelope touches each curve of the family at the limiting 
points on that curve. 

Q-eometrical proof. Let -4, -B, (7 be three neighboring curves 
of the family, A and B intersecting at P, and B and C at Q. 
Draw TT' through P and Q. Now let A and C approach coin- 
cidence with By that is, let -4, B^ C become consecutive curves * 
of the family. Then TT^ becomes a tangent to B^ having two 



*The limiting potition of any point of intersection (as P in figure, p. 211) is sometimes called 
the point of intersection of two eontec^Uive carves of tlie family. Similarly the line which TT 
approaches as P approaches Qt i.e. the tangent to A at Q, is said to pass through two eonaecuHvt 
points of the curve. Of course there is no one curve that is consecutive to another nor any one 
point that is consecutive to another in the ordinary sense of the word, but geometrical considera- 
tions have suggested the above phraseology and it is understood to be merely a brief way of 
indicating the actual condition of affairs as stated in the definitions. 
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T' 



consecutive points P and Q in common with it But then P and 
Q will also become consecutive points of 
tlie envelope by definition ; hence TT' will y^^/^^'^'^^^yC^ 
at the same time become a tangent to the ^ ^ ^ 
envelope. Therefore B and the envelope have a common tangent ; 
similarly for every curve of the family. Thus in the example of 
the last section we noticed that the parabola had the family of 
straight lines as tangents. 

Analytical proof. Consider the family of carves represented by 
W /(x,y,.a) = 0. 

The slope at any point on ('^) is the value of — from 

<^ 'Myt = '' ^"^'^-^^ 

'Where, in differentiating, a most be kept constant. 

From the previous section. we know that the envelope of the family of curves is 
found by eliminating a between (^1) and 

(C) |-/(x,y,«)=0. 

ca 

If we suppose (C) solved for a in terms of x and y and the result substituted 
in (A), it is evident that equation (A) would then be the equation of the envelope. 
Hence the slope of the envelope may be found by taking the total derivative of (^), 
(52), p. 100, regarding a as a certain function of z and y determined by (C). This gives 

<^) |-<-|| + rS = °- 

dx dy dx da dx 
Suppose now that the coordinates of the point (x, y) satisfy both {A) and (C) ; 
that point is therefore on the curve {A) and also on the envelope ; and, by (C), the 
last term in (D) vanishes, reducing (D) to the same form as (B). Hence at the 
point (x, y) the slope is the same for the curve (A) and the envelope, so that a 
limiting point of intersection on any member of the family is a point of contact of 
this curve with the envelope.* 

144. Parametric equations of the envelope of a f amUy depending 
on one parameter. Instead of finding the equation of the envelope 
in rectangular form by the method of § 142, p. 210, it is sometimes 
more convenient to get the equations of the envelope in para- 
metric form by solving 

f{x, y, a) = and —f{x, y, a)= 
for X and y in terms of a. Thus : 

• In the special case when ^^ ^ s or ^»0 for all points of our locus this reasoning fails. 
ex dy cy 
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Ex. 1. Find the envelope of the family of straight lines x cos a + y sin • = p, • 
being the variable parameter. 

Solution. (A) X cos a + y sin A = p. 

Differentiating (A) with respect to a, 

(fi) — X sin a + y cos a = 0. 

Multiplying {A) by cos a and (B)bj mna and sab- 
tracting,weget x = pcos«. 

X Similarly, ellminaUng x between {A) and (£), we 

*®^ y=psfaio. 

The parametric equations of the envdope are there- 
'ore . ^ 




rpCOSa, 

rpsina; 



a being the parameter. Squaring equations (C) and adding, we get 

x« + y« = p*, 
the rectangular equation of the envelope, which is a circle. 



Ex. 2. Find the envelope of a line of constant length a, whose extremities move 
along two fixed rectangular axes. 

Solution. Let AB = a\n length, and let 

(A) xcosa + ysina— p=:0 

be its equation. Now as ^B moves always touching 
the two axes, both a and p will vary. But p maybe 
found in terms of a. For, ^0 = ^Bcosa = acosa, 
andj» = ^Osina = asinacosa. Substituting in (^), 

(E) xcosa + ysina — asinacosa = 0, 

where a is the variable parameter. Differentiating (B) with respect to a, 

(C) — X sin a + y cos a + a sin* o — a cos^ o = 0. 




(I>) 



Solving (B) and (C) for x and y in terms of a, we get 

!x = a sin* a, 
y = a cos* o, 

the parametric equations of the envelope, a hyi>ocycloid. 

The corresponding rectangular equation is found from equations (D) by eliminat- 
ing a as follows : 

x' = o' sin* a. 

y' = a' cos^ a. 

Adding, x' -»- y* = o*, 

the rectangular equation of the hypocycloid. 
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145. The evolttte of a given curve considered as tbe envelope of 
its nonnals. Since the normals to a curve are all tangent to the 
e volute, § 129, p, 186, it is evident that the 
evolute of a curve may also be defined as the 
envelope of its normals ; that is, as the locus 
of the ultimate intersections of neighboring 
normals. It is also interesting to notice 
that if we find the parametric equations of 
the envelope by the method of the previous 
section, we get the coordinates x and y of ^%s ^ . _ 
the center of curvature ; so that we have 
here a second method for finding the coordinates of the center of 
curvature. If we then eliminate the variable parameter, we have 
a relation between x and y which is the rectangular equation of 
the evolute (envelope of the normals). 

£z. 1. Find the evolute of the parabola y> = 4 px considered as the envelope of 
its normals. 

SoluUofi, The equation of the normal at any point (a^, y^ is 

from (2), p. 90. As we are considering the normals all along the curve, both 
7f and y* will vary. Eliminating if by means of ^ = 4 px', we get the equation 
of the normal to be 

Considering y' as the variable parameter, we wish to find the envelope of this 
family of normals. Differentiating (A) with respect to y"^ 

8i)« 2p 
and solving for z, 

(B) . = «£!±«£!. 

Sabstitating ihis valae of z in (A) and solving for y, 

y^ 
4p« 

(B) and (C) are then the coordinates of the center of curvature of the parabola. 
Taken together, (B) and (C) are the parametric equations of the evolute in terms of 
the parameter y'. Eliminating y' between (B) and (C) gives 

27py« = 4(x-2p)», 
the rectangular equation of the evolute of the parabola. This is the same result we 
obtained in Ex. 1, p. 188, by the firat method. 



(^ y=-.^ 



2U 
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146. Two parameters connected by one equation of conditiiMi. 
Many problems occur whei-e it is convenient to use two parameters 
connected by an equation of condition. For instance, the example 
given in the last section involves the two parameters 2/ and y' 
which are connected by the equation of the curve. In this ea>e 
we eliminated x\ leaving only the one parameter y\ 

However, when the elimination is difficult to perform, both the 
given equation and the equation of condition between the two 
parameters may be differentiated with respect to one of the j>aram- 
eters, regarding either parameter as a function of the other. By 
studying the solution of the following problem the process will be 
made clear. 

Ex. 1. Find the envelope of the family of ellipses whose axes coincide aod 
whose area is constant. 



Solution. 



(A) 






is the equation of the ellipse where a and b are the variable parameters connected by 

the equation 

{B) wab = k, 

Tab being the area of an ellipse whose 
semiaxes are a and b. Differentiating 
(A) and (£), regarding a and b as vari- 
ables and X and y as constants, we have, 
using differentials, 

— - + ^ = 0, from (A), 

and Ida + adb = 0, from (E), 

Transposing one term in each to the 
second member and dividing, we get 




Therefore, from (^4), 
giving 





x2 


z« 1 ^ y« 1 
— = - and = -» 
o^ 2 b'i 2 





6» 



a = ± X v^ and 6 = ± y V2. 



Substituthig these values in (£), we get the envelope 



a pair of conjugate rectangular hyperbolas (see figure). 
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EXAMPLES 

1. Find the envelope of the family of straight lines y = 2 m« + m*, m being the 
variable parameter. Ans, x = - 2 m», y = - 3 m* ; or, 16 y« + 27 x* = 0.* 

2. Find the envelope of the family of parabolas y^ = a(x - a), a being the 
variable parameter. Ana. x = 2 a, y = ± a ; or, y = ± Jx. 

3. Find the envelope of the family of .circles x* + (y - /3)* = »^, /3 being the 
variable parameter. Ana, x = ± r. 

4. Find the equation of the curve having as tangents the family of straight lines 
V =2 mz it Va2m*"+^, the slope m being the variable parameter. 

An». The ellipse IW + aV = a"*^. 

5. Find the envelope of the family of circles whose diameters are double ordi- 
nates of the parabola y^ = 4i>x. Ans. The parabola y* = 4p (p + x). 

6. Find the enveloi>e of the family of circles whose diameters are double ordi- 

nates of the ellipse ft^x* + aV = a^^- . mu ,i. «* V^ ^ 

An». The ellipse — — — + ^ = 1. 

7. A circle moves with its center on the parabola y* = 4 ox, and its circumference 
passes through the veitez of the parabola. Find the equation of the locus of the 
points of ultimate intersection of the circles. 

Ana. The cissoid y2 (x + 2 a) + x» = 0. 



8. Find the curve whose tangents are y = Ix d: voP + W + c, the slope I being 
supposed to vary. Ana. ^ (ay^ + hzy + cx^) = 4 ac - 6". 

9. Find the evolute of the ellipse ft^^a + aSyS = a^ft^, taking the equation of 
normal m the form &y = ax ten - {a*-6a)8in 0, 

the eccentric angle being the parameter. 

Ana. z = — ^^^ — cos* 0, y = — - — sin' 0; or, (ax)* + {ay)^ = (a^— 62)§. 
a 

10. Find the evolute of the hypocycloid x' + y' = a', the equation of whose 
normal is ycosr -xsinr = dco82r, 

r being the parameter. Ana. (x + y)' + (x - y)' = 2 a'. 

11. Find the envelope of the circles which pass through the origin and have ^ 
their centers on the hyperbola x^ — y2 = ga. 

Ana. The lemniscate (x* + y*)^ = a^(z^ - y^). 

12. Find the envelope of a line such that the sum of its intercepts on the axes 
equals c. Aria. The parabola x* + y* = c*. 

• When two answers are given, the first is in parametric form and the second in rectangular 
form. 
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13. Find the envelope of the family of ellipses b>se* + aV = <<*^i when the t 
of its semiaxes equals c. Aru* The hypocycloid x^ + y' = ^'- 

14. Find the envelope of the ellipses whose axes coincide, and each tha;t the 
distance between the extremities of the major and minor axes is constant and 
eqoal to L Ana, A square whose sides are (x ± y)* = /*. 

16. Projectiles are fired from a gun with an initial velocity oo. Supposing the gan 

can be given any elevation and is kept always 
in the same vertical plane, what is the envelope 
of all possible trajectories, the resistance of tlie 
air being neglected f 

Hint, The equation of jmytrajeetory if 




ynjrtana- 



3o«ooe*« 



X • being the ▼ari»ble parameter. 

AnB. Theparabolay = ^-^. 
2g 2!H^ 



CHAPTER XIX 

SERIES 

147. Introduction. A series is a succession of separate numbers 
\^liich is formed according to some rule or law. Each number is 
called a term of the series. Thus, 

1,2,4, 8,..., 2«-» 
is a series whose law of formation is that each term after the first 
is found by multiplying the preceding term by 2 ; hence we may 
w^rite down as many more terms of the series as we please, and 
any particular term of the series may be found by substituting the 
number of that term in the series for n in the expression 2*"^ which 
is called the general x)t nth term of the series. 

EXAHPLBS 
In the following six series : 

(a) Discover by insiwction the law of formation ; 

(b) write down several terms more in each ; 

(c) find the nth or general term. 

Series nth term 

1. 1,3, 9,27, ... S—i. 

2. - o, + cfl, -a*, + a*, • . .. (- a)\ 

3. 1,4,9, 16, ■.. n». 

. 05* X« X* X» 

*• *» "^T » TT ♦ T ' • • * • "" • 

2 3 4 n 



6, 4, -2, +1, -i,.... 4{-i)"- 

^ 3y 5y« 7y» 2n + l ^ 

o. — — I 



2 5 10 n^ + 1 

Write down the first four terms of each series whose nth or generai term is given 
below. 

nth term Series 

7. n^x". X, 4x2, 9x«, 16 x*. 

x» X x* X* X* 



8. 



i + V5i 2 i + v^ i+Vs 1 + VS 
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9. 



wthierm SerieB 

n+2 8 4 6 6 



' z » 



n> + l 2 10 17 



n 12 3 4 

^^' 2-- r r r 16' 

(log a)''g* loggx log^gg* log«a-x* log* a a:* 



[n 1 ' 2 ' 6 24 

l)»~^x«"-« 1 _«^ «* _^ 

2n~l * r [S'JS' I?' 



148. Infinite series. Consider the series of n terms 

/Jx 1 1 1 1 1 . 

W 1' 2' 4' 8' *■' 2^^' 

and let S^ denote the sum of the series. Then 

Evidently S^ is a function of n, for 
when n = 1, 5i = 1 =1, 

when n = 2, 5, = 1 + 5 = IJ, 

when « = 3, .s; = l + | + j =1|, 

when n = 4, 6; = 1 + i+ ^ + 1 = 1 J, 



whenn = n, 5. = l + l+| + | + ... + ^ =2-^.» 

Mark off points on a straight line whose distances from a fixed 
point correspond to these different sums. It is seen that the 

t } a 



^1 oj jS, Sa 



point corresponding to any sum bisects the distance between the 
preceding point and 2. Hence it appears geometrically that when 
n increases without limit 

limit S^ = 2. 

* Found by 6, p. 1, for the sum of a geometric series. 
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' ^We also see that this is so from arithmetical considerations, for 
limit ^Umit/g-J-iVa.* 

Fsinoe when n inoreaaes without limit, approaches aero as a limit.] 

We have so far discussed only a particular series (A) when the 
number of terms increases without limit. Let us now consider the 
general problem, using the series 

((7) U^y Uj, u^, M^, ..., 

'whose terms may be either positive or negative. Denoting by 6', 
the sum of the first n terms, we have 

5^ = 1*1 + w, + w, + . . . 4. w,, 

and >S>, is a function of n. If we now let the number of terms (= n) 
increase without limit, one of two things may happen : either 

Case I. 8^ approaches a limit, say u, indicated by 

limit o __ « • nr 

Case II. 8^ approaclies no limit. 

In either case (C) is called an infinite series. In Case I the infinite 
series is said to be convergent and to converge to the value v^ or to 
have the value % or to have the sum u. The infinite geometric 
series discussed at the beginning of this section is an example of 
a convergent series, and it converges to the value 2. In fact, the 
simplest example of a convergent series is the infinite geometric 
series 

a, ar, ar*, ar*, ar*j •••, 

where r is numerically less than unity. The sum of the first n 
terms of this series is, by 6, p. 1, 

\ = — z = z r q • 

1_ r 1— r 1 — r 

If we now suppose n to increase without limit, the first fraction 

• Such a result is sometimes, for the sake of brevity, called the ium of the series ; but the 
student must not forget that 2]anot the sum but the limit of tke »umt as the number of terms 
increases without limit. 
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on the rightrhand side remains unchanged, while the second 
approaches zero as a limit Hence 

limit e ^ 
n = oo " 1 — r 

a perfectly definite number in any given case. 

In Case II the infinite series is said to be wmeanvergent.* Series 
under this head may be divided into two classes. 

Fir»t class. Divergent series^ in which the sum of n terms 
increases indefinitely in numerical value as n increases without 
limit; for example, the series from which we get 
5.=l-f 2-f8 + ...-fn. 

As It increases without limit, S^ increases without limit and 
therefore the series is divergent 

Second class. Oscillating series^ of which 

is an example. Here S^ is zero or unity according as n is even 
or odd, and although S^ does not become infinite as n increases 
without limit, it does not tend to a limit, but oscillates. It is 
evident that if all the terms of a series have the same sign the 
series cannot oscillate. 

Since the sum of a converging series is a perfectly definite num- 
ber, while such a thing as the sum of a nonconvergent series does 
not exist, it follows at once that it is absolutely essential in any 
given problem involving infinite series to determine whether or 
not the series is convergent. This is often a problem of great 
difficulty, and we shall consider only the simplest cases. 

149. Existence of a limit. When a series is given we cannot in 
general, as in the case of a geometric series, actually find the num- 
ber which is the limit of S^. But although we may not know 
how to compute the numerical value of that limit, it is of prime 
importance to know that a limit does exists for otherwise the series 
may be nonconvergent. When examining a series to determine 
whether or not it is convergent, the following theorems, which we 
state without proofs, are found to be of fundamental importance.f 

• Some writers um divergent ka equiraleiit to nonconvergent. 
t See Osgood's Introduction to Jt^nite Series^ pp. 4, 14, 01. 
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Xlieorein I. If S^ is a variable that always increases as n increases^ 

bzit izlzoays remains less than some definite fi;xed number A^ then as 

n increases without limit, S^ will approach a definite limit which is 

not greater than A. 

Xlieorem II. If S^ is a variable that always decreases as n increases^ 

bzU always remains greater than some definite fixed number Bj then 

as rt increases without limit, S^ will approach a definite limit which 

is not less than B, 

Tlieorem III. The necessary and sufficient condition that S^ shall 

approach some definite fixed number as a limit as n increases without 

limit is that ,. .. 

limit /^ _^x 

for all values of the integer p. 

150. Fundamental test for convergence. Summing up first n and 
then n -fjt? terms of a series, we have 

(A) iS^ = Wi + Wa + ^8 + • • -h Un- 

« 
Subtracting (A) from (5), 

From Theorem III we know that the necessary and sufficient 
condition that the series shall be convergent is that 

for every value of p. But this is the same as the left-hand member 
of ((7); therefore from the right-hand member the condition may 
also be written 

Since (D) is true for every value of p, then letting jt? = 1, a 
necessary condition for convergence is that 

limit /,. \ _ • 
or, what amounts to the same thing, 
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Hence, if the general (or nth) term of a series does not approaeb 
zero as n approaches infinity, we know at once that the series is 
nonconvergent and we need proceed no further. However, (J?> is 
not a iufficient condition, that is, even if the nth terra does approach 
zero we cannot state positively that the series is convergent ; for, 
consider the harmonic series 

,111 1 

2 8 4 n 



Here n->^ = n-l(-) = ^^ 



that is, condition (JE) is fulfilled. Yet we may show that the har- 
monic series is not convergent by the following comparison: 

(F) l + J + [J + ^] + [J+i + | + J] + [i + ... + ^] + .... 

We notice that every term of {&) is equal to or less than the 
corresponding term of (jP), so that the sum of any number of the 
first terms of (F) will be greater than the sum of the corresponding 
terms of (69^). But since the sum of the terms grouped in each 
bracket in ((7) equals ^, the sum of {G) may be made as large 
as we please by taking terms enough. The sum ((?) increases 
indefinitely as the number of terms increases without limit ; hence 
((?), and therefore also (jP), is divergent. 

We shall now proceed to deduce special tests which as a rule 
are easier to apply than the above theorems. 

151. Comparison test for convergence. In many cases, an example 
of which was given in the last section, it is easy to determine 
whether or not a given series is convergent by comparing it term 
by term with another series whose character is known. Let 

(A) u^4.u, + w, + -- 

be a series of positive terms which it is desired to test for (Convergence. 
If a series of positive terms already knottm to he convergent^ namely^ 

(B) a, + «a + a8 + --, 

can be found whose terms are never less than the corresponding terms 
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111 the series (A) to he tested^ then (B) is a convergent aeries and its 
sum does not exceed that of {A). 

T^roof, Let «, = ti^ + w, + w, + • ■ • + w„ 

and 'J^^ = «i -f a, + «« + ••• + «» ; 

and suppose that j.^.^ ^ ^ ^ 

n = CO " 

Xhen, since ^h<'^ ^^^ *« = ^n^ 

it follows that s^<A. Hence, by Theorem I, p. 221, s^ approaches 
a limit ; therefore the series {A) is convergent and the limit of its 
sum is not greater than A. 

£x. 1. Test the series 

Solution, Each term after the first Is less than the corresponding term of the 
geometric series 

which is known to be convergent (p. 218) ; hence (C) is also convergent. 

Following a line of reasoning similar to that applied to (A) and 
{B)j it is evident that, if 

(JE) i^j + w^ ^. w, + . . . 

is a series of positive terms to be tested which are never less than the 
corresponding terms of the series of positive terms^ namely^ 

known to he divergent^ then {E) is a divergent series, 
Ex. 2. Test the series . 

wi Vs V4 

SohdUm. This series is divergent since its terms are greater than the corre- 
sponding terms of the harmonic series 

which is known (p. 222) to be divergent. 

Ex. 3. Test the following series for different values of p. 
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Solution, Grouping the terms, we have, when p > 1, 






4p 5P 6i» Ti' 4P 41^ ii' 4i» 4p \2J»-»/ ' 

1 . . J^^l . 1 1 I 1 , I ■ 1 , 1 ^ 8 ^/ 1 \* 

8P ' ISJ* 8i» 8p 8p 81* bJ* 8i» 81* Si' 8* \2'-»/ * 

and 80 on. Conetract the aeries 

<^) ^ + 2^ + (2^)+(2Tn)*+- 

TTAcn p.> 1, series (H) is a geometric series with the common ratio leas tlian 
unity, and is therefore convergent. Bat the sum of (€f) is less than the sum of 
(H), as shown by the above inequalities ; therefore (O) is also convergent. 

When p = l, series (O) becomes the harmonic series which we saw was 
divergent, and neither of the above tests applies. 

When p<l, the terms of series (O) will, after the first, be greater than tbe 
corresponding terms of the harmonic series ; hence (O) is divergent. 

162. Cauchy'8 ratio test for convergence. Let 

{A) ^^4.^,4-11,4.... 

be a series of positive terms to be tested. 

Divide any general term by the one that immediately precedes 

it, i.e. form the test ratio -^^ 

As n increases without Umit, let ™ ^^^±1 = p. 

I. When p<l. By the definition of a limit (§ 29, p. 19) we 

can choose n so large, say n = m, that when n > tw the ratio -^^ 

shall differ from p by as little as we please, and therefore be less 
than a proper fraction r. Hence 

and so on. Therefore, after the term u^, each term of the series 
(A) is less than the corresponding term of the geometrical series 

(B) w^r4-w«r»4-wy + --. 

But since r < 1, the series (-B), and therefore also the series (A), 
is convergent.* 

* When examining a Berles for oonrergence we are at liberty to disregard any finite namber 
of terms ; the rejection of such terms would affect the vo/uc but not the existence of the limit. 
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II. IVhen p>l (or pz= ao). Following the same line of reason- 
ing as in I, the series (A) may be shown to be divergent. 

III. When p = l^ the series may be either convergent or diver- 
gent ; that is, there is no test. For, consider the series ((7) on 
p. 225, namely, 



^ 3p • 4p • ' ^ ' {n-\-iy 

Thetestratiois^^^ = ^^?^tl>' = /^l4--Y; and 
w. v?" \ nj 

li°^it /t^\ limit /i^lY^(i)p = l(= ). 

Hence p = 1 no matter what value p may have. But on p. 223 
"we showed that 

when /» > 1, the series converges, and 
when p < 1, the series diverges. 

Thus it appears that p can equal unity both for convergent and 
for divergent series, and the ratio teat for convergence faih. There 
are other tests to apply in cases like this, but the scope of our book 
does not admit of their consideration. 

Our results may then be stated in compact form as follows: 

Oiven the %erie» of positive terms 

Ml + w, -h ti, + . . . 4- t*n + u^+i + • • •; 
find the limit ^^'^ f'^\ = p. 

I. When p < 1,* the series is convergent. 
II. When /> > 1, the series is divergent. 
III. When p = 1, there is no test. 

Ex. 1. Test the following series for convergence : 

* It is not enough that tfn+i/iu hecomes and remains leas than unity for all values of n, hut 
this test requires that the limit of Un+y/um shall be less than unity. For instance, in the case of 
the harmonic series this ratio is always less than unity and yet the series diverges as we have 
seen. The limits however, is not less than unity but equals unity. 
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Solution. The nth term is . ; therefore 

limit /!i-jM^= limit / 1^ \ ^ limit /I^^V limit {l\^oi=0\ 
n = xV u« / n = «l 1 I » = xV In / n = aoVn/ ^ ''' 
\ jn-l / 

and by I, p. 225, the series is convergent. 

Ex.2. Testtheseries t. + ^^ ^^ _Jr^ + .. .. 

iSoZution. The nth term is here - ; therefore 

10» 

limit {^^IL!l1\^ limit A?J^ x — ^ = *^™^' /"— ti \ = « 
n = (»\ u, / n = «Vi()ii+i [n/ n = (»V 10 / ' 

and by 11, p. 225, the series is divergent. 
Ex. 3. Test the series 

Solution. Here the nth term is ; therefore 

(2 n — 1) 2 n 

limit /ll-+i'\= limit /?»ri\= limit /| 2 V ^ 

n = «\ u, / n = x\2n + l/ n = »V 2n + l/ 

This gives no test (III, p. 225). But if we compare series (C) with (O), p. 223, 
making p = 2, namely, 

we see that (C) must be convergent since its terms are less than the corresponding 
terms of (D), which was proven convergent, t 

163. Alternating series. This is the name given to a series 
whose terms are alternately positive and negative. Such series 
occur frequently in practice and are of considerable importance. 

is an alternating series whose terms never increase in numerical value^ 

and if ^ = ««. = 0. 

tJien the series is convergent. 

Proof. The sum of 2 n (an even number) terms may be written 
in the two forms 

(^) ^«» = (Wi-^») + K-W4) + K-^e) + --- + (M»»-i-wJiOr, 
(B) 5„ = Wi-(m2-w,)-K-w,) w„. 
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Since each diffefence is positive (if it is not zero, and the assump- 
tion ^'™*^ ^» = excludes equality of the terms of the series), 
series (A) shows that S^^^ is positive and increases with n, while 
series (B) shows that aS,^ is always less than u^; therefore by Theo- 
rem I, p. 221, jS^. must approach a limit less than u^ when n 
increaBes, and the series is convergent. 

Kx. 1. Test the alternating series 1 h }-•••. 

2 3 4 

Solution. Since each term is leas in numerical value than the precedlngone, and 
limit ()^ limit /l\o, 
the series is convergent. 

164. Absolute convergence. A series is said to be alBolutely* or 
unconditionally convergent when the series formed from it by mak- 
ing all its terms positive is convergent. Other convergent series 
are said to be not absolutely convergent or conditionally convergent. 
To this latter class belong some convergent alternating series. For 
example, the series 

is abBolutely convergent since the series ((7), p. 223, namely, 

1111 

is convergent. The series 

is eonditionalltf convergent since the harmonic series 

is divergent (p. 222). 

A series with terms of different signs is convergent if the series 
deduced from it by making all the signs positive is convergent. 

The proofs of this and the following theorem are omitted. 

^Thib termt of th« new teriei are the nomerieal (abiolate) Taluea of the terms of the given 
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Without placing any restriction on the signs of the terms of 
the series, the tests given on p. 225 may be stated in the following 
more general form : 

CUven the series 



calculate the limit 



«i + w, -h M, -f w^ + 
limit 



imit /!Vfi\ - 






I. When |/>|< I9 the series is absolutely convergent. 
11/ WJien \p\>ly the series is divergent. 
IIL When \p\ = 1, there is no test. 

166. Power series. A series of ascending integral powers of a 
variable, say x^ of the form 

{A a^ 4- a^z 4- flr»^ -f tfr«^ + • M 

where the coefficients a^, a^, a„ . • • are independent of x, is called 
a power series in x. Such series are of prime importance in the 
further study of the Calculus. 

In special cases a power series in x may converge for all values 
of x^ but in general it will converge for some values of x and be 
divergent for other values of x. We shall examine (A) only for 
the case when the coefficients are such that 

limit 

tl: 



A 



limit Z^K^-iV 

where X is a definite number. In (A) 

limit /^,^i\ limit (<K±£2^^ limit (<K±x\^^^j^ 
n = co\ u^ J n = co\ ajg" ) n = Qo\ a^ J 

Referring to tests I, 11, III, we have in this case 



and hence the series (A) is 



p^Lx^ 



I. Absolutely convergent when |iar|<l, or \x\< 



lies between — 



and -h 



i.e, when x 



II. Divergent when \Lx 
than — -z^ or greater than -f 



>1, or \x\> 
1 



i.e. when x is less 
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III. No test when \Lx\=z 1, or \r\ = 



i.e. when a: = ± 



Note. When Z = 0, it is evident from I (p. 228) that the power 
series is absolutely convergent for all finite values of x. 

£x. 1. Test the aeries 

(B) X- 



■ 2« 82 4« 
SiAution, The series formed by the coefficients is 

(C) 



2a ^ 32 42 ^ 



Here 



limit /?»±2\ limit r ^' 1^^ limit r_/, L.Vl=_i/'=r\ 

n = ao\ a» / n = ooL (» + l)«J n = xL \ n + l/J \ / 

By I the series is absolutely convergent when x lies between — 1 and + 1. 

By II the series is divergent when x is less than — 1 or greater than + 1. 

By III there is no test when x = ±\. But in either case (B) is convergent from 
the first theorem under § 154, p. 227, since (2>), p. 226, was proved convergent. 

The series in the above example is said to have [- 1, 1] as the ivienaX of conoer- 
genct. This may be written — 1 < x < 1, or indicated graphically as follows : 



-1 



EXAMPLES 

Show that the following nine series are convergent, 

6. 



^'h^hh 



3. 



1 + 1 + 1 + 1+.. 
2222' 2* 

_^ + J_+_L + 

12- 3. 4- 66 



1 1 » 8 1 ■ 3 » 6 
3 36 8. 6. 9 



+ •• 



6. 



8. -- 



1 

13' 


^tt- 




2V2 sVs 


^,^ 


1- 


.i+l_i+ 

32 ^52 72 ^ 


1 


1 


1111 


1 1 . 


2' 


' 2 ' 22 3 * 28 " 


■iY*^ 



1 

log2 



log 8 log 4 



Show that the following three series are divergent. 

10 102 ^ 108 






1 + 2« 1 -f J 



1 + 42 
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For what valaes of the variable are the following Gnphica] i 



aeries conyergent? 



interrala of ooo^ 



13. l + x + «« + a5" ••. An$. -l<x<l. @- 



-l -H 



z* x" z* 
14. x-^ + f--=-+ ... Am. -l<x<l. 



2 8 4 "■ -1 



16. x4-x* + x^ + xw + .-.. Atim, -1<x<1. 



X* X* 

16. x + --— + -—+... An$. ~l<x<l. 



-3- 



17. H-x + ?- + — + ... ^M. AllvalueBofx. ZS^ 



I? I? 



18. l-?4.^-,^ + .... ^nj. AU valiMB of 5. ^ 



[2 11 II 



19. ^-^ + ^-lV--. ^n«. AllTaluesof^ ^ 

I? 15 Li 



sin a sin 8 a sin 6 a -co 

.<lns. All values of cu 



ft- cosx . cos2x cosSx , 

21. -—-+—- — + -— — + .... ^113. x>0. 

ITtiU. Neither the sine nor cosine can exceed 1 numerically. 

— oo 



22. l + xlog« + ^i^ + ?!^ + .... 

^n«. All values of x. 

23. 7-T- + r-^ + ;-^ + - •• ^ns. x>l. 



24. x + 1.5! + LL8.2! + lii:6.?.V 



4-^ 



+1 



V2 VS " -i +1 



l + xl-i-x«l + x» ' hT 

+1 



3 2. 462. 4- 67 ' -1 +i 

Ana, — l<x<l. 

• End point! that are not included in the interval of convergence have clrolea drawn about 
them. 



CHAPTER XX 
EXPANSION OF FUNCTIONS 

166. Introduction. The student is already familiar with some 
methods of expanding certain functions into series. Thus, by the 
Binomial Theorem, 

{A) (a + a:)* = a* + 4 0*3: + 6 aV -|- 4 aa;* -|- ar*, 

giving a finite power series from which the exact value of (a -\- xf 
for any value of x may be calculated. Also by actual division, 

we get an equivalent series, all of whose coefficients except that 
of af are constants, n being a positive integer. 

Suppose we wish to calculate the value of this functioQ when 
X = .5, not by substituting directly in 

1 

but by substituting a: = .5 in the equivalent series 

{C) (l + a:4-a:*-|-a:'-|-...-|-a:"-')+^j^V. 

Assuming n = 8, ((7) gives for a: = .5 

(D) :r^ =1.9921875 + .0078125. 

1 — a; 

If we then assume the value of the function to be the sum of 
the first eight terms of series ((7), the error we make is .0078125. 
However, in case we need the value of the function correct to two 
decimal places only, the number 1.99 is as close an approximation 
to the true value as we care for since the error is less than .01. 
It is evident that if a greater degree of accuracy is desired, all we 
need to do is to use more terms of the power series 

{E) l-l_a:-far'-fa^H . 

231 
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Since, however, we see at once that 

2, 



Li-J..r 



there is no necessity for the above discussion, except for purposes 
of illustration. As a matter of fact the process of computing the 
value of a function from an equivalent series into which it has 
1)een expanded is of the greatest practical importance, the values 
of the elementary transcendental functions such as the sine, cosine, 
logarithm, etc., being computed most simply in this way. 

So far we have learned how to expand only a few special forms 
into series ; we shall now consider a method of expansion appli- 
cable to an extensive and important class of functions and called 
Tatflor*8 Theorem. 

157. Taylor's Theorem* and Taylor's Series. Replacing b hy j: 
in {S)j p. 169, the extended theorem of the mean takes on the form 

(59) Ax) = Aa) + ^^^i^r(a) + (2^^/rr(«) + (2j^/rrr(a) + . . . 

11 l* li? 

\n — 1 \n 

where x^ lies between a and x. (59), which is one of the most far- 
reaching theorems in the Calculus, is called Taylors Theorem. 
We see that it expresses /(x) as the sum of a finite series in (r— a). 

The last terra in (59), namely, ^— ^ — -f^'^H^i)^ is sometimes called 

the remainder in Taylor's Theorem after n terms. If this remainder 
converges towards zero as the number of terms increases without 
limit, then the right-hand side of (59) becomes an infinite power 
series called Taylor's Series.^ In that case we may write (59) in 
the form 

(60) /(ar^) = /(«)+ i^^/rCa) + i^l^ 

and we say that the function has been expanded into a Taylor's Series. 
For all values of x for which the remainder approaches zero as n 
increases without limit, this series converges and its sum gives the 

• AlBo known m Taylar'i Form^tla. 

t Published by Dr. Brook Taylor (1$8&-1731) In bis Methodus Incrementarumt London, 1716. 



EXPANSION OF FUNCTIONS 288 

^^taot; value of /(a:), because the difference (= the remainder) between 
tlie function and the sum of n terms of the series approaches the 
linxit zero (§ 30, p. 21). 

On the other hand, if the series converges for values of x for 
^vrliich the remainder does not approach zero as n increases without 
limit, then the limit of the sum of the series is not equal to the 
iixnction f(x). 

The infinite 8erie8 (60) represents the function for those values of x 
and those only for which the remainder approaches zero as the num- 
heT of terms increases without limit. 

It is usually easier to determine the interval of convergence 
of the series than that for which the remainder approaches zero ; 
btit in simple cases the two intervals are identical (see footnote, 
p. 236). 

When the values of a function and its successive derivatives are 
known for some value of the variable, as 2; = a, then (eo) is used 
for finding the value of the function for values of x near a, and (60) 
is also called the expansion of f{x) in the vicinity of x=a. 

Ex. 1. Expand log x in powers of (x — 1). 
Solution. f{x) = log », /(I) = ; 



SubsUtating in (60), log« = x- 1 - i(x -l)2 + i(»- 1)« . Ans. 

This converges for valaes of x between and 2 (§ 166, p. 228) and is the expan- 
sion qf log X in the mcinity 0/ x = 1, the remainder converging to zero. 

When a function of the sum of two numbers a and x is given, 
8ay/(a -f x), it is frequently desirable to expand the function into 
a power series in one of them, say x. For this purpose we use 
another form of Taylor's Series, gotten by replacing a: by a -f a; in 
(60), namely, 

(61) f(a + a;) = f(a) + g/'(a) + J/"(a5) + §/"'(«) + ' • '. 
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Ex. 1. Expand sin (a + z) in powers of x. 

SoUaUm. Here /(a + x) = sin (a + x) ; 

hence, placing x = 0, 

f{a) = sin a, 

/'(a) = cos a, 

/"(a) = -sina, 

/'"(a) = -co8a, 

Substituting in (61), 

sin (a + x) s sin a + - cos a — •— sin a - — coa a + " ** ^i^ 

1 [2 [3 



EXAMPLES* 



c«. 



L Expand e« in powers of X- 2. Ana, e* = e«4- «^(x - 2) + —(x -2)«+ -. •. 

2. Expand x* — 2x3 + 6x - 7 in powers of x ~ 1. 

Am, -3 + 4(x-1) + (x-1)« + (x-1)« 

3. Expand Sy^ — 14y + 7in powers of y — 8. 

Ans, -8 + 4(y-3) + 8(y-8)«. 

4. Expand 5z* + 7z + zin powers of z — 2. 

Ana. 37 + 27(«-2) + 5(z-2)«. 

6. Expand cos (a + x) in powers of x. a xt 

Aia. cos(a + x) = cosa-xsina — — cosa+ •-sina + ---. 

(2 [3 

6. Expand log(x + A) in powers of x. a^ y* 

Ans. log(x + ft) = logA + ?~ — + — + .... 

7. Expand tan (x + h) in powers of h. 

Ans, tan(x + A) = tanx + Asec«x + A*sec*xtanx + --*. 

8. Expand the following in powers of h, 

(a) (x + A)-==x- + nx--iA + !^i!J^x--W^ 

(b)e«-* = e.(l + A + | + |+...). 

168. Maclaurin's Theorem and Maclaurin's Series. A particular 
case of Taylor's Theorem is found by placing a = in (W), p. 282, 
giving 

(62) f(x) = /(O) + 2. ff(0) + ^ fn(0) + g /r"(0) + • • • 

LL i« lif 

* In these examples we assume that the functions can be developed into a power series. 



EXPANSION OF FUNCTIONS 285 

"w-liere z^ lies between and x. (62) is called MaclaurirC^ Theorem. 
Xlie right-hand member is evidently a series in x in the same sense 
that (59)i p. 232, is a series in 2; — a. 

Placing a = in (60), p. 232, we get Maclaurin'a Series^* 

(6S) f(x) = /(O) + ^ r(0) + ^ /"(O) + g /'"(O) + . . . , 

li I* Li? 

a special case of Taylor's Series that is very useful. The state- 
ments made concerning the remainder and the convergence of 
Taylor's Series apply with equal force to Maclaurin's Series, the 
latter being merely a special case of the former. 

The student should not fail to note the importance of such an 
expansion as (63), In all practical computations results correct 
to a certain number of decimal places are sought, and since the 
process in question replaces a function perhaps difficult to calcu- 
• late by an ordinary polynomial with constant coefficients^ it is veiy 
useful in simplifying such computations. Of course we must use 
terms enough to give the desired degree of accuracy. 

In the case of an alternating series (§ 153, p. 226) the error 
made by stopping at any term is numerically less than that term, 
since the sum of the series after that term is numerically less than 
that term. 

Ex. 1. Expand cob x into an infinite power series and determine for what yalaea 
of X it converges. 

SoluUon. Differentiating first and then placing x = 0, we get 



/(X) = C08X, 






/(0) = 1, 


/'(x) = -sinx, 






r{o)=o. 


r(x)=-C08X, 






r(0)=-i, 


r'(x) = 8inx, 






/"'(0) = 0, 


/i'(x) = C08X, 






/'v(0) = l, 


/v(x) = -sinx, 






/-(0) = 0, 


/vi(x)=-C08X, 






/^(0) = -l, 


etc., 






etc. 


Substituting in (63), 

(A) C08X = 1- 


x« 

"12' 


V?- 


-^- 



•Named after Colin Maclaurin (109^-1740), being first published in his Treatise of Fluxkmtt 
Edinburgh, 1743. The Series is really due (o Stirling (1092-1770). 
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Comparing with Ex. 18, p. 230, we see that the aeries oonveigea for all raXiia 

of X. 

In the same way for sin x. 

z' X* x^ 

(B) „nx = x-^ + --- + .... 

which converges for all values of x (Ex. 19, p. 280).* 

Ex. 2. Using the series (B) found in the last example, calculate sin 1 correct to 
four decimal places. 

Solution, Here x = 1 ; that is, the angle is expressed in circular measure (see 
second footnote, p. 17). Therefore, substituting x = 1 in (B) of the last example. 

Summing up the positive and negative terms separately, 

1 = 1.00000- . . .- = 0.16667- . • 

i = 0.00838. . . .4 = 0.00019... 

[6 \7 



1.00833.. 0.16686- .. 

Hence sin 1 = 1.00833 - 0.16686 = 0.84147 • • - , 

which is correct to four decimal places since the error made must be less tluui 

- 1 i.e. less than .000003. Obviously the value of sin 1 may be calculated to any 

desired degree of accuracy by simply including a sufficient number of additional 
terms. 

EXAMPLES 

Verify the following expansions of functions into power series by Maclaurin*s 
Series and determine for what values of the variable they are convergent. 

x' x' x^ 

1. c* = 1 + X + --+- + — +••• . Convergent for all values of x. 

|2 |3 [4 

x^ x^ x^ x' 

2. c<^ * = ^ "■ 1^ + [T ~ [T + fo Convergent for all values of x. 

• Since here /(")(«)« sin (x + ^) and /(•)(*,) -sin (a:, + ^), we have, by flubttitating in the 
liu»t term of (62), p. 234, ^2/ V 2/ 

remainder = — sin T Xj -♦■ —J • 0<x^<x 

Bat Bin ('1 + — ) can never exceed unity, and from Ex. 17, p. 230, ^^^^^ — sO for all values 
V 2/ n"«[n 

of or. Hence "mit ^«,„/^^^n5)=o 

for all values of x ; that is, in this case the limit of the remninder i» for €Ul values ofxfcf 
which the aeries converges. This is also the case for all the functions considered in this hook. 
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3. a* = n.xloga + -— f— + — jf— + . 

If L£ 

4. sinto = to~ — + — - — + .... 
6. e- = l-to4- — - — + — -... 



7. log(l-X): 



X2 
2 ' 



?! 

3 



X* 

4 



6 



lx« l-3x» . 

8. arc sin X = X H \- • 

23 246 

« , ij^ , afi z' afl 

11. e-»* = l + + ^-^+--. 

12. e«8in^=(?H.6r« + ^-i^---. 

3 [6 [0 



Convergent for ail values of z. 

Convergent for all values of x, 
X: being any constant. 

Convergent for all values of x, 
k being any constant. 

Convergent if — 1 < x < 1. 
Convergent if — 1 < x < 1. 
Convergent if — 1 < x < 1. 
Convergent if — 1 < x < 1. 
Convergent for all values of x. 
Convergent for all values of ^. 
Convergent for all values of $. 



13. Show that log x cannot be expanded by Maclaurin*s Theorem. 

Compute the values of the following functions by substituting directly in the 
equivalent power series, taking terms enough until the results agree with those 
given below. 

14. e = 2.7182 ... 

SohUUm. Let x = 1 in series of Ex. 1 ; then 



[Dividing third term by 3.] 
[Dividing fourth term by 4.] 
[Dividing fifth term by 6.] 
[Dividing sixth term by 6.] 
[Dividing seventh term by 7.] 



First term 


= 1.00000 


• 


Second term 


= 1.00000 




Third term 


= 0.50000 




Fourth term 


= 0.16667-. 




Fifth term 


= 0.04167 . . 




Sixth term 


= 0.00833.. 




Seventh term 


= 0.00130 •. 




Eighth term _ 


= 0.00019.. 


■, etc. 


Adding, e 


= 2.71826.. 


• Ana, 



15. arc tan (l) = 0.1073 . • . ; use series in Ex. 0. 

16. cos 1 = 0.5403 • • • ; use series in Ex. 2. 

17. cos 10° = 0.9848 • • • ; use series in Ex. 2. 
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la liii J = 0.0946. . ; uie aeries (B), p. 286. 
19. sin .6 = 0.4794 • - ; nse series (B), p. 286. 

aO. et = H.2 + ,^+~ + -- = 7.8891. 

I* l£ 

169. Computation by series. 

I. The computation of ir hy series. 
From Ex. 8, p. 287, we have 

. 1.2^ . 1.8a* . 1.8.5x' . 

arc sin a; = a; H 4- 4- . . .. 

im^Bua; ^-^2.8^2.4.6^2.4.6.7^ 

Since this series converges * for values of x between — 1 and 4- 1, 
we may let a; = i, giving 

6 2^2 8V2y^2.4 5^2^^ ' 
or, 9r = 8.1415 .... 

Evidently we might have used the series of Ex. 9, p. 287, instead. 
Both of these series converge rather slowly, but there are other 
series, found by more elaborate methods, by means of which the 
correct value of tt to a lai^ number of decimal places may be 
easily calculated. 

II. The computation of logarithms hy series. 

Series play a very important r61e in making the necessary calcu- 
lations for the construction of logarithmic tables. 
From Ex. 6, p. 287, we have 

{A) log(l + z) = x-|+J-^ + |-.... 

This series converges for a; = 1, and we can find log 2 by placing 
a; = 1 in (-4), giving 

log2 = l-i + J-i + i_i + .... 

But this series is not well adapted to numerical computation, 
because it converges so slowly that it would be necessary to take 

• We aMume that it oonverges to the correct ralne. 
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lOOO terms in order to get the value of log 2 correct to three deci- 
mal places. A Tapidly converging series for computing logarithms 
"^f^xH now be deduced. 

By the theory of logarithms, 

(^) log l±^ = log(l -h X) - log(l - X). 8, p. 2 

1 — X 

Substituting in (B) the equivalent series for log (1 + or) and 
log(l — a:) found in Exs. 6 and 7 on p. 287, we get* 

'which is conveigent when x is numerically less than unity. Let 

and we see that x will always be numerically less than unity for 
all positive values of M and N, Substituting from (2>) into {C)^ 
we get 

(JP) log^ = logiIf-log-y 

a series which is convergent for all positive values of M and N ; 
and it is always possible to choose M and iV so as to make it con- 
veige rapidly. 

Placing Jf = 2 and N= 1 in (JP), we get 

^°s2 = 2g + i.l + i.i + l.l + ...]=0.69814718.... 

[Sinoe logJV-logl-0. and ^=1^-1.1 

Placing Jf = 3 and i\r= 2 in (E), we get 
log8=log2 + 2n + |.i + i.i + ... 1=1.09861229.... 

•The itndent ihonld notice that we tutve treated the teriet as if they were ordinary 
■nnu, hut they are not ; they are limUi of ■ami. To justify this step is beyond the scope of 
this hook. 
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It is only necessary to compute the logarithms of prime numbers 
in this way, the logarithms of composite numbers being then found 
by using theorems 7-10, p. 2. Thus, 

log 8 = log 2* = 8 log 2 = 2.07944164 . . ., 

log 6 = log S 4- log 2 = 1.79175947 • •. . 

All the above are Naperian or natural logarithm»^ i.e. the base is 
e = 2.7182818. If we wish to find Briggi or common logarithtn^ 
where the base 10 is employed, all we need to do is to change the 
base by means of the formula 



log. 10 



rri. 1 o loR«2 0.693... ^ „^^ 

In the actual computation of a table of logarithms only a few of 
the tabulated values are calculated from series, all the rest being 
found by employing theorems in the theory of logarithms and 
various ingenious devices designed for the purpose of saving 
work. 

EXAKPLES 

Calculate by the methods of this article the following logarithms. 

1. logeS =1.60©4.... . . 3. loge 24 = 3.1781.... 

2. loge 10 = 2.3025... 4. Iogio6 = 0.( 



160. Approximate formulas derived from series. In the two pre- 
ceding sections we evaluated a function from its equivalent power 
series by substituting the given value of x in a certain number of 
the first terms of that series, the number of terms taken depend- 
ing on the degree of accuracy required. It is of great practical 
importance to note that this really means that we are considering 
the function as approximately equal to an ordinary polynomial with 
constant coefficients. For example, consider the series 

(A) 8inx = x-| + |-^+.... 

This is an alternating series for both positive and negative values 
of X. Hence the error made if we assume sin x to be approximately 
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eq-aal to the sum of the first n terms is numerically less than the 
(»* -H l)th term, § 163, p. 227. For example, assume 

(-B) sin x = x^ 

and let us find for what values of x this is correct to three places 
of decimals. To do this, set 

2? 



(<^) 



< .001. 



13 

Xliifl gives X numerically less than V.006 (= .1817); that is, {JB) 
is correct to three decimal places when x lies between -f 10°.4 and 
- 10°.4. 

The error made in neglecting all terms in {A) after the one in 
af~^ is given by the remainder, (62), p. 234, 

hence we can find for what values of a: a polynomial represents the 
function to any desired degree of accuracy by writing the inequality 

{B) \R\ < limit of error, 

and solving for ar, provided we know the maximum value of /^"^(Zj). 
Thus, if we wish to find for what values of x the formula 

a* 
(F) sin a: = a: — — 

u correct to two decimal places (i.e. error < .01), knowing that 
\f''\x^)\<h we have from (2>) and {JE), 

M<.01; thatis,|j:|<vT2; or, |a:|<l. 

Therefore a: — — gives the correct value of sin x to two decimal 
6 

places if |a:|< 1, i.e. if x lies between -f 57° and — 57°. This agrees 
with the discussion of (A) as an alternating series. 

Since in a great many practical problems accuracy to two or three 
decimal places only is required, the usefulness of such approximate 
formulas as (B) and (F) is apparent. 
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Buygerui approximation to the length of a circular are. 

Let S denote the length of the required arc, C its chord, e the 
chord of half the arc, and B the radius of Hhe circle. The circalar 
measure of the whole angle being 

S 



we have 



B' 



. S 2 . S 2 
"°2^ = F ''"'Ib'-B' "'' 



c . s 

2^ = ""^21' 



e . S 
2b''"'U' 




. Developing the right-hand members of the last two equations 
into power series in S by (6t), p. 235, we get 

C S S* . S* 



m 



(.B) 



2B ^2B 

e S 



1-2 8 2»i? 



1.2 



■b-2?B* 



+ 



2B ^B \ 2Z-Vff l-2.b2'^B* 



+ 



Multiplying {H) by 8 and then subtracting {H) from (ti') in order 
to eliminate the term containing S\ we have approximately 

8c-C ZS 3 5* 



or. 



2B 
Se-C 



2B 41.2--6-2*i2*' 



3 



= S- 



S* 



7680 iJ* 



Hence, for an arc equal in length to the radius, the error in 
taking 



{I) 



S = 



8e-C 
3 



is less than j^fj of the whole arc. For an arc of half the length of 
the radius the proportionate error is one sixteenth less, and so on.* 

In practice Huygens' approximation is generally used in the 
form 

(J) S = 2e + ^{2e-C). 



• For an angle of ao* tbe error ii lew than 1 in 100,000, for 46* len than 1 in 20,000, and for 60 
leas than 1 in 6000 
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This simple method of finding approximately the length of an 
arc of a circle is much employed. To find the approximate length 
of a portion of any continuous curve, divide it into an even number 
of suitable arcs, regarding the arcs as approximately circular. 

£x. 1. Find by Haygens* approximation the length of an arc of 30^ in a circle 
whose radius is 100»000 ft. 

Solution, Here c = 2 /? sin 7° 3(K, C = 2 B sin 16® ; but from tables of natural 
Bines we get sin 7*» 3(K = .1306268, sin 15P = .2688190. 

SulMtituting in (J), a = 62369.71. The true yalue, assuming x = 3.1416926, is 
52^9.88 ; hence the error is but .17 ft., or about 2 inches. 



EXAMPLES 

1. Draw the graphs of the functions x, » — rr ♦ * ~ fF "*" iT respectively, and 
compare them with the graph of sin x. l£ L l2 

2. If d is the distance between the middle points of the chord c and the circular 
arc «, show that the error in taking 

8d» 

. , ,v 82 d* ^ " * 3 » 

IS lesB than --- --. 
3 «• 

161. Taylor's Theorem for functions of two or more variables. 
The scope of this book will allow only an elementary treatment 
of the expansion of functions involving more than one variable 
by Taylor's Theorem. The expressions for the remainder are 
complicated and will not be written down. 

Having given the function 

(A) /(^ y). 

it is required to expand the function 

in powers of h and k. 
Consider the function 

(C) f{x^ht,}f + kt). 

Evidently (B) is the value of (C) when ^=1. Considering (C) 
as a function of t, we may write 

(D) f(x-\'ht,y^kt)=F(t), 
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which may then be expanded in powers of t by Maelauidn's Theo- 
rem, (6!l), p. 284, giving 

{E) F(t) = /'(O) -f tr (0) -h ,^ ^"(0) -h ^ r"(0) + - • - . 

If l£ 

Let us now express the successive derivatives of F{t) with respect 
to ^ in terms of the partial derivatives of F{t) with respect to x and 
y. Let 

then by (49), p. 199, 

(G) F(t)^-- + --. 

But from (F), 

<^> f =' »•' f -*= 

and since F(Q is a function of x and y through a and ^9, 

dF^dFda ^^ ^^^^. 

dz da dx dy cfi dy' 

or, since from (-F), — == 1 and -^ = 1, 

dx dy 

,r, 8F dF , dF BF 

(I) — = — and — = — TT- 

^ ' dz da dy d0 

Substituting in (G) from (/) tod (ff). 

Replacing F{t) by F\t) in (J), we get 
^^ dx dy \ dJ^ dxdyj \ dxdy dy^ } 

In the same way the third derivative is 
and so on for higher derivatives. 
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When ^ = 0, we have from (D), ((?), (J), (K), (i), 

F{0)=f{r, y), i.e. F(t) is replaced by /(a;, y), 

i!'"(0) = A« g + 2 A* ^ + F ^, 
^ da^ dxdy ay 

^sSj* 5JV yi*/* J)*/^ 

^' da? d3?dy dxdy' dif' 

and so on. 

Suletituting these results in (E), we get 

(64) fix + M,y + kt) =/(», y) + «(* g + fc g) 

+ 1(^.^ + 2^^ + *. |!^) + .... 

To get f{x -f A, y 4- A), replace ^ by 1 m (64), giving Taylor s 
Theorem for a function of two independent variables^ 



\2\ dx* dxdy dy*/ 



which is the required expansion in powers of h and k. Evidently 
{65) is also adapted to the expansion of f{x 4- A, y -)- A;) in powera 
of X and y by simply interchanging x with h and y with k. Thus, 

(«5a) /(aj + /*,y + A;)=/(/^,*;) + a5g + y^ 



+,i("i+--s+»'^)+ 



12 

Similarly for three variables we shall find 

m f(x + h,y + k,z + D=f{x,y,z) + h^ + k^ + l^ 

^[2\ dx*^ ay* a««^ aaj^j/ 

aajto aya«^ 

and so on for any number of variables. 
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EXAMPLES 



1. Given /(x, y) = Ax^ + Bxy + Cy« ; expand /(JC + A, y + k) in powen of A 
and J^ 

^oZiiiion. '•^r=2Az + By, ^ = 2te + 2Cy; 

The third and higher partial derivatives are all zero. Sahstituting in (65), 
f(x + A, y + *) = ^x« + Bzy + Cy« + (2 -4x + By)* + (Jte + 2 CV)* 
+ Ah^ + BAA + CJfc«. ^na. 

2. Given /(x, y, z) = Ax^ + By« + Cz« ; expand /(x + <i y + m, f + n) in powen 
of {, m, 71. 

5oiirfion. — = 2^x, ^ = 2By, ^ = 2C«; 

ax ay dz 

ax2 ay« az« dxdy dydz dztz 

The third and higher partial derivatives are all zero. Suhstitating in (06), 
/(x + I, y + m, « + n) = -4x« + By« + Cz* + 2 ^x/ + 2 B^ + 2 Czn 
-^AP-\- Bm^ + Cn\ Am. 

3. Given /(x, y) = Vx tan y ; expand f(x + A, y + ik) in powers of h and k. 

4. Given /(x, y, z) = Ax^ ■{■ Bi/^ ■{■ Cifl + Dry + Eyz + Fzx ; expand /(x + A» 
y + itf t-\-l) in powers of A, A;, (. 

162. Maxima and minima of functions of two independent vari- 
ables. The function /(x, y) is said to be a maximum at ar = a, y = 6 
when /(a, ft) is greater than /(a;, y) for all values of x and y in the 
neighborhood of a and (. Similarly /(a, () is said to be a minimum 
&t x = (i, y = b when /(a, i) is less than /{x, y) for all values of x 
and y in the neighborhood of a and b. 

These definitions may be stated in analytical form as follows : 
If, for all values of h and k numerically less than some small 
positive quantity, 

{A) f{a -f A, h-\-k) —/(a, i) = a negative number^ then /(a, 6) is 
a maximum value of /(r, y). If 

(B) f(a 4- A, i -I- i) —/(a, J) = a positive number^ then /(a, 6) is 
a mtmmtim value otf{x, y). 
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These statements may be interpreted geometrically as follows: 
a point F on the surface j., , 

is a maximum point when it is ^^ higher" than all other points on 
the surface in its neighborhood, the coordinate plane XOY being 
assumed horizontal. Similarly P' is a minimum point on the 
surface when it is 
** lower " than all 
other points on the 
surface in its neigh- 
borhood. It is there- 
fore evident that 
all vertical planes 
through F cut the 
surface in curves (as 
AFB or DFE in the 
figure), each of which 
has a maximum ordinate z {=MF) at P. In the same manner 
all vertical planes through P' cut the surface in curves (as BF'C 
or FF'G)^ each of which has a minimum ordinate z {=NF') at P'. 
Also, any contour (as HIJK) cut out of the surface by a horizontal 
plane in the immediate neighborhood of P must be a small closed 
curve. Similarly we have the contour LSRT near the minimum 
point P'. 

It was shown in §§ 93, 94, pp. 117-121, that a necessary con- 
dition that a function of one variable should have a maximum 
or a minimum for a given value of the variable was that its first 
derivative should be zero for the given value of the variable. 
Similarly for a function /(a:, y) of two independent variables, a 
necessary condition that /(a, I) should be a maximum or a minimum 
(i.e. a turning value) is that for a; = a, y = 6, 




Proof. 



^ = 0, 

dx 



= 0. 



Evidently {A) and (B) must hold when A; = 0; that is, 
f(a + h,b)-f{a,l) 
is always negative or always positive for all values of h sufficiently 
small numerically. By §§ 93, 94, a necessary condition for this is 
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that 3-/(^9 b) sliall vaniah for :r = a, or, what amounts' to the same 
ax 

thing, -7-/(2:, y) shall vanish for a: = a, y = i. Similarly (-4) and 

(B) must hold when A = 0, giving as a second necessaiy conditicxi 

that — /(a:, y) shall vanish for 2: = a, y =? i. 
^y 

In order to determine sujficient conditions that /(a, 6) shall he 
a maximum or a minimum it is necessary to proceed to higher 
derivatives. To derive sufficient conditions for all cases is beyond 
the scope of this book.* The following discussion, however, will 
suffice for all the problems given here. 

Expanding f(a + A, 6 -f *) by Taylor's Theorem, (CS), p. 245, 
replacing a: by a and y by 6, we get 

(2>) /(a + A,6 + A)=/(a,6) + A^4-*f^ 

ox cy 



-lOf.^^^^'"?)^*- 



where the partial derivatives are evaluated for z=€^ i/=:b^ and B 
denotes the sum of all the terms not written down. All such 
terms are of a degree higher than the second in h and k. 

Since ^ = and 7^ = 0, from (<7), p. 247, we get, after transpos- 
ex oy 

ing/(a, 6), 

If /(a, 6) is a turning value, the expression on the left-hand 
side of {E) must retain the same sign for all values of A and k suffi- 
ciently small in numerical value, the negative sign for a maximum 
value [(-4), p. 246] and the positive sign for a minimum value 
[(B), p. 246], i.e. /(a, b) will be a maximum or a minimum accord- 
ing as the right-hand side of {E) is negative or positive. Now B 
is of a degree higher than the second in A and k. Hence as A and k 
diminish in numerical value it seems plausible to conclude that the 
numerical value, of R will eventually become and remain le%% than 

• See Cour$ d ^ Analyse^ Vol. I* by C Jordan. 
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the numerical value of the sum of the three terme of the iecond degree 
written doum on the right-hand side of (U).* Then the sign of the 
right-hand side (and therefore also of the left-hand side) will be 
the same as the sign of the expression 

^F) h'^^2hk^-\-k^^- 

^ ' doi? dxoy df 

But from Algebra we know that the quadratic expression 

VA-^2hkC-\-k'B 

always has the same sign as A (or B) when AB — C* > 0. 

Applying this to (-P), A = ~^, B = -^t C = -~-» and we see that 

027 cif dxoy 

{F)j and therefore also the left-hand member of (J?), has the same 



sign 88 g(org) when 



djf dy" \dxdyj 

Hence the following rule for finding maximum and minimum 
Yalues of a function /(;r^ y). 

First step. Solve the simvltaneoue equations 

dx dy 

Second step. Calculate for these values of x and y the value of 

di^ dy" \dxdyj 
Third step. The function will have a 

maximum t/A>0 and -A (or ^)<0; 

minimum »/ A>0 and ^ ('or S)>0; 

neither a maximum nor a minimum tf A < 0. 
The question is undecided t/ A = O.f 

• Peano baa shown that this conclusion does not always hold. See the artiole on " Maxima 
and Minima of Functions of Several Variables,*' by Professor James Pierpont in the BtUltHn 
of the American McUhenuUiccU Society ^ Vol. IV. 

t The discussion of the text merely renders the given rule plausible. The student should 
obserre that the case ^l-O is omitted in the discussion. 



260 DIFFERENTIAL CALCULUS 

The student should notice that this rtde does not necessarily 
give all maximum and minimum values. For a pair of values 
of X and y determined by the first step may cause A to vani^ 
and may lead to a maximum or a minimum or neither. Farther 
investigation is therefore necessaiy for such values. The rule is, 
however, sufficient for solving many important examples. 

The question of maxima and minima of functions of three 
or more independent variables must be left to more advanced 
treatises. 

Ex. 1. Examine the fonction Saxy — sfi - y* for maximam and minfmnm 
▼alues. 

SdutioTL /(x, y) = 8 axy — x* — y*. 

First step. ?^ = 3ay - 8«« = 0, ^ = Sox - 8y» = 0. 

dz By 

Solving these two equations simultaneously, we get 
X = 0, X = a, 

y = 0; y=:o. 

Secondslep, ri = -««» r?- = 3«^ K = ~«y; 

dx^ dxdy ty* 



dx^dy^ \txiy/ 



tz^ dy^ \txty) 

Third step. When x = and y = 0, A = - Oa*, and there can be neither a 
maximum nor a minimum at (0, 0). 

When X = a and y = a, A = + 27 a* ; and since — = - 6a, we have the condi- 

ex* 
tions for a maximam value of the function fulfilled at (a, a). Substituting x = a, 
y = a in the given function, we get its maximum value equal to a*. 

Ex. 2. Divide a into three parts such that their product shall be a maximum. 

Solution, Let X = first part, y = second part ; then a-(x + y) = a-x-y = 
third part, and the function to be examined is 

/(x, y) = xy(a-x-y). 

Fir^ step. ^ = ay - 2xy - y* = 0, ^ = ax - 2xy - x« = 0. 
^z ey 

Solving simultaneously, we get as one pair of values x = ~ ^ y = - .* 

8 8 

Second step. f-^ = -2y, -^ = a - 2x - 2y, ^ = - 2x; 
rx2 dxty '' ty^ 

A = 4xy - (a - 2x - 2 y)2. 

« ;r » 0, y a are not conaidered, ■Ince from the nature of the problem we would then have a 
minimum. 
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Third 9t€p, When a = - and y = ^» A = ^ ; and since — = ?, it \a seen 

8 3 8 &B* 3 

that our product is a maximum when z = x « y = -- Therefore the third part is 

3 3 

also - 1 and the maximum value of the product is — • 
3 *^ 27 



EXAMPLES 

1. Find the maximum value of x* + xy + y' — ox — 5y. Aiis. i (a6 — a* — 6^. 

2. Show that sin x + sin y + co8(x + y) is a minimum when x = y = — > and 

a maximum when x = y = -• 
6 

3. Show that xeif^*'^ff has neither a maximum nor a minimum. 

4. Show that the maximum value of ^°^ "*" ^ "^ ^^ is a« + &« + c«. 

xa + y« + 1 

6. Find the greatest rectangular parallelopiped that can be inscribed in an 
ellipsoid. That is, find the maximum value of 8xyz(= volume) subject to the 
condition ^t y^ j^i ^ 8a&c 

Hint. Let « » dryz, and lubBtltutd the ralue of z twm the equation of the ellipsoid. This gires 

where u is a function of only two variables. 

6. Show that the surface of a rectangular parallelopiped of given volume is 
least when the solid is a cube. 

7. Examine x^ + y* — as> + xy — y^ for maximum and minimum values. 

Ans. Maximum when x = 0, y = ; 

minimum when x = y = db i, and when x = ^y = ±i Vs. 

8. Show that when the radius of the base equals the depth, a steel cylin- 
drical standpipe of a given capacity requires the least amount of material in its 
construction. 

9. Show that the most economical dimensions for a rectangular tank to hold a 
given volume are a square base and a depth equal to one half the side of the base. 

10. The electric time constant of a cylindrical coil of wire is 

mxyz 

u = -^ , 

ox + oy -I- cz 

where x is the mean radius, y is the difference between the internal and external 

Tadil, z is the axial length, and m, a, 5, c are known constants. The volume of 

the coil is nxyz = g. Find the values of x, y, z which make u a minimum if the 

volume of the coil is fixed. tjabcg 

Am. ox = 6y = cz =\/ ' 
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ASYMPTOTES. SDfOULAR PODTTS. CURVE TRACOTG 

163. Rectilinear asymptotes. An a%ymptote to a curve is the 
limiting position* of a tangent whose point of contact moves off 
to an infinite distance from the origin.f 

Thus, in the hyperbola, the asymptote AB is the limiting 
position of the tangent FT as the point of contact P moves off 

to the right to an infinite distance. In 
the case of algebraic curves the follow- 
ing definition is useful: an asymptote is 
the limiting position of a secant as two 
points of intersection of the secant with a 
branch of the curve move off in the same 
direction along that branch to an m&nite 
distance. For example, the asymptote 
AB is the limiting position of the secant 
PQ as P and Q move upwards to an infinite distance. 

164. Asymptotes found by method of limiting intercepts. The 
equation of the tangent to a curve at (2:^, y^ is by (1), p. 89, 




-«/. = -i^(jc-ari). 



First placing y = and solving for x^ and then placing 2;= 
and solving for y, and denoting the intercepts by x^ and y^ 
respectively, we get 

dx. 
x^ = iTj — y^ — i = intercept on OX; 

y, = yi — a^i -—i = intercept an OY. 
dx^ 

• A line that approaches a flxe<l straight line as a limiting position cannot be wholly at 
infinity ; hence it follows that an asymptote must pass within a finite distance of the origin. 
It is evident that a curve which has no infinite branch can have no real asymptote. 

t Or, less precisely, an asymptote to a curve is sometimes defined as a tangent whose point of 
contact is at an infinite distance. 

262 
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Since an asymptote must pass within a finite distance of the 
origin, one or both of these intercepts must approach finite values 
as limits when the point of contact (z^ y^) moves off to an infinite 
distance. If 

limit (z,) = a and limit (y J = J, 

then the equation of the asymptote is found by substituting the 
limiting values a and b in the equation 

- + ? = !• 
a 

If only one of these limits exists, but 

then we have one intercept and the slope given, so that the 
equation of the asymptote is 

y = ww;-fJ or a: = — -fa. 



Ex. 1. Find the asymptotes to the hyperbola -^ ~ ^ = 1- 

Solutum, -^ = — - = ± . and m — "*"" ( -^ ) = ± - . 

dx a'y a \ ^ x = co\(ix/ a 

Also, Xj = — and y,- = ; hence these intercepts are zero when x = y = oo. 

Therefore the asymptotes pass through the origin (see figure on p. 262) and their 
equations are 

y — = ± - (x — 0), or, ay — ±hz. Ans, 

This method is frequently too complicated to be of practical 
use. The most convenient method of determining the asymptotes 
to algebraic curves is given in the next section. 

165. Method for determining asymptotes to algebraic curves. 
Given the algebraic equation in two variables, 

{A) /(:r,y) = 0. 

If this equation when cleared of fractions and radicals is of 
degree n, then it may be arranged according to descending powers 
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of one of the variables, say y, in the form 

For a given value of x^ this equation determines in general n 
values of y. 

Case I. To determine the asymptotes to the curve (B) which are 
parallel to the coordinate axis. Let us first investigate for asymp- 
totes parallel to OF. The equation of any such asymptote is of 
the form 

(C) x = k, 

and it must have two points of intersection with {B) having inJSnite 
ordinates. 

Fir9t. Suppose a is not zero in (B)^ that is, the term in y" is 
present. Then for any finite value of 2^ (B) gives n values of y, 
all finite. Hence all such lines as (C7) will intersect {B) in points 
having finite ordinates, and there are no ast/mptotes parallel to OY. 

Second. Next suppose a = but b and e are not zero. Then we 
know from Algebra that one root (= y) of {B) is infinite for every 
finite value of x; that is, any arbitrary line ((7) intensects (B) at 
only one point having an infinite ordinate. If now in addition 

ix + tf = 0, or, 

then the first two terms in {B) will drop out, and hence two of its 
roots are infinite. That is, (2>) and {B) intersect in two points 
having infinite ordinates, and therefore (2>) is the equation of an 
asymptote to {B) which is parallel to OY. 

Third. If a = J = <? = 0, there are two values of x that make y 
in {B) infinite, namely, those satisfying the equation 

Solving (E)for x, we get two asymptotes parallel to OF, and so 
on in general. 

• For tue in this section the attention of the student In called to the following theoram from 
Algebra : Giyen an algebraic equation of degree n, 

^y* + By"- » + Ci^'«-2+ /)y"-5 + •• =0. 
When A approachee sero, one root (ralue of y) approaches ao. 
When A and B approach zero, two roots approach «. 
When A, B, and C approach sero, three roots approach ao, etc. 
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In the same way, by arranging /(a:, y) according to descending 
powers of x, we may find the asymptotes parallel to OX. Hence 
the following rule for finding the asymptotes parallel to the coor- 
dinate axes : 

First step. Equate to zero the coefficient of the highest power of x 
in the equation. This gives all asymptotes parallel to OX, 

Second step. Equate to zero the coefficient of the highest power of 
y in the equation. This gives all asymptotes parallel to OY. 

Note. Of course if one or both of these coefficients do not 
involve x (or y), they cannot be zero, and there will be no corre- 
sponding asymptote. 

Ex. 1. Find the asymptotes of the curve a?x = y(x — a)*. 

Solution. Arranging the terms according to powers of x, 
yac» - (2ay + a^z + a«y = 0. 

Equating to zero the coefficient of the highest power of x, we get y = as the 
asymptote parallel to OX. In fact the 
asymptote coincides with the axis of x. 
Arranging the terms according to powers 

°^ ^' (X - o)«y - a«x = 0. 

Placing the coefficient of y equal to 
zero, we get x = a twice, showing that 
^B is a double asymptote parallel to OF. 
If this curve is examined for asymptotes 
oblique to the axes by the method explained 
below, it will be seen that there are none, 
asymptotes of the given curve. 




Hence y = and x = a are the only 



Case II. To determine asymptotes oblique to the coordinate axes. 
Given the algebraic equation 

Consider the straight line 

It is required to determine m and k so that the line ((7) shall be 
an asymptote to the curve (F), 

Since an asymptote is the limiting position of a secant as two 
points of intersection on the HfiLUxe branch of the curve move off to 
an infinite distance, if we eliminate y between (F) and ((7), the 
resulting equation in x, namely, 

(H) f(x,mx-^k)=0. 
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must have two infinite roots. But this requires that the coeffi- 
cients of the two highest powers of x shall vanish. Equating these 
coefficients to zero, we get two equations from which the reqoiied 
values of m and k may be determined. Substituting these values 
in {Q) gives the equation of an asymptote. Hence the following 
rule for finding asymptotes oblique to the coSrdinate axes : 

First step. Replace ybtfrnx-^kin the given equation and ej^pand. 

Second step. Arrange the tenm according to descending powers 
of X. 

Third step. Equate to zero the coefficients of the two higher 
powers* of Xj and solve for m and k. 

Fourth step. Substitute these values of m and k in 

yz^mx-^-k. 

This gives the required asymptotes. 



Ex. 2. Examine y* = 2 az< - x* for asymptotes. 

Solution. Since none of the terms involve both x and y, it is evident that there 
are no asymptotes parallel to the coordinate axes. To find the oblique asymptotes, 

eliminate y between the given equation and 

yssmx-^k. This gives 

(mx + *)« = 2ax«-z«; 

and arranging the terms in powers of x, 

(1 + m«)x« + (3 ma* - 2a)x« + Sk*mz + 1:" = 0. 

Placing the first two coefficients equal to zero, 

1 + m* = and Sm^k - 2a = 0. 

2a 
Solving, wegetm = — 1,1:=— • Substitnting 

^ 2a 
in 2^ = mx + 1:, we have y = ~ x + — » the equa- 
tion of asymptote AB, 
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Examine the first eight curves for asymptotes by the method of g 164, and the 
remaining ones by the method of § 165. 

1. y = c*. Ana. y = 0. 2. y = c-*". Ans. y = 0. 



• If the term ioTolTlng ar"'^ Is miMing, or if the VAlae of m ohtained by placing the fir*t 
ooefflclent equal to zero causes the second ooefflclent to vanish, then hy placing the ooefficfents 
of «" and x"~S equal to sero we obtain two equations from which the values of m and k may be 
found. In this case we shall in general obtain two L'*% for each m, that is, pairs of parallel obUqne 
asymptotes. Similarly, if the term In x"-^ is also missing, each value of m fumiahes three 
parallel oblique asymptotes, and so on. 



3. 


V 


= logx. 


4. 


y 


=(-i)- 


6. 


V 


= tanx. 


6. 


V 


1 
= <*-!. 
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Ana. X = 0. 

n being any odd integer, x = — . 

X = 0, y = 0. 

7. y» = 6x« + x«. y = x + 2. 

8. Show that the parabola has no asymptotes. 

9. y> = a>-x>. y + x = 0. 

10. The cisBoid y> = x = 2r. 

2r-x 

11. y^a = y%B + x«. x = a. 

12. »a(a^ + l) = x«(x«-l). y=±x. 

13. y«(x-2a) = x"-a«. x = 2a, y = ± (x + a). 

14. xV = a«(x« + y«). « = ± a, y = ± a. 

15. y(x«-36x + 26») = x*-3ax«-fa». x = 6, x = 26, y + 3a = x + 36. 

16. y-c-\- ^ ' y = c, X = 6. 

(X - 6)« 

17. The folium x« + y«- 3 axy = 0. y4-x4-a = 0. 

18. The witch x«y = 4a*(2a-y). y = 0. 

19. xy« + x'y = fl^. x = 0, y = 0, x + y = 0. 

20. x« + 2x*y-xy*-2y» + 4y« + 2xy + y = 1. 

x4-2y = 0, x4-y = l, x--y = -l. 

166. Asymptotes in polar coordinates. Let /(/>, 9) = be the 
equation of the curve FQ having the asymptote CD, As the 
asymptote must pass within a finite 
distance (as OE) of the origin, and the 
point of contact is at an infinite dis- ^ 

tance, it is evident that the radius o^ c""^ ^^"""^ ^ 

vector OF drawn to the point of contact 

is parallel to the asymptote, and the 

subtangent OE is perpendicular to it. Or, more precisely, the 

distance of the asymptote from the origin is the limiting value of 

the polar subtangent as the point of contact moves off an infinite 

distance. 
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To determine the asymptotes to a polar cttrye, proceed as follows: 
First step. Find from the equation of the curve the values of 6 

which make p = oo.* These values of 6 give the directions of th. 

asymptotes. 

Second step. Find the limit of the polar subtangent 

P*^, (7), p. 99 

as approaches each such valtie^ remembering that p approaches ac 
at the same time. 

Third step. If the limiting value of the polar suhtangent is finite^ 
there is d corresponding asymptote at that distance from the origin 
and parallel to the radius vector drawn to the point of cofUaet. 
When this limit is positive the asymptote is to the rights and when 
negative^ to the left of the origin^ looking in the direction of the infinite 
radius vector. 




1. Examine the hyperbolic spiral p = - f or aBymptotes. 

Solution. When tf = 0, p = co. Also — = * hence 

ed tf« 

Suhtangent = p«-- = — . = — o. 

dp 0* a* 

.-. I'^^l [p« J] = - o, which is finite. 

7 It happenB in this case that the suhtangent is the 
same for all values of 0, The curve has therefore an 
asymptote BC parallel to the initial line OA and at a distance a above it 

Examine the following curves for asymptotes. 

2. pcostf = acos2tf. 

Ans. There is an asymptote perpendicular to the initial line at a distance a 
to the left of the origin. 

3. p = a tan tf. 

Ans, There are two asymptotes perpendicular to the initial line and at a dis- 
tance a from the origin, on either side of it. 

4. The lituus p^ = a. Ans, The initial line. 

• If the equation can be written as a polynomial In p, these raluee of B may be found by 
equating to sero the ooeffleient of the highest power of x (see footnote, p. 264). 
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5. p = aseo2tf. 

Ans, There are four asymptotes at the same distance ^ from the origin, and 
inclined 46<> to the initial line. ^ 

& {p^a)eine = b. 

Am, There is an asymptote parallel to the initial line at the distance b 
aboTe it 

7. p = a(8ec2tf + tan29). 

Am. There are two asymptotes parallel to = -« at the distance a on each 
side of the origin. 

8. Show that the initial line is an asymptote to two branches of the curve 
f^ sin tf = a' cos 2 9. 

9. Faral)olap = ; -. Am, There is no asymptote. 

167. Singular points. Given a curve whose equation is 

/(^y)=o. 

Any point on the curve for which 

dx dy 

is called a ringular point of the curve. All other points are called 
ordinary points of the curve. Since by (55 a); p. 202, we have 

dy 2^ 

«y 

it is evident that at a singular point the direction of the curve 

(or tangent) is indeterminate, for the slope takes the form -- In 

the next section it will be shown how tangents at such points may 
be found. 

168. Determination of the tangent to an algebraic curve at a given 
point by inspection. If we transform the given equation to a new 
set of parallel coordinate axes having as origin the point in ques- 
tion on the curve, we know that the new equation will have no 
constant term. Hence it may be written in the form 

(A) fix, y)= ax + 6y -h(ca^ 4- dxy 4- ef) 
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The equation of a tangent to the curve at the given point (now 
the origin) will be 



(B) 



y = (l)^' By (I), p. 89 



Let y=imx (by 54 (c), p. 8) be the equation of a line through 
the origin and a second point P on the locus of {A). If then F 
approaches along the curve, we have from {B) 

(0) limit m = ^. 

ax 

Let be an ordinary poiifb. Then, by § 167, a and b do not 
both vanish since at (0, 0), from (^), 

dx dy 

Replace y in {A) by mx^ divide out the factor x^ and let x 
approach zero as a limit. Then {A) will become* 

a -f 6m = 0. 

Hence we have from {B) and (C) 

oj: 4- iy = 0, 

the equation of the tangent. The left-hand member is seen to 
consist of the terms of the first degree in (A). 

When is not an ordinary point we have a = i = 0. Assume 
that c, <I, e do not all vanish. Then proceeding as before (except 
that we divide out the factor 2:*), we find, after letting x approach 
the limit zero, that {A) becomes 

c -f dm -f- em? =0, 
or, from (C), 

<^ -"(D-d)'-"- 

* After diriding l)y x an Algebraic equation in m remalna whose ooefBcients are functions of x. 
If now X approaches zero as a limit, the theorem holds that one root of this equation in m will 
approach the limit -a-^ 6. 
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Substituting from {B)^ we see that 

is the equation of the pair of tangents at the origin. The left- 
hand member is seen to consist of the temofs of the second degree 
in (A). Such a singular point of the curve is called a dovhle point 
from the fact that there are two tangents to the curve at that 
point. 

Since at (0, 0), from (-A), 

^-2c ^-d. ^-2e 
it is evident that (2>) may be written in the form 

^^ d^^ dxdy\dxydf\dx) 

In the same manner, if 

there is a triple point at the origin, the equation of the three tan- 
gents being 

f^-^tg^y + Aay* -h iy* = 0. 

And so on in general. 

If we wish to investigate the appearance of a curve at a given 
point, it is of fundamental importance to solve the tangent prob- 
lem for that point. The above results indicate that this can be 
done hy simple inspection after we have transformed the origin to 
that point. 

Hence we have the following rule for finding the tangents at a 
given point. 

First step. Transform the origin to the point in question. 

Second step. Arrange the terms of the resulting equation accord- 
ing to ascending powers of x and y. 

Third step. Set the group of terms of lowest degree equal Uf zero. 
This gives the equation of the tangents at the point (origin). 
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Ex. 1. Find the equation of the tangent to the 

elliMe 

*^ 6a5a + 6y« + 2xy-12x-12y = 

at the origin. 

SoluUon, Placing the terms of lowest (first) degree 

equal to zero, we get 

-12x-12y = 0, 

or, X + y = 0, 

which is then the equation of the tangent PT at the 
origin. 

Ex. 2. Examine the curre 8aB*-xy-2y3 + z*--8y*s0for tangents at the 
origin. 

SolutUm. Placing the terms of lowest (second) 
degree equal to zero, 

3aB«-«y-2y« = 0, 
or, (x-y)(8a; + 2y) = 0, 

X — y ss being the equation of the tangent AB^ 
and 8x + 2y=:0the equation of the tangent CD. 
The origin 'is, then, a double point of the curve. 

Since ihe roots of the quadratic equation (F)^ p. 261, namely, 

ay» \dxj ^ dxdy \dx) ^ d^ ' 
may be real and unequal, real and equal, or imaginaiy, there are 
three cases of double points to be considered, according as 

^ ^ \dxdy) dJ?df 

is positive, zero, or negative (see 8, p. 1). 

169. Nodes. T-^^V - ?y ?y >0. 

In this case there are two real and unequal values of the slope 

[ = -^ j found from (jP), so that we have two distinct real tangents 

to the curve at the singular point in question. This means that 
the curve passes through the point in two different directions, or, 
in other words, two branches of the curve cross at this point 
Such a singrular point we call a real double point of the curve, or a 
node. Hence the conditions to be satisfied at a node are 

,^.»,.o.g...g...(^)'-gg>a 
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Ex. 1. Ezamine the lemniscate y* = x* — x< for singiilar points. 
SohOion. Here /(x, y) = y« - a;? + x« = 0. 

Also, . ^ = -2x + 4x« = 0, ^ = 2y = 0. 

dz by 

The point (0, 0) is a singular point since its codrdinates satisfy the above three 
equations. We have at (0, 0), 

^ = -2 ^^0 ^ = 2 

\dtdy) dz^ty^ ' 

and the origin is a double point (node) through which 

two branches of the curve pass in different directions. By placing the terms of the 

lowest (second) degree equal to zero we get 

y* — «* = 0, or y = « and y = — x, 

the equations of the two tangents AB and CD at the singular point or node (0, 0). 

\dxdy/ dx* dy* 

In this case there are two real and equal values of the slope 
found from {F)^ hence there are two coincident tangents. This 
means that the two branches of the curve wliich pass through the 
point are tangent. When the curve recedes from the tangent in 
both directions from the point of tangency, the singular point is 
called a point of osculatian ; if it recedes from the point of tangency 
in one direction only, it is called a cusp. There are two kinds 
of cusps. 

^trs^ kind. When the two branches lie on opposite sides of 
the common tangent. 

Second kind. When the two branches lie on the same side of 
the common tangent.* 

The following examples illustrate how we may determine the 
nature of singular points coming under this head. 

Ex. 1. Examine oV = ^^ — ^ ^ot singular points. 
Solution. Here /(«, y) = a^j/^ - a^x* + aJ« = 0, 

^=-4a»r« + 6x6 = 0, ^ = 2a*y = 0, 
dx ty 

* Meaning In the neighborhood of the singular point. 



264 



DIFFERENTIAL CALCULUS 



and (0, 0) is a singular point since it satisfies the abore three eqnatt o nw. 
(0, 0) we have 

^^ ^^ ^ = 0.-^ = 0. ^ = 2«.. 



AlK>,«l 



ays 



bxdy 
\bxDyf asB«5y« ' 



and since the curve is symmetrical with respect to OF, 
the origin is a point of osculation. Placing tbe terms of 

lowest (second) degree equal to zero, we get y^ = 0, showing that the two oonunon 

tangents coincide with OX. 

Ex. 2. Examine y* = x* for singular points. 
Solution. Here /(x, y) = y« - x« = 0, 

^■^ = -3x« = 0, ^ = 2y = 0, 

dz «y 

showing that (0, 0) is a singular point Also, at (0, 0) we have 

:0. 



ex2 dxdy ay« \dxdy/ dx^ dy^ 




This is not a point of osculation, however, for if we solve the 
given equation for y, we get 

y = ±V5, 

which shows that the curve extends to the right only of OT, for negative values of 
X make y imaginary. The orighi is therefore a cusp, and since the branches lie 
on opposite sides of the common tangent it is a cusp of the first kind. Placing the 
terms of lowest (second) degree equal to zero, we get y^ = 0, showing that the two 
common tangents coincide with OX, 



Ex. 3. Examine (y • 




X*)* = X* for singular points. 

Solution. Proceeding as in the last example, we 
find a cusp at (0, 0), the common tangents to the two 
branches coinciding with OX. Solving for y, 

y = x^ ± x*. 

If we let X take on any value between and 1, 
y takes on two different positive values, showing that 
in the vicinity of the origin both branches lie above 
the common tangent. Hence the singular point (0, 0) 
is a cusp of the second kind. 



17L Conjugate or Isolated points. 






In this case the values of the slope found from (B) are imagi- 
nary. Hence there are no real tangents; the singular point is 
the real intersection of imaginary branches of the curve, and the 
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c^oordinates of no other real point in the immediate vicinity satisfy 
^lie equation of the curve. Such an isolated point is called a 
conjugate point. 



Ex. 1. Examine the curve y> = x* — 2i> for singular points. 

Solution, Here (0, 0) is found to be a singular point of the curve 

at which — = ± V— 1.' Hence the origin is a conjugate point. Solv- 
dx 

ing the equation for y, 

y = ±x Vx-1. 

This shows clearly that the origin is an isolated point of the curve, 
for no values of x between and 1 give real values of y. 



172. Transcendental singularities. A curve whose equation in- 
volves transcendental functions is called a transcendental curve. 
Such a curve may have an end pointy at which it terminates abruptly, 
caused by a discontinuity in the function ; or a salient point at 
which two branches of the curve terminate without having a 
common tangent, caused by a discontinuity in the derivative. 



Ex. 1. Show that y = x logx has an end point at 
the origin. 

8oluti4m. X cannot be negative since negative num- 
bers have no logarithms ; hence the curve extends only 
to the right of OY. When x = 0, y = 0. There being 
only one value of y for each positive value of x, the curve 
consists of a single branch terminating at the origin, 
which is therefore an end point. 




Ex. 2. Show that y = 



SolvUon, Here 



-J has a salient point at the origin. 

dy_ 1 
dx 



1 



1 + c* x(l + e*)^ 





If X is positive and approaches zero as a limit, 
we have ultimately 

y = and ^ = 0. 
dx 

If X is negative and approaches zero as a limit, we get ultimately 

y = and ^^ = 1. . 
ox 

Hence at the origin two branches meet, one having OX as its tangent 
other, ABj making an angle of 46^ with OX. 



and the 
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1. 8howthaty^ = 2aBS + x*hManodeftttheorigiii,thealopeeof the 
being ± V2. 

2. Show that the origin is a node of y*(tf* + o^ = aB*(a* - x^, and that thm 
tangento bisect the angles between the axes. 

3. Prove that (a, 0) is a node of y> = x{x — a)', and that the slopes of the 
tangents are ± Va. 

4. Prove that a V — 2 ote^ — x* = has a point of osculation at the orighi. 

5. Show that the curve y* = x* + x* has a point of osculation at the origin. 

z* 

6. Show that the cissoid y* = has a cusp of the first kind at the origin. 

2a — X 

7. Show that y> = 2 ox^ — x> has a cusp of the first kind at the origin. 

8. In the curve {y — x^)< = x« show that the origin is a cusp of the first or 
second kind according as n is < or > 4. 

9. Prove that the curve x* — 2 ox^ — axy* + aV* = has a cusp of the second 
kind at the origin. 

10. Show that the orighi is a conjugate point on the curve y^ (x< — a*) = x*. 

11. Show that the curve y^ = x (a + x)* has a conjugate point at (— a, 0). 

12. Show that the origin is a conjugate point on the curve ay* — x* + 62^ = 
when a and b have the same sign, and a node when they have opposite aigno. 

13. Show that the curve x* + 2 az*y - a^ = hss a triple point at the origin, 
and that the slopes of the tangents are 0, + v^* and — V2. 

14. Show that the points of intersection of the curve (-\ +(^) =^ ^^ ^^ 
axes are cusps of the first kind. ^ 

16. Show that no curve of the second or third degree in x and y can have a cusp 
of the second kind. 

16. Show that y = e* has an end point at the origin. 

17. Show that y = x arc tan - has a salient point at the origin, the slopes of the 

w ^ 

tangents being ± - • 
2 

173. Curve tracing. The elementary method of tracing (or 
plotting) a curve whose equation is given in rectangrular coordi- 
nates, and one with which the student is already familiar, is to 
solve its equation for y (or x)^ assume arbitrary values of x (or y), 
calculate the corresponding values of y (or x)^ plot the respective 
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points, and draw a smooth curve through them, the result being 
c^n approximation to the required curve. This process is laborious 
Wkt best, and in case the equation of the curve is of a degree higher 
^han the second, the solved form of such an equation may be unsuit- 
able for the purpose of computation, or else it may fail altogether, 
since it is not always possible to solve the equation for y or x. 

The general form of a curve is usually all that is desired, and 
very often we care to examine the curve in the neighborhood of a 
certain point only. To attain this object it is as a rule only neces- 
sary to determine some of the important points, lines, and proper- 
ties of the curve as enumerated below. 

No rules for tracing a curve can be given that will apply in all 
cases, but the student will find it to his advantage to use the fol- 
lowing general directions as a guide and to study carefully the 
examples that are worked out in detail. 

174. General directions for tracing a curve whose equation is given 
in rectangular coordinates. 

1. JSxamine the curve for symmetry. 

(a) If the equation is unchanged when y is replaced by — y, 
the curve is symmetrical with respect to OX. 

(b) If the equation is unchanged when x is replaced by — 2:, 
the curve is symmetrical with respect to OF. 

(c) If the equation is unchanged when x is replaced by — 2:, 
and y by — y, the curve is symmetrical with respect to the origin 
which is also the center of the curve. \ 

2. Examine the curve for important points. 

(d) If the equation is satisfied by a; = 0, y = 0, the curve 
passes through the origin. 

(e) Placing a? = and solving for y gives the intercepts on 
OY. Placing y = and solving for x gives the intercepts on OX. 

(f) Find --^; this gives the direction of the curve at any point 

ax 

and serves to locate maximum and minimum points (§ 94, p. 120). 

(g) Find 3-^; this gives the direction of curvature at any 

oar 

point and serves to find the points of inflection (§ 98, p. 137). 
(h) Examine the curve for singular points (p. 269), 
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8. (i) Uxamine the curve for a%ymptote9 (§§ 164, 165, p. 252). 

Determine on which side of each asymptote the correspondiiig 
infinite branch lies. 

4. (j) Locate additi(mal poinU on the curve. If possible, cozn- 
pute a sufficient number of points on the curve by the elementaxy 
method (§ 173, p. 266) to give a fair idea of the locus, and aketcli 
the curve through the points. 

Ex. 1. Trace the curve y> = a^. 

Solution. Let lu examine the cnire in the above order. 

(a) The curve is symmetrical with respect to OX, 

(b) The curve ie not symmetrical with respect to OT, 

(c) The curve is not symmetrical with respect to the origin. 

(d) It passes through the origin. 

. (e) Its intercepts on the axes are both zero. 
dy 32^ 




« ^=^y 



showing that above OX the curve always has a 

positive slope, and below OX a negative slope. 

It has no maximum or minimum points. 

cPv 3 

(g) —^ = ± — — ; hence above OX the curve is concave up- 



There are no points 



wards and below OX concave downwards, 
of inflection. 

(h) The curve has a cusp of the first kind at the origin, the 
common tangent coinciding with OX, 
(i) There are no asymptotes. 
Q) y = ± '>^i hence the curve does not extend to the left of OT^ since n^^ 
tive values of x make y imaginary. When x = ao, y = ± od, showing that there are 
two infinite branches, one on each side of OX, Plotting a number of points and 
sketching in the curve, we get the semicubical parabola shown in the figure. 

Ex. 2. Trace the curve y« = 2 ax* — x*. 

SolutUm, This curve is found to be not symmetrical with respect to either axis 
or the origin, but it passes through the origin and in addition has the intercept 2 a 

o"^^-^- dy_4ax-3x^ 

dx" 



hence when x = -— - 

ordinate ) a v4. 

dPy 



3ya ' 
the curve has the maximum 



8aa 



9x*(2a-x)*' 
hence z = 2a ^ves a point of inflection on OX, 
to the left of which the curve is concave down- 
wards and to the right concave upwards. The 
curve has a cusp of the first kind at the origin, 
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^tJie common tangent coinciding with OT, The only asymptote is {AB in figure) 

«4-y = Jo, 

^^^hich lies to the right of the infinite branch in the second quadrant and to the left 

of the infinite branch in the fourth quadrant. From y = V2 aafi — z* we plot addi- 
tional points and draw the curve shown in the figure. 

175. Tracing of curves given by equations In polar coSrdlnates. 
The rudimentary method is to solve the equation for p when pos- 
sible, assume values for 0^ calculate the corresponding values of /d, 
plot the points thus found, and draw a curve through them.* 
This work may be facilitated by examining the curve for asymp- 
totes and by noting the values of which make p a maximum or 
a minimum. 



Ex. 1. Trace the curve p = 10 sin 2 0. 

Solution, Tabulating the corresponding value of $ and p for every 15^ (see table, 

p. 4), we have 

^ ' P=10sin2^. 

p is a maximum when sin 2 is a maximum, and 
this occurs when sin. 2^ = 1, or = 46°, 226% etc. 
This maximum value of p is then 10. 

p is a minimum when sin 2 is a minimum, i.e. 
when shi20 = -lor0= 136°, 816°, etc. Hence the 



e 


sin20 


P 


0° 





. 


16° 


.60 


6.0 


80° 


.87 


8.7 


46° 


1.00 


10.0 


60° 


.87 


8.7 


76° 


.60 


6.0 


90° 








106° 


- .60 


- 6.0 


120° 


- .87 


- 8.7 


186° 


-1.00 


-10.0 


160° 


- .87 


- 8.7 


166° 


- .60 


- 6.0 


180° 








196° 


.60 


6.0 


210° 


.87 


8.7 


226° 


1.00 


10.0 


240° 


.87 


8.7 


266° 


.60 


6.0 


270° 








286° 


- .60 


- 6.0 


800° 


- .87 


- 8.7 


816° 


-1.00 


-10.0 


330° 


- .87 


- 8.7 


348° 


- .60 


- 6.0 


360° 










minhnum value of p is -10. When = 0, 180°, 
etc., p = 0. If we in addition remember that sin 2 
is a periodic continuous function of 0, it is not neces- 
sary to tabulate many values of and p. The curve 
consists of four loops, as shown in the figure, and 
it is for this reason sometimes called a four-leaved 
rose. 



" The author has designed plotting paper for polar coordinates on which concentric circles 
and radial lines are drawn in faint blue ink. This paper is desirable for the rapid and accurate 
plotting of polar ourres. Published by the Yale Codperatire Corporation, New Haven, Conn. 
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Trace the following coryes. 

1. y«(2a-x) = a^. 11. y = fins. 

2. (x«4-4a«)y = 8a«. 12. y^tanx. 

3. oy« = ««-te«. 13. x»(y-a) = a>— «jf*. 

4. (y - x)« = x». 14. x« - 2ax«y - oxy* + aV = 

6. x> + y> = a>. 16. (ae« -f y«)« = a«(x« — y«)- 
e. a^ = (6»-y«)(a + y)«. 16. p = acos2tf. 

7. y = logx. 17. /» = a8in3tf. 

8. y = e-**. 18. p = a(l-coB^. 

9. y = |(e^+e-5- !»• P = asln»J. 

10. y=(x»-l)« 20. p = a8ec«?. 

3 
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APPLICATIONS TO GEOMETRY OF SPACE 



A«.y4Ay.s-i-Ax 



176. Tangent line and normal plane to a skew curve whose equa- 
tions are given in parametric form. The student is already familiar 
^^^ith the parametric representation of a plane curve. To extend 
t^his notion U> curves in space, let the coordinates of any point 
(a\ y, z) on a skew curve be given as functions of some fourth 
variable tj thus, 

(A) x^^{t), y = ^(t), z = x(f)' 

The elimination of the parameter t between these equations two 
by two gives the projecting cylinders ^ 
of the curve on the coordinate planes. 

Let the point P (3:, y, z) correspond 
to the value t of the parameter, and 
the point P' {x -f Aa;, y -f Ay, z -f A«) 
correspond to the value t + At; Ar, 
Ay, A? being the increments of x^ y, z 
due to the increment A^ as found 
from equations {A), From Analytic 
Geometry we know that the direction 
cosine^ of the secant (diagonal) PF* are proportional to 

Aa;, Ay, Az; 
or, dividing through by. A< and denoting the direction angles of 

the secant by a\ fi\ 7', 

, ^, , ZLr Ay A? 

cos a' : cos p' : cos 7' : : -r- : -7T • T7' 

At At At 

Now let P' approach P along the curve. Then At, and therefore 

also Aa;, Ay, Aaf, will approach zero as a limit, the secant FP' will 

approach the tangent line to the curve at P as a limiting position, 

and we shall have 

dx ay dz 

Tt''li''dt 
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^ UJD uy u* 

cos a : COS p : COS 7 :: — :•—: -5-1 
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where a, )3, 7 are the direction angles of the tangent (or cnrre) 
at P. Hence the equations of the tangent line to the curve 

at the point (2;, y, z) are given by 



W) 



X — 05 I" — y z — « 

■MM— aw ^S •— — *■ SS I I Z 

€iag €fy €fg 

<ie lie <ie 



aiiJ £A€ tfjuo^ion of the normal plane^ i.e. the plane passing through 
(x, y, z) perpendictUar to the tangent^ is 



m 



g(X-a.) + f(r-y) + f(Z-;r)=0, 



JT, Yj Z being the variable coordinates. 

Ex. 1. Find the equatloiiB of the tangent and the equation of the normal plane 
to the helix* {$ being the parameter), 

fz = acoe^^ 
•j y = aslntf, 

(a) at any point ; (b) when $ = 2r. 



Solution, 



dz , dy 4ff 

= -a8in« = -y, ^ = oco8t = «, ^ = ^. 



d$ ''09 

Suheiitating in (67) and (68), we get at («, y, z), 

X-x T-y Z-z ^ ^,, 

= ^ = — ; — , tangent line; 

— y X 5 

and - y(X - x) -f «(F~ y) -f 6(Z - «) = 0, 
normal plane. 

When 9=2 r, the point of contact ia (a, 0, 2 &r), 

P^°8 X-g ^ r-0 ^ Z~25r 

- a - 6 ' 

or, X = a, 6F=aZ-2a6r, 

the equations of the tangent line ; and 
ar4-6Z-26air = 0, 

the equation of the normal plane. 



• The helix may be defined m a oonre traced on a right cironlar oyllnder so ai to eat all the 
elementa at the same angle. 

Take OZ as the axle of the cylinder and the point of itartlng in OX at /V Let ai-radini of 
base of cylinder and 0«> angle of rotation. By definition, 

.-—^ -a— sir (const.), or, s-ioM. 

LetaJb-ifr; then«*-M. Also, y»ify »asln9,je "Oif- a cot a 
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177. Tangent plane to a surface. A straight line is said to be 
tangent to a surface at a point P if it is the limiting position of a 
secant through P and a neighboring point P' on the surface, when 
jP' is made to approach P along the surface. We now proceed to 
establish a theorem of fundamental importance. 

Theorem. All tangent lines to a surface at a given point * lie in 
general in a plane called the tangent plane at that point, 

Proof Let 

{A) F{x,g,z)=.0 

be the equation of the given surface, and let P(xj y, z) be the given 
point on the surface. If now P' be made to approach P along a 
curve C lying on the surface and passing through P and P\ then 
evidently the secant PP* approaches the position of a tangent .to 
the curve C at P. Now let the equations of the curve C be 

(B) x^4>{t),y^^{t), z = x{t)' 

Then the equation (A) must be satisfied identically by these 
values, and since the total differential of (A) when x^ y, z are 
defined by {B) must vanish, we have 

^ dFdx dFdv dF dz ^ ^^^ 

This equation shows that the tangent line to C, whose direction 
cosines are proportional to 

— , ^, — , p. 271 

dt dt dt 

is perpendicular f to a line whose direction cosines are determined 

by the ratios 

dF dF dF 

^__ • ^_ • * 

dx' dy' dz* 
and since C is any curve on the surface through P, it follows at 

• Hie point in quef tion is aai umed to be an ordinary (non-flingular) point of the anrf aoe, i.e. 

I?, 1^, I? are not all aero at the point. 
ox 0)1 oz 

t From Solid Analytic Geometry we know that if two linea haying the direction cotinea 
cofox, OM/li, oofyi and cot a,, ooa |8„ cob ys ^i^ perpendicular, then 

eoi oi oof a, + cos /Si cot /^ + cos Yi c<M y,-0. 
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once, if we replace the point P{x^ y, z) by P^ (a?,, y^, z^)^ that all 
tangent lines to the surface at P| lie in the plane* 

which is then the formula for finding the equation of a plane tangefd 
at (Zj, yj, «i) to a furface whoM equation is given in the form 

F{x,y,z) = 0. 

In case the equation of the surface is given in the f onn z =f{j^ y)y let 

(2>) F{x,g,z)=f(x,g)^z=.0. 

^, dF df dz dF df dz dF . 

Inen --- = ■-- = -—, --— = —- = •--, —- = --1. 

dx dx dx oy dy dy dz 

If we evaluate these at (z^ y^ z^ and substitute in (w), we get 
(10) ^(a;-xi) + ^(y-yi)-{«-»i) = 0, 

which is then the formula for finding the equation of a plane tangent 
at (i?!, yi, «j) to a wurface whose equation is given in the form z=f(x^ y). 

In § 137, p. 200, we foand (53), the total differential of a function u (or z) of x 
and y, namely, 

dx dy 

We have now a means of interpreting this result geometrically. For the tangent 
plane to the surface z =/(x, y) at (x, y, z) is, from (70), 

(F) Z-z = |(X-x) + g(r-y), 

X, r, Z denoting the variable co(irdinate8 of any point on the plane. If we 

substitute 

in (F), there results 

Comparing {E) and ((?), we get 

(H) dz-Z-^z, Hence 

• The direction oosinet of the normal to tlie plane (SB) are proportiotial to -r-^ t -^ f -r-^ • 

cxi cyt czi 
Hence from Analytic Geometry we see that (C) I* the condition that the tangents whose diree- 
tion cosines are cos a, cos ^, cosy are perpendicular to the normal; l.e. the tangents most lie in 
the plane. 

t In agreement with our former practice, 

pfi dFi dF^ dzi dzi . 

dxx tyi dzi bx-i dy^ 
denote the ralues of the partial derlratires at the point (xj, y^, 24). 



subeUtuto . x = x + <te and r=» + <Jy 
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Theorem. The total differential of a function /{x, y) corresponding to the incre- 
ments dx and dy equals the corresponding increment of the z coordinate of the tangent 
plane to the surface z =f(x^ y). 



P\XA\2) 




ThoB, in the figure, PP" is Ae plane tangent to surface PQ at P(z, y^ z). 
Let AB = dx and CD = dy; 

then dz = Z-z = DP- DE = EP", 

178. Normal line to a surface. The normal line to a surface at 
a given point is the line passing through the point perpendicular 
to the tangent plane to the surface at that point. 

The direction cosines of any line perpendicular to the tangent 
plane (W) are proportional to 

dJF\ dF\ dj\ 
dx^ dy^ dz^ 

^* ' dFx dFi dFi 

dxi dpi dzi 

are the equations of the normal line * to the surface F{x^ y^ z) = at 

(^v Vv «i)- 
Similarly, from (70), 

are the equations of the normal line* to the surface zz=if(x, y) at 

• See footnote, p. 274. 
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EXAMPLES 



1. Find the equation of the tangent plane and the equations of the normal line 
to the sphere x* 4- y' + 2* = 14 at the point (1, 2, 3). 

SokUion. Let F(x, y, «) = x« + y« + s» - 14 ; 

then ^=2x, ^=2y, ?^- = 2«; xi = 1, yi = 2. «x = 3. 

dx ' By tz 

• ?^ =s 2 ^^ = 4 -^ = 6 

" axi ' ayi 'ail 

SuhsUtuUng in (60), 2(x - 1) + 4(y- 2) + 6(«-3), or, x + 2y+3s = 14, the 
tangent plane. 

SuhsUtuUng in (71), 5-=^ = ^-^ = ^-?, 

2 4 

giving z = Sx and 22 = 3y, equations of the normal line. 

2. Find the equation of the tangent plane and the equations of the normal line to 

the ellipsoid 4xS + 9y^ 4- d6t< = 86, at pohit of contact where x = 2, y =: 1, and z 

is positive. AnB, Tangent pUne, 8(x - 2) -f 9(y - 1) + 6 Vu{z - J Vll) = 0, 

,,, x-2 y-1 «*-jVll 
normal line, — -— = ^-—— = — --^7=— 
8 9 6V11 

3. Find the equation of the tangent plane to the elliptic paraboloid s =: 2 x* 4* 4 y* 
at the point (2, 1, 12). Am. 8x + 3y-s = 12. 

4. Find the equations of the normal line to the hyperholoid of one sheet 
X« - 4y« + 2«« = 6 at (2, 2, 8). An». y + 4x = 10, 3x - « = 3. 

5. Find the equation of the tangent plane to the hyperholoid of two sheets 
^-^-^ = lat(xx,y„fx). AnB. _-_-_ = l. 

6. Find the equation of the tangent plane at the point (Xi, yi, Xi) on the surface 
ox* + 6y* + cz* + d = 0. An». ax\x 4- hyiy 4- c«iz 4- d = 0. 

7. Show that the equation of the plane tangent to the sphere 

x« 4- y* 4- «• 4- 2Lx 4- 21fy 4- 2 JVz 4- D = 
at the point (xi, yi, zi) is 

xix 4- yiy 4- ziz 4- i (« 4- xi) 4- If (y 4- yi) 4- N(z 4- Zi) 4- 2> = 0. 

8. Find the equation of the tangent plane at any point of the surface 

X* 4- y' 4- z* t=: a', 

and show that the sum of the squares of the intercepts on the axes made by the 
tangent plane is constant. 

9. Prove that the tetrahedron formed by the coordinate planes and any tangent 
plane to the surface zyz = a' is of constant volume. 



APPLICATIONS TO GEOMETRY OP SPACE 



277 



179. Another form of the equations of the tangent line to a skew 
cxixve. If the curve in question be the curve of intersection AB 
o£ the two surfaces F(xj y, 2) = 
a.xxd G (a:, y, z) = 0, the tangent line 

-?*:T at P(2rj, yj, gj) is the intersection 

of the tangent planes CD and CE at 

that point, for it is also tangent to 

l>oth surfaces and hence must lie in 

lx>th tangent planes. The equations 

of the two tangent planes at F are, 

from (W), 




(W) 



'ir<— >+l^<^-^^>+S<^-^^=^' 



oxi apt 



'~yi) + |^(»-«i) = 0. 



Taken simultaneously, the equations (13) are the eqtuitians of 
the tangent line FT to the skew curve AB. Equations (18) in more 
compact form are 



(U) 



X — Xi 



dFidCh, OFxdGi 



^1 dzi . dzi dyi 

or, using determinants, 



OFxdGi 
dzi dxi 



v-v^ 



Z'-Zi 



dxx dzi 



dFidGi 
dxi dpi 



dFidGi 
dpi dxi 



«5) 



_ y-yi _ 



« — »i 



dFi dFx 




dFx dFx 

dzx dxx 
dOxdCh. 




dFx dFx 
dxx dpx 
dGxdGx 
dxx dpx 


dpi dzi 


dpx dzi 


dzx dxx 



180. Another form of the equation of the normal plane to a skew 
curve. The normal plane to a skew curve at a given point has 
akeady been defined as the plane passing through that point per- 
pendicular to the tangent line to the curve at that point. Thus, 
in the above figure, PHI is the normal plane to the curve AB at P. 
Since this plane is perpendicular to (15), we have at once. 



m 



dFx dFx 
dpx dzx 
dGxdQx 



dpx dzx 



dFx dFx 



(X — xx) + 



dZx dxx 
dOx dGx 



dZx dxx 



(y - yi) + 



dFx dFx 



dxx dpx 
dQxdCh. 



dxx dpx 



(z - zx) = O, 



the eqwUion of the normal plane to a skew curve. 
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BXAMPLBS 

1. Find the equations of tlie tangent line and the equation of the normal piane 
at (r, r, r V2) to the cunre of intersection of the sphere and cylinder whose eqii»^ 
tions are respectively ac« + y* + t* = i^, a^ + y*-f-2rx. 




SolutUm. Let F= x«4-y* + «*-f*andO = x«4-y*- 2rx. 

^^ = 2r, ^ = 2r. ^-^ = 2V2r; 
dxi dyi dzi 

dzi dyi dxi 



Substituting in (76), 



X — r y — r z 



-rV2 



-v^ 1 

or, y = r, x-h v^2 = r~r V2, 

the equations of the tangent P 7 at P to the curve of intersection. 
Substituting in (76), we get the equation of the normal plane, 

- V^(x - r) 4- 0(y - r) + (« - r V^) = 0, 
or, V^x-« = 0. 

2. Find the equations of the tangent line to the circle 

x« + y« 4- 2* = 25, 

at the point (2, 2 V3, 3). ^^ 2x + 2 Vsy 4- 3x = 26, x + « = 6. 

3. Find the equation of normal plane to the curve 

x« -f y» 4- 2« = »«, 
x8 - rx 4- y* = 0, 

at (Xi, yi, zi). Am. 2 yizix - (2 xi - r) Ziy - ryiz = 0. 
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4. The equations of a helix (spiral) are 

x« 4- y« = r«, 

y = «;tan-* 
c 

Sliow that at the point (xi, yu zi) the equations of the tangent line are 

c(«-xi)4-yi(2-«i) = 0, 

c(y - Vi) - xi(z - zi) =zO; 

aoid the equation of the normal plane is 

yix-xiy-c(«-«i) = 0. 

5. A skew curve is formed by the intersection of the cone — |- — = 

a:^ If^ (fl 
and the sphere x* + y> + z* = i^. Show that at the point (xu y^ zi) the equations 
of tlie tangent line to the cunre are 

d«(o« - 62) X, (X - xi) = - a* (68 4- c^«i (« - Zi), 
c*(a* - 63)yi(y - yi) = 4- 53(c« 4- a«)«i (« - zi) ; 
and the equation of the normal plane is 

a* (6» 4- c«) yizix - fta (c* 4- a«) ziXiy - c« (a^ - 6^) x^y^af = o. 
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CURVES FOR REFERENCE 

For the convenience of the student a number of the more 
common curves employed in the text are collected here. 



Cubical Parabola 
y 




Semicubical Parabola 




y^ax\ 



y'^ax'. 



The Witch op Agnesi 




a:«y = 4a«(2a-y). 



The Cissoid of Diocles 
r 
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y«(2 a -«) = «« 
p = 2 a sin ^ tan ft 
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1^HE LeMNISCATE of BERNOULLI ThB CoNCHOID OF KiCOMEDES. 



^0- 



p* = a* cos 2 e. 




p = asecO±b. 



Cycloid, Obdinart Case Cycloid, Vertex at Origik 

r 




x^ 




o\ X 

x = a arc vers - — V2 ay — y*. x = a arc vers - -h V2 ay — y^ 

a ^ ^ a '' 

r X = a(fl - sin tf), (x = a{6-\- sin tf), 

|y = a(l — cos ^. "[y = a(l — cos ff). 




Parabola 



y=s(^ + «■•). 




!* + y» = a\ 



x' + y 



I 
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Hypocycloid of Four Cusps Evolutb of Elupss 

y\ r| 




Ja; = a COS* ^, 
1 ysrasin'A 




(aa5)» + (fty)» = («*-**)». 



Cabdioid 




Folium of Dbscartes 
Y 




fic* + y* + a« = a Vx* + y*. 
p = a (1 — cos fl). 



ap* + y* — 3a«y = 0. 
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L1MA90N 




p = b — acos$. 




jO + a 
^ a — x 



Spiral of Archimedes 
Y 




Logarithmic or Equiangular 
Spiral 




p = a$. 



p = ef^^ or 
log p = aS. 



Hyperbolic or Reciprocal 
Spiral 




LiTUUS 




p0 = a. 



p^e = d 



^/w« 
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Fababolic Spiral 





ys=logx. 



Exponential Ccrvb 


Probability Curve 


y 


^ 


y 


-X 





-X" 


^^ 


^^ 







r 


y 


=se». 


y = 


fT^. 



SiKR Curve 




Takobkt Curvk 

F] ir If 




y = 81X1 «. 



y = tanx. 
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Three-Leaved Rose 
Y 




Three-Leaved Rose 




p = a sin 3 ^. 



p = a cos 3 ^. 



Four-Leaved Rose 





p = a sin 2 ^. 



p = a cos 2 A 
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CHAPTER XXIV 

nrTEGRATioir. rulbs for iktegratikg standard 

ELEMENTARY FORMS 

18L Integration. The student is already familiar with the 
mutually inverse operations of addition and subtraction, multipli- 
cation and division, involution and evolution. In the examples 
which follow the second members of one colunm are respectively 
the inverse of the second members of *the other column. 



y = a? + l, x = ± Vy-1; 

y = sin 2^ x = arc sin t/. 

From the Differential Calculus we have learned how to calcu- 
late the derivative f{x) of a given function /(x), an operation 
indicated by ^ 

or, if we are using differentials, by 

df{x)=f{x)dx. 

The problems of the Integral Calculus depend on the inverae 
operaiiony namely: 

To find a function f{x) whose derivative 

{A) f{^) = <t>(^) 

w given. 

Or, since it is customary to use differentials in the Integral 
Calculus, we may write 

(B) df{x)=f{x)dx=4>{x)dx, 

and state the problem as follows : 
Having given the differential of a function^ find the function itself. 

287 
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The function /(z) thus found is called an integral ♦ of the given 
differential expression, the process of finding it is called m^,^ra/«m, 

and the operation is indicated by writing the integral siffn, ^J^ 
front of the given differential expression. Thus, 

(0) ff{x)dxt=.f(x), 

read, an integral off (x) dx equals f\x). The differential cLxr indi- 
cates that X ia the variable of integration. For example, 

(a) If/(a:) = a:», then f (x) dx ^ i a^dx, said 

Caa?dxz=.a?. 

(b) If f{x) = sin Xy then f (x) dx = cos xdx^ and 



Jca 



cos xdx = sin x. 



dx 
(c) If f(x) = arc tan Xy then f*(x) = - — -^ and 

1-f-ar 

dx 



/i 



: = arc tan x. 



Let us now emphasize what is apparent from the preceding' 
explanations, namely, that 

Differentiation and integration are inverse operations. 
Differentiating (0) gives 

(2>) dlffi^) dx ^f{x) dx. 

Substituting the value oif(x) dx[=: df(x)] from (B) in ( (7), we get 

(JE) ' fdf{x)=.f{x). 

Therefore, considered as symbols of operation, -y and 1 • - • de 

dx •/ ^ 

are inverse to each other; or, if we are using differentials, d and j 
are inverse to each other. 

• Called anH-diferentieU by some writers. 

t Hiatorlcally this sign is a distorted S, the initial letter of the word ium. Instead of defining 
integration as the inverse of differentiation we may define it as a process of sommatlon, a very 
important notion which we will consider in Chapter XXX. 

t Some authors write this Z>~ V(') when they wish to emphasize the fact that it is an inTene 
operation. 
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^^Then d is followed by j they annul each other, as in (D), but 

^virlien | is followed by d, as in (U)^ that will not in general be the 

case unless we ignore the constant of integration. The reason for 
tills will appear at once from the definition of the constant of 
integration given in the next section. 

182. Constant of integration. Indefinite integral. From the pre- 
ceding section it follows that 

since d(3?) =8 a^dxj we have J 8 a^dx = a^ ; 
since (i(a:* -f- 2) = 8 a?dxj we have j 8 a^dx = a:* + 2 ; 

since (i(2^ — 7) = 8 a?dxj we have j 8 a^dx = a:* — 7. 

In fact, since 

d{a^^C) = Ba?dx, 

where C is any arbitrary constant, we have 

fia^dxz=a^-^C. 

A constant C arising in this way is called a constant of integration* 
Since we can give C as many values as we please, it follows that 
if a given differential expression has one integral, it has infinitely 
many differing only by constants. Hence 

ff{x)dx^f{x)^C; 

and since C is unknown and indefinite^ the expression 

is called the indefinite integral off{x)dx. 

It is evident that if 4> (^) is & function the derivative of which is 
f{x\ then ^(ar)+ (7, where C is any constant whatever, is likewise 
a function the derivative of which is/(2;). Hence the 

Theorem. If two functions differ by a constant^ they have the 
same derivative, 

• Conatant here means that it is independent of the variable of integration. 
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It is, however, not obvious that if ^ (a:) is a function the dcrivar 
tive of which i8/(x), then aU functions having the same derivatiTC 
f(x) are of the form 

where C is any constant. In other words, there remains to be 
proven the 

Converse Theorem. If two functions have the same derivatives 
their difference is a constant. 

Proof Let ^ {x) and -^ {x) be two functions having the common 
derivative f{x). Place 

F{x).=^4^(x)^^(xyy then 

{A) ^'(-r)=^[*(a:)-.V^(x)]=/(:r)-/(z) = 0. By hypothesis 

But from the Theorem of Mean Value, (44), p. 168, we have 

F{x^£^)-F{x)=.^F'{x^e'l!kx). 0<^<1 

.-. F{x^dkx)---F{x) = 0, 

[Sinoe by {A) the deriTrntiye of P{x) Is Bero for *11 raluet of ;r.] 

and F{X'^^)^F{x). 

This means that the function 

F{x)^4>(x)^^{x) 
does not change in value at all when x takes on the increment Ajt, 
i.e. 4^{x) and -^{x) differ only by a constant 

In any given case the value of C can be found when we know 
the value of the integral for some value of the variable, and this 
will be illustrated by numerous examples in the next chapter. 
For the present we shall content ourselves with first learning how 
to find the indefinite integi*als of given differential expressions. 
In what follows we shall assume that every continuous function 
has an indefinite integral^ a statement the rigorous proof of which 
is beyond the scope of this book. For all elementary functions, 
however, the truth of the statement will appear in the chapters 
which follow. 

In all cases of indefinit'C integration the test to be applied in 
verifying the results is that the differential of the integral must be 
equal to the given differential expression. 
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183. Rules for integrating standard elementary forms. The 
Differential Calculus furnished us with a General Rule for differ- 
entiation (p. 42). The Integral Calculus gives us no corresponding 
general rule that can be readily applied in practice for performing 
the inverse operation of integration.* Each case requires special 
treatment and we arrive at the integral of a given differential 
expression through our previous knowledge of the known results 
of differentiation. That is, we must be able to answer the question, 
What function^ when differentiated^ will yield the given differential 
exprewian f 

Integration then is essentially a tentative process, and to 
expedite the work, tables of known integrals are formed called 
standard formB, To effect any integration we compare the given 
differential expression with these forms, and if it is found to be 
identical with one of them, the integral is knovm. If it is not iden- 
tical with one of them, we strive to reduce it to one of the standard 
fornos by various methods, many of which employ artifices which 
can be suggested by practice only. Accordingly a large portion 
of our treatise on the Integral Calculus will be devoted to the 
explanation of methods for integrating those functions which fre- 
quently appear in the process of solving practical problems. 

From any result of differentiation may always be derived a 
formula for integration. 

The following two rules are useful in reducing differential 
expressions to standard forms. 

(a) The integral of any algebraic ^um of differential expressions 
equals the same algebraic sum of the integrals of these expressions 
taken separately. 
Proof Differentiating the expression 

j du + j dv— j dw^ 

UyVyW being functions of a single variable, we get 

du-^dv — dw. Ill, p. 144 

[1] ••. I (die -H dv — dw) = (du+ Cdv — Cdw» 

* Even though fhe Integral of a giTen differential expression may be known to exist, yet It 
may not be possible for ns actually to find it in terms of known functions, because there are 
functions other than the elementary functions whose derivatives are elementary functions. 
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(6) A constant factor may he written either before or after ike 
integral sign. 

Proof Differentiating the expression 

ajdv 

gives adv. IV, p. 144 

[2] •*• I a^v = a I dvm 

On account of their importance we shall write the above two 
rules as formulas at the head of the following list of 

STAHDARD ELEMEKTART FORMS 
[1] C(du + dv^ dw) = Cdu + Cdv - Cdw. 

[2] Cadv = a Cdv. 

[S] r«to = a?+C. 

/f^n + i 

[«] J~^ = logr+C 

= log V + log: e = log: ev. 

[PlaoingC-logc] 

[«] Ca^dv = -^^ + C. 

J logra 

[7] fe^'cli; = «•+€?. 

[8] ifAjkVdv = — cos V + C 

[9] Icosi^dr =:slnt^+ C 

[10] r sec* v€lt> = tan v + C 

[11] I cosec*f;cIt; = — cot v + C. 

[12] I sec t; tATkvdv ss sec v + C« 



n¥=— 1 



[13] 
[14] 
[15] 
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j cscvcotr<lt; = — cscv + C. 

I tan vdv = log sec v + C. 

I eotvdv = log sin t? + €• 

[16] fsec vdv = losrtan (| + ^) + C. 

[17] r CSC vdv = log tan (S) + ^• 

-r— — - = -arctan-+ C 
t;« -f- a« a a 

, = arc sin - + C^» 

r-7=^^= = log (t; + Vt;« ± ««) + C. 
—====r = arc vers — + C 
[23] r — 4^= =iarc8ec^ + C. 

Proo/ of [3] . Since 

rf(a;-hC) = (iF, II, p. 144 

we get Cdx = x -f- C. 

Proof of [4]. Since 

i (~^ + ^) = ^"^^ VII, p. 144 

V^dv = r- + C. 

W-f-l 

This holds true for all values of n except n = — 1. For, when 
n = — 1, [4] gives 

/»-'+• 1 

»-*d» =— j^ — j + C' = ^ + C = QO + C, 

which has no meaning. 
The case when n = — 1 comes under [3]. 



[18] 
[1»] 
[«•] 
[91] 
[M] 
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Proof of [B]. Since 

d (log t; + C) = -^ IX, p- 145 

V 

we get J — = log V + C. 

The results we get from [5] may be put in more compact form 
if we denote the constant of integ^tion by log c. Thus, 

j — = log V -h log e = log cv. 

Formula [5] states that if the expression under the integrcd 9^n u 
a fraction whose numerator is the differential of the denominator^ then 
the integral is the natural logarithm of the denominator. 



XZAMPLX8 

For formalas [l]-[6]. 

Verify the following integrations. 

aMx = - + C, by [4], where w = « and n = 6. 

= — + C. By[4] I 

3. J'(2z«-6x«-3x + 4)dx==J'2xNix- fsx^iB-- f3xclx+ r4(lx by [1] | 

= 2 Jx»(ic - bjx^dx - Sfxdz + 4 fd* by [2] 

NoU, Although each Mparato integration requires an arbitrary eooatant, w« write dova 
only a lingle constant denoting their algebraic lum. 

*• /(^ "x^'^^^ VSi)dz =J'2a»-*dz -Jbx-^dx -^fscxkbi by [1] 

= 2 afx-^dx - bjx-^dz + 8 c fzte hy [2] 

= 4aVS + -+|cx* + C. 

X 
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7. f(b^ + -)da = ^''-^-^a 8. rV2^cte= Jx V2^ + C. 

9. C{ai - x')«cte = a%B - f aW + |aM - |^ + C^- 
JSfifi<. Pint expand. 

11. J(V5_Vt).d« = «lt-2at» + 5j^-?l*+C. 

/dx - 

(nx) - 

13. r(a. + W.«)»«ir = <^±^ + C. 

•/ OCT 

Hint. This may be brought to form [4]. For let v a a' +6*2* and n*|; then dt^lb^nlx. 

If we now insert the constant factor 26* before xdr, and its reciprocal — - before the integral 

26* 
sign (so as not to change the value of the expression), the expression may be integrated, nsing 
[4], namely, 

v^dv^- + C. 

n + 1 

Thns, C{cfl + 6»x«>*xdj?« ^ fca* + 6*a?«)* 2 ***«'«" ^po* + ft»«^*d(a* + Vh^ 

"26*' i "^^^ 36r~ + ^- 

AVfe. The student is warned against transferring any function of the rariable from one side 
of the integral sign to the other, since that would change the ralue of the integral. 

14. jy/a^ - x^xdx = - }(oa - x^)' + C. 

16. J(3axa + 4te«)*(2ax + 4 6x«)dx = f (Sox^ + 46x«)* + C. 



Hint. Use [4], making v » 3 oj^ + 4 62* and n » |. 

16 
X«dx 



16. r6(6ax« + 8&x«)«(2ax + 4&x2)dx = :^(6axa + 86x»)i + c, 
J 16 

Hint. Write tlitoJ(o«+«^-lx»rfx and apply [4]. 



18. f .'*' = - 2 Vl-i + C. 

19. fi '^(^ + 1 )* ''1' = y^ (ff» + J>»)' + C. 
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2(ud8 

Saxdx _ 3a 

Saxdx ^ c xdz 






Thtt recemblefl [6]. For let v-As + eSjr«; then «ri>-2e>JMix. If we introduee the feelor 3«' 
after the integral sign, and -— before It, we haye not changed the valiie of the iiiiiif— imn, bu 
the numerator ii now seen to be the differential of the denominator. Therefore 

22. J'^^^ = ilog(x«-l) + logC = logc\/x«"^. 

25. I = log r* 

J8a-6&xa (8a-6&x«)A 

JTinl. First diyide the numerator by the denominator. 
27. /^7=^dx = X - log(2« + 8)« + C. 

/x*-i — 1 1 

:^ -dx = -log(x« - fix) + C. 
X" — nx n 

J o + W» n6 

31. J (log a)« ^ = J (log a)* + C. 

32. J^^dr = ^ + r + 21og(r-l) + C. 
J(o + &tt")« 6n(l-m) 



Proof 9 of [6] awe? [7]. These follow at once from the corre- 
sponding formula for differentiation, X and Xo, p. 145. 
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BXAMPLX8 

For formulaB [6] and [7]. 
Verify the following integrations. 

21oga 

SoluOon, Cha**dx = bCa^'dx. By [2] 

This resembles [6]. Let v»2a; ; then dv»2dx. If we then Insert the factor 2 before dx and 
the ftetor | before the integral sign, we hare 

b fa^'dxzz- fa«'2dx = ^ fo«'(l(2a:) = ^.-^4- C. By [6] 

J 2J 2J ^ ' 2 loga ^ ■" 

6. (*««•+**+«(« + 2) = ie-^+**+» + C. 

//■MB lifllX 
(a« - 6-«)ci« = — — - + C. 
n log a m log & 

7. (a'0'dx = -^^f—-\-C. 
J 1 + log a 



/X » X _x 

(c<» + e"«)<fa = a(e^''e «) + C. 

9. f(ei' + ff-i)«(Jy=>}(€«i'-<r*i^) + 2y + C. 

10. J'(3^<-l)*^'(tt = i(3€«'-l)* + C. 



"•/S = T + «-^'"«^^«' + ^> 



+ c. 



12, '-''-' 



/^A' = log(«r + l)«-r + C. 
J a*6* log o — log 6 



Proofs of [8]-[18]. These follow at once from the corresponding 
formulas for differentiation, XII, etc., p. 145. 
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sin vdv /•— sin vdv 



COB V 



— — rrf^cosv) 

" J COS V 

= — log COS V + C 

= log sec v + C, 

[Since -logootv- -log • - log 1 + log Mora log mo v.] 

socv 

T^ ^ ^r-.-. r .. J r COS vdv /•i(sirfr) 

Proof 0/ [151. I cot vdv = I —. = I — ^ '- 

•^ '^ •■ ^ J J sinv J smv 

s log sin t; + C. 

T^ ^ ^r-..-! o- CSC r — cot V 

Proof of rill. Since esc v = esc v -— » 

•- ■* esc r — cot v 



hy[i] 



Bj[i] 



•— CSC V cot V -h csc*w 



/CSC t;rfv =1 
•/ esc V — cot » 

/ d(esc y — cot v) 
CSC V — cot V 
= log(c8C V — cot v) + C 

** \ sin V / 



dv 



by[5] 



2sin»| 

:=5log + (7 by37, p. 2; 39,p.3 

2 sin -COS' 

= logtan- + C. 



TT 



Proof of [16]. Substituting v -h 5" for v in [H] gives 

J"c8C (v -f I j ir = log tan r^ -h ^ J + C. 
But csc( v-h — ] = sec v; therefore 

j sec vdy = log tin f - H- — j H- C. 
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BXAMPLX8 

For formulas [8]-[17]. 

Verify the following integrations. 

1. |8in2axdx = + C. 

Solution. Thif resembles [8]. For let r « 2 ox ; then dr « 2 adx. If we now inMrt the factor 

2 o before dx and the factor -^ before the Integral sign, we get 
2a 

/sm2axdx^ — f sin 2 ox • 2 odx 
2aJ 

= ± fsin2aaj.d(2az) = -^^ cos2a» + C by [8] 

2aJ ^ 2a 



2a« 
cos 2 ox 



2a 

6. 



2. rco8i»MBd« = -sin mx + C. 3. J'5sec«6a^ = -tonte + C. 

4. r(cos?-sln3^W = 38in|-f Jcos3^4-C. 

6. r7sec3atan3oda= |8ec3a + C. 

ifcco8(a + &y)<*y = 5«i»(<» + &y) 4- C. 

7. rcosec«x».x«dx = -lcotx»4-C. 

4 CSC ox cot axdx = — esc ox + C. 
a 

•/ a + bcoex 



1 
(a 4- 6 cos x)& 



10. re«»*8inxdx = -c«»* + C. 

11- f a/"^ ^ =~^taii(a~6x) + C. 
J co8> (a - te) 

12. JcosGogx)| = sinlogx + C. 14. f ^^^^^^^ = ^og(x + sin x)c. 

13. fJ^ = -ncot? + C. 15- r-Ss? = ^^^ + ^- 

8in>- 
n 

16. /(tan a + cot o)2da = tan a ~ cota + C. 



800 INTEGRAL CALCULUS 

17. f(sec/J-ton/J)«(I/l = 2(tanp-8ecp)-p + C. 

ai+«to#co« AW = -^ + a 

log a 

19. r(tan2tt-l)>dtt = |tan2tt + logcot2tt + C. 

n^ C^ ^ i , K^i log (1 — tan a tan y) 

20. I tan y tan (y 4- a)(Iy = — y ^^ ^* 

•/ tana 

Proof of [18]. Since 

4-) 

d ("arc tan - + (7^= ^y =-fi—, by XIV, p. 145 
- \ * / \+(l\ '^ + '*^ 



we get 1-: i = arc tan - + C* 

*• J 1^ + a* a 

J tr — er 2aJ \v — a v + a/ 



= llogl:if+(7. 



Proof o/ [20]. Since 



d('arc8in- + cV-F^^^=-r^=' by XIX, p. 145 



\ ^ 






we get I , = arc sin - + C 



»rooot- + C)«--T — ; and I -7-— ;--arcoot- + C/ Hence 

/-^ = aroUn- + C«-arooot- + C/ 
o* + a* a a 

Sinoe arc tan - + arc oot = t we see that one resalt may be easily transformed Into the other. 

The same kind of dlscnssion niay be giren for [20] involving arc sin - and are oos - * and for [23] 

V t> an 

InTolTing arc sec - and arc esc - . 
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Proof of [21]. Assume Vv' + a* = 2, a new variable. 
Then v* -f a* = «', and diflferentiating, 2 wrft; = 2 «d«, or, 

z V 
By composition in proportion, 

dv ^dz_^ dv_-\-_dz^ 
Z V v+z ^ 
dv dv -I- dz 



therefore 



[Replacing z by its equal Vpi+a".] 

rfv rdv + dz 



Hence f_E=== f*^ 

== log (v + «)+£_ by [5] 

;= log(t; + Vv* + a*) 4. C. 
In the same way by assuming 

Vv* — a' = 2, 

we get J*— ^=^== = log(t;+ ^737^4. C. 

Proofs of [22] an<i [28]. These follow at once from the corre- 
sponding formulas for differentiation, IXIII and XXY, p. 48. 

EXAMPLES 

For formulas [18]-[23]. 
Verify, the foUowlDg integrations. 
, f dx 1 ^ 2x . -- 

^ 4x^ + 9 6 8 

Solution, This resembles [18]. For, let 0^ = 4 x* and a> = 9 ; then o =z 2 x, 
do = 2(lx, and a = 8. Hence if we multiply the numerator by 2 and divide in 
front of the integral sign by 2, we get 

/ dx _ 1 r 2dx _ 1 r d{2x) 
4x2 + 9 ~ 2 J (2x)» 4- (8)» "" 2 J (2x)« + (8)« 



2. r_*L_=iiog»£:i2+c. 3. r 

J9x»-4 12 *^3x + 2^ J 



2. 


;(2x)« + (8)» 






1 

= 6' 


iTCtan---4-C. 
3 




By [18] 


•^ Vl6-9ai« 8 


sin 


'i.e. 
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6. f ^-^! = hog(&y-HV6V-g^4C> 

6. I — -=; = -aic8in«« + C. 8. I — -==:r = - arc iec -— + C. 
•/ Vni? 2 -^ «V4x«-9 8 « 

7. (- — :: = :r-;"«^M»:s + C. 9. 1 -7=== = arc ▼«»- + & 

10. f ^ =JLiog^-±g + c. 

11. r_l^ = -Larc«lnV^« + C. 

12. f J!!_ = -^log(V;p + Vag«-ft) + C. 

«o r co8oda 1 ^ /8ina\ . ^ 

13. I - . . =-arctan( ) + C. 

14. f— ^= = aic8ine* + C. 

16. r — , = arc sin (log x) + C. 

^ »Vl-log»x 



16. r "" — ^-'«+'>,^ 

•^ Va» - (u + 6)« « 

18. r , f =^arctan^.fC. 
J xS + 2x + 5 2 2 



£rin#. By eompletlng the sqiiAK in the denominator thit expranion mmy be brought to a 
form similar to that of Ex. 17. Thiu, 

/ dx f dx f dx I x-t-l - _ 

Here v * x -f- 1 and a** 2. 
19. r-,=S= = arc8in^ + C. 



•^ V2 + X - x« 
nt. Bring this to the foi 

/dx r dx r dx r dx . 2x-l ^ -^, 

V2 + X-X* -^ ^2-(x*-x) -^ ^2-(x«-x + i)+J J V|_(ap_j)« 8 
irersx-landaaei. 

/dx 2 , 2x + 1 . ^ 
= -—arc tan — ^ + C 
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21. ( , ^ — = arc 8in (2« - 3) + G. 

23. r— *? ^-Liag^y + 3~V6 

24. f _^ = log(t+i + Vt«4-t4-l) + C. 

5^- r^TT-^ - = arctan(2«-l) + C. 

^ 2««-2« + l 

2a f ■J^i_ = log(g + a4-V2(M + g»)-fC. 

27. I — =— aroaec~-4-C. 

28. r Il2_ = ^aroYenil8x»-f C. 

184. Trigonometric differentials. We shall now consider some 
trigonometric differentials of frequent occurrence which may be 
readily integrated by being transformed into standard forms by 
means of simple trigonometric reductions. 

Example I. To find j sin^a; cos"a:rfa:. 

When either tn or n is a positive odd integer, no matter what 
the other may be, this integration may be performed by means 
of formula [4], .^.i 

J n + l 

For the integral is reducible to the form 

j {terms involving only cos x) sin xdxj 
when sin x has the odd exponent, and to the form 
I (terms involving only sinx)cosxdx^ 
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when cos x has the odd exponent. We shall illustrate tiiis bv 
means of examples. 

Kx. 1. Find (%\xflx coefixdz. 

Solution. fsln^x cob» xdx = fsin^x cos* zcMxdz 

= J'sin** (1 - Bin^zy cob xdx «, P. 2 

= J(8ln«x - 2 8in*x + 8ln«x)cos wfe 

= J'(sln x)« COB zdx - 2 ("(Bin «)♦ cos xdx +f(Bin x)« cos x«lx 

Here u = sin x, cf» = cos xdx, and n = 2, 4, and 6 respecUyely. 

Ex. 2. Find Ccoe^xdx, 

SolvtUm. CcoB^xdz = fcos^x cos xdx = (*(! - sin«x) cos xdx 

= Jcos xdx - fsin'x cos xdx 

sin«x . _ 

= Bin X h C. 

8 

EXAMPLES 

1. J'8in«xdx = ico8«x-co8X + C. 2. fsln^x cos xdx = 55^ + C. 

3. J'sin»xdx = -coBX + ^co8«x-.?^ + C. 

4. fcos^xdx = sinx - ?8in«x + ^^ + C. 
•^ 3 5 

m r . , sin's ^ 

6. I sin s cos ads = h C. 

•/ 2 

6. Jco8*xsin«xdx=- Jco8*x + |cosTx + C. 

7. Jcofl«a sin ada = -??^+C. 

f. /•C08«xdx 1 . ^ ^ /-sin'ada 

10. J'sin*0 co8«0d^ = ^ sin^^ - ^ sln^^ + C. 

11. Jsin'^ co8»^d^ = } sin«^^ - ^ sln^^ + ^ sin^^ + C. 
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X2- C ^ dy = - 2 Vcosy (1 - - C08«y + -cos*y) 4- C. 



/sint 



Ezample II. To /luZ itarC xdx, or Ceof ocdx. 

T'hese forms can be readily integrated, when n is an integer, on 
somewhat the same plan as the previous examples. 

:Ex. 1. Find ftan* xdx. 

Sohdion, ftan* xdx ^Cxxai^z (sec* x ~ 1) <lx 28, p. 2 

=/un.xsec««te-/tan««te 
= Mtan x)>d (tan x) - J(8ec«« - 1) dx 



tan*x « 

: — tan as + « 4- C 



Example III. To find j Be<fxda^ or icsc^xdx. 

These can be easily integrated when n is an even positive integer. 

Ex. 2. Yind Caetfixdx. 

SobaUm, feecfi xdx =C(iaai* x + 1)« see* xdx 28, p. 2 

= Htan «)* sec* xdx + 2 Mtan «)* aec? x(2x -f Jsec* xdx 

tan'x tan'x ^ 

= ^=-= + 2 ^-= + tan X + C. 
5 3 

Example IV. To find Ctan"* x %e^ xdx^ orjcof^x cs(f xdx. 
When n is a positive even number we proceed as inExample III. 
Ex. 3. Find J tan* x sec* xdx. 

Solution, ftan'x sec^xdx = ftan^x (tan»x + l)8ecTxdx 28, p. 2 

= r(tan x)« 8ec«xdx + ftan^x aec^xdx 

^tan^ tanTx By [4] 

9 7 

Here V s= tan X, dv = sec* xdx, etc. 
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When m is odd we may proceed as in the {oUowing example. 

Ex.4. Find/tan»x«H^«lx=/un4xBec«x«cxtan«te 

= J(8ec*x- l)*secSx8ecxtanx(ix 28, piS 

= J(8ec*x - 2 sec^x + sec'x) aecx tanxds 

Too 
Here vsaecx, dossecxtanxcix, etc. 

EXAMPLES 

L ftan'xdxzr— ^- + logcai« + C. 

2. fcot«xdx = -?^-log«inx + C. 

8. fcot*?dx = - cot'l 4- 3 cotf + « + C. 
•/ 8 3 8 

4. Jcot^xdx = - cotx — X + C. 

6. Jcot*ada = — Jcot^a + | COt*a + logsin a + C 

6. rtan»^cfy = tan4|-2tan«^ + logBec? + C. 
•7 4 4 4 4 

7. r8ec-xd« = ^ + ^^ + tan»x + t«.x + a 
J 7 6 

8. Jcac^xdx = - cotx — ] cot«x — J cot»x + C, 

J 7 6 

10. Cisai*9»o(*9i$^\aecf$''iKC^$-^C, 

11. I COt*XC8C*X(2x = \-C. 

J 6 8 



2tAn*x . 2taii<x 



12. ruuilx.ec«x*c = ^?55!^ + Hi55!? + c. 

J 6 9 



14. 



/sec^oda . ^ ^ cot«a . ^ 
— = tan a - 2 cot a + C. 
tan^a 3 
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X&. ("(Un'z -I- lau*z)cf2 = itan'z + C. 
Xe. r(tAnt + cott)«(tt = i(taii««-cot?Q + logtan«« + C. 

Example V. To find CiinTx cofTxdx by means of multiple angles. 

AVhen either m orn is a positive odd integer the shortest method 
is that shown in Example I, p. 803. When m and n are both 
positive even integers the given differential expression may be trans- 
formed by suitable trigonometric substitutions into an expression 
involving sines and cosines of multiple angles, and then integrated. 
For this purpose we employ the following formulas : 

sin u cos u = ^ sin 2 li, 36, p. 2 

siD^u = ^ — ^ cos 2 li, 88, p. 3 

cos'm = J -f ^ cos 2 tt. 89, p. 8 

Ex. 1. Find fcoi^xcix. 

SohtiUnL Ccoi^xdz=C(\-^icoB2x)dx 3S, p. 8 

= 1 fdx + i fco62a:(ix = f + 7Bin2«+C. 
2J 2J . 2 4 

Ex.2. Find fsin^xcosSxdx. 

Solutum. Can^x co8«xdx = \C ku^2 xdz 86, p. 2 

= ifil - J C0B4x)d» 88, p. 3 

8 32 

Ex. 3. Find fsin^x cos^xdx. 

Solution, j sin* x cos* xdx = J (sin x cos x)* sin* xdx 

= rjsin«2x(i-ico82a;)(to 86, p. 2 ; 88, p. 3 
= J rsin«2-x(to-t rsin«2xcos2xdx 

=r \C(i - } co84x)dx - J r8in«2xco82x<te 

_ X __ sin 4 X _ sin*2x ^ 
~16 ~04"~ 48 
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Example VI. To find Csin mx cob nxdx^ Csin mx co9 nxdx^ c 
\ co% mx cos nxdx^ when m ^ n. 

By 41, p. 8, sin mx COB 912: = ^ sin (171 + 91)2; + | sin (m — n) x;. 

.% j sin mx cos nxdx = J Tsin (m + n)xdx -f \ J sin(fii — «) xdx 

— cos (wt -f n)a; co8(m — n)x ^ 
^ 2{?n-fn) 2(911 — n) 

Similarly we find 

fai^ ^^ «;« «^^-r - 8in(^-hn)a; 8in(fit-n)g 
J smmzsinnxix— ^^^^^^^ + gj^^^^ -ht7. 

/, 8in(wi4.n)a: 8in(«i — n)a: , ^ 
co&mxco&nxdxsz — — ^ — ^ — r- + — r^ r""^"^- 
2 (m 4. n) 'l{m^n) 

XZAMPLX8 

J 2 4 

A C X M. ji 8x sin2x . 8in4z . ^ 

« r ^ J 3x . Bin2a: Bln4x . ^ 

3. /co.*xdx = - + --p. + -^ + C. 

4. r8ln«a:(ix = -3L('6x-4sln2« + ?l5i^ + ?g|n4x')+C. 
J 16\ 8 4/ 

6. fco8«xdx = -^(6x + 4sln2x-!^^^4-j8in4x) + C. 
« r 1 4 « J Bin«2ii , a 8in4a , ^ 

•/ 128 N o / 

8. rco^x8iii«X(lx = — C5x4-!«in«2x-giii4«-??!^^+C. 
J 128\ 3 8 / 

« r o * e ^ coeSy C082y , -, 

9. I cos3yBln6ydy = — -=^ --^ + C. 

•/ 16 4 

10. I Bin6«8ln6«te = 55— + -^ + ^* 

*^ 22 2 

,- /• - _ , sinlla . sinSs . -, 

J 22 6 

12. rC0B}X8ln|X(IX = — iC06X + C08|X + C 

13. rco83xco6}x(lx = ^sin Ys + i'ifSinlx + C 



CHAPTER XXV 

CONSTANT OF INTEGRATION 

185. Determination of the constant of integration by means of 
initial conditions. As was pointed out on p. 290, the constant 
of integration may be found in any given case when we know the 
value of the integral for some value of the variable. In fact it is 
necessary, in order to be able to determine the constant of inte- 
gration, to have some data given in addition to the differential 
expression to be integrated. Let us illustrate this by means of 
an example. 

£x. 1. Find a function whose fii-st deriyative is Sz* — 22 4- 5, and which shall 
have the value 12 when x = 1. 

SolidUm, (3 x< — 2 X + 5) dx is the differential expression to be integrated. Thus, 

r(3a^ - 2x + 5)dx = x» - x« + 5x + C, 

where C is the constant of integration. From the conditions of our problem this 
result must equal 12 when x = 1 ; that is, 

12 = 1-1 + 5+0, or, C= 7. 
Hence x* — x» — 6x + 7 is the required function. 



186. Geometrical signification of the constant of integration, 
shall illustrate this bj^ means of examples. 

Ex. 1. Determine the equation of the curve at 

every point of which the tangent has the slope 2x. 

Solution, Since the slope of the tangent to a curve 

at any point is -^, we have by hypothesis 
ox 

or, dy = 2xdx. 

Integrating, v = 2 jxdx, or, 

(A) y = x» + C, 

where C is the constant of integration. Now if we give 
to C a series of values, say 6, 0, - 8, (A) yields the 
equation!, ^ = ^ + 9, ^ = ,,, ^ = ^_8, 

300 
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whose loci are parabolas with axes coinciding with the axis of y and having 6, 0, - % 
respectively as intercepts on the axis of Y, 

All of the parabolas (A) (there are an infinite number of them) have the s&iae 

value of — ; that is, they have the same direction (or slope) for the aajn» Talne of z. 

dz 
It will also be noticed that the difference in the lengths of their ordinates remsixa 
the same for all values of x. Hence all the parabolas can be obtained by movinf 
any one of them vertically up or down, the value of C in this case not sheeting the 
slope of the curve. 

If in the above example we impose the additional condition that the curve shall 
pass through the point (1, 4), then the coordinates of Uiis point must satisfy (^), 

8*^« 4 = 1 + C, or, C = 3. 

Hence the particular curve required is the parabola y = z' + 3. 



Ex. 2. Determine the equation of a curve such that the slope of the tangent to 
the curve at any point is the negative ratio of the abscissa to the ordinate. 

8olulion. The condition of the problem U ex- 
pressed by the equation 

dy __ X 
dx~ y 
or, separating the variables, 

ydy = — xdx. 




Integrating, 



2"- 2^^' 



or, x» + y» = 2 C. 

This we see represents a series of concentric circles 
with their centers at the origin. 
If, in addition, we impose the condition that the curve must pass thiougti the 



point (8, 4), then 



9 4-16 = 2C. 



Hence the particular curve required is the circle z« -f y* = 26. 

187. Physical signification of the constant of integration. The 
following examples will illustrate what is meant. 

Ex. 1. Find the laws governing the motion of a point which moves in a straight 
line with constant acceleration. 

SoltUion. Since the acceleration = — from (14), p. 1051 is constant, say/ 



we have 



dv 
dt 



=/, 



or, dv=:fdl. Integrating, 

(A) v=ft^C. 

To determine C, suppose that the initial velocity be vo ; that is, let 
1? = «o when t = 0. 
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*X*lie8e yalues sabstitnted in {A) give 

»o = + C, or, C = »o. 
Hence (A) becomes 

Since v = ^ \{% P- lOs1 1 we get from (B) 

oir^ d» = /W« 4- «o<tt. Integrating, 

(C) « = iyi« + t>o« + C. 

To determine C, suppose that the mittoZ space (= distance) be So; that is, let 

a = «o when ( = 0. 

These yalaes substituted in (C) give 

So = + + C, or, C = So. 
Hence (C) becomes 

(D) « = i/^ + «o« + «o. 

By substituting the values/= ^, oo = 0, «o = 0, a = A in (B) and (D) we get the 
laws of motion of a body falling from rest in a vacuum, namely, 
{Ba) v = fftj and 

(Da) h^ifffi. 

Eliminating t between {Ba) and (Da) gives 

Ex. 2. Discuss the motion of a projectile having an initial velocity Vo inclined 
an angle a with the horizontal, the resistance of the air being neglected. 

SoltUion. Assume the XY plane as the plane of motion, OX as horizontal, and 
OT as vertical, and let the projectile be thrown from the origin. 

Suppose the projectile to be acted upon by ^ 
gravity alone. Then the acceleration in the hori- 
zontal direction will be zero and in the vertical 
direction - g. Hence from (15), p. 106, 

dVx A J ^^w 

— - = and — = = — flr. ^ 

dt dt ^ O 

Integrating, Vx = Ci and «y = — ^ + Cj. 

But vocosa = initial velocity in the horizontal direction, 

and «o8in a = initial velocity in the vertical direction. 

Hence Ci = Vo cos a and Cs = Vo sin a, giving 

(E) tx = Do cos o and u^ = — ^ + »o sin o. 

But from (10) and (11), p. 104, i^x = ~ and »» = ^ ; therefore (E) gives 

— = «o cos a and -^ = - fir* + «o sin «> 
dt dt 




or. 



dx = Vo cos octt and dy = — fftdt -|- Vo sin tidt. 



812 INTEGRAL CALCULUS 

Integrating, we get 

{F) X = flocos a • t -I- Cs and y = — |^ + Vo>ina-t + C#. 

To determine Cs and C4, we obeerye that when 

t = 0, x = and y = 0. 

Substituting these values in (F) gives 

Cs = and d = 0. 
Hence 

(O) X = vo cos a • t, and 

(H) y = - i^ + »o8inat. 

Eliminating £ between (G) and (fiT), we obtain 

(!) y = xtana- --^-— -, 

which is the equation of the trajectory ^ and shows that the projectile will nufwt m 
a parabola. 

BXAMPLSS 

Find the function whose first deriTatiye is 

1. X — 3, knowing that the function equals 9 when x=:2. AnB. -^ ^ Sx-i-lS. 

2. 8 -I- X — 5 X*, knowing that the function equals — 20 when x = 6. ^ . . 

Ant. 124 + Sx + ^---- 
2 3 

3. (y^ — 6V) ^Vi knowing that the function equals when y = 2. 

An,. ?_^ + 26.-4. 
4 SB 

4. sin a + cos a, knowing that the function equals 2 when « = - • 

2 
^ns. sin a — cos a + 1. 

dt dt 
6. — - 1 knowing that the function equals when t = 1. Am. log (2 1 — ^. 

t M "— t 

Find the equation of a curve such that the slope of the tangent at any ix>int is 

6. 3x-2. Ans. y = ? 2x + C. 

2 

7. xy. Ara, y = c'*. 

8. x« + 5x, the curve passing through the point (0, 3). ^ r • 

An.. . = 1 + 5^ + 3. 

9. -, the curve passing through the point (0, 0). An», y« = 2px. 

10. — , the curve passing through the point (a, 0). Ana. IW - oV = a*^- 

11. m, the curve making an intercept b on the axis of y. Ana. y = mx + 6. 



CONSTANT OF INTEGRATION 313 

find the relation between x and y, knowing that 

X2. *^ = ??. AnB. 1^' = ?' + C. 

dx y 2 3 

1.3. zdy + ydx = 0. Ana. xy = C, 

14. ^= L±?, if y = when x = 0. Ara. x" + y« + 2x - 2y = 0. 

dz l — y 

16. (l-y)dx + (l + x)dy = 0. Am. log3L±_? = c. 

16. Find the equation of the curre whose sabnormal is constant and equal to 2 a. 

gy Ana. y2 = 4 ax + C, a parabola. 

Hint. FYom (4), p. 90, sabnormal » y -7^ • 

ax 

17. Find the curve whose subtangent is constant and equal to a [see (8), p. 00]. 

Ana. a log y = X + C. 

18. Find the curve whose subnormal equals the abscissa of the point of contact. 

Ana. y« — x» = 2 C, an equilateral hyperbola. 

19. Find the curve whose normal is constant (= JS), assuming that y = B when 
x = 0. Ana. x" + y« = IP, a circle. 

Urn*. IVom(e),p.90,lengthof normiil=yVl + (-^) .or, </*=*(«■ -y«)~*ydy. 

20. Find the curve whose subtangent equals three times the abscissa of the 
point of contact Ana. x = cy*. 

21. Show that the curve whose polar subtangent [see (7), p. 09] is constant is 
the reciprocal spiraL 

22. Show that the curve whose polar subnormal [see (8), p. 00] is constant is 
the spiral of Archimedes. 

23. Find the curve in which the polar subnormal is proportional to the length 
of the radius vector. Ana. p = c&*^. 

24. Find the curve in which the polar subnormal is proportional to the sine of 
the vectorial angle. Ana. p = c — a cos 0. 

25. Find the curve in which the polar subtangent is proportional to the length 
of the radius vector. Ana. p^cef^. 

26. Determine the curve in which the polar subtangent and the polar subnormal 
are in a constant ratio. Ana. p = c^. 

27. Find the equation of the curve in which the angle between the radius vectdr 
and the tangent is one half the vectorial angle. Aim. p = c (1 — cos 0). 

Assuming that « = Vo when t = 0, find the relation between and t, knowing 
that the acceleration is 

28. Zero. Am. « = «o. 

29. Constant = A;. Am. « = i>o + W. 

W 

30. a + W. Am. « = Co + a< + -z-- 

2 
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Awuming that 8 = when t = 0, find the relation between • and t, knoviog 
that the velocity is 

81. Constant (= «o). -^«- * = ^^ 

32. m-^nt. ^ns, s ^ nU -^ —- 

88. 8 + 2t-3««. Am, b = St-k-P-^. 

84. The velocity of a body starting from rest is 6t> feet per second after i sec- 
onds, (a) How far will it be from the point of starting in 3 seconds? (b) Inwhat 
time will it pass over a distance of 8d0 feet measored from the starttn^ point ? 

Am. (a) 45 ft.; (b) 6 J 



85. A train starting from a station has after t hours a speed of <P — 211* + 80« 
miles per hour. Find (a) its distance from the station ; (b) during what interFal 
the train was moving backwards ; (c) when the tram repassed the station ; (d) the 
distance the train had traveled when it passed the station the last time. 

^ns. (a) }t«-7t> + 40<>mUes; (b) from5thtol6thlioiiT; 
(c) in 8 and 20 hours ; (d) 4668| miles. 

88. A body starts from O and in t seconds its velocity in 
the X direction is 12t and in the F direction 4(* - 9. find 
(a) the distances traversed parallel to each axis; (b) tfaie dis- 
tance traversed along the path ; (c) the equation of the path. 

Am, (a) « = 6««, y = ^«»-0«; 
3 




(b) s = ^<« + 9e; (c) y = (5*-o)\|- 



87. The equation giving the strength of the current i for .the time t after the 
source of E.M.F. is removed, is (R and L being constants) 

Find i, assuming that I = current when ( = 0. Am, i = le' £. 

88. Find the current of discharge i from a condenser of capacity C in a circuit 
of resistance 12, assuming the initial current to be /o, having given the relation 

di^ (ft 

C and ii being constants. Am. i = Ii^x, 



CHAPTER XXVI 

INTEGRATIOK OF RATIONAL FRACTIOKS 

188. Introduction. A rational fraction is a fraction the numerator 
and denominator of which are integral rational functions.* If the 
degree of the numerator is equal to or greater than that of the 
denominator, the fraction may be reduced to a mixed quantity by 
dividing the numerator by the denominator. For example, 






x + 1 

The last term is a fraction reduced to its lowest terms, having 
the degree of the numerator less than that of the denominator. 
It readily appears that the other terms are at once integrable, and 
hence we need consider only the fraction. 

In order to integrate a differential expression involving such a 
fraction it is often necessary to resolve it into simpler partial frac- 
tions, i.e. to replace it by the algebraic sum of fractions of forms 
such that we can complete the integration. That this is always 
possible when the denominator can be broken up into its real prime 
factors will be shown in the next section.f 

189. Partial fractions. Consider the rational fraction 

<A) ^^ 

reduced to its lowest terms, the degree of the numerator being less 
than that of the denominator. If a occurs a times as a root of the 
equation /(a:) = 0, we may write 

f{x) = {x-^a)^<l>{x), 

* That is, the rariable is not affected with fractional or negatire exponents (see $ 26, p. 16). 
t Theoretically, the resolution of the denominator into real quadratic and linear factors is 
always possible when the coefficients are real, that is, such a resolution exists. 

315 
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where <l>(x) is not divisible by a? — a. Therefore <f>(a) ^ since a is 
not a root of ^{z) = 0. We may then write {A) in the form 



The equation 

F(x)_ A . F(x) 



is evidently true for any value of A. 
Combining the last two fractions, 

(0) ^(x)^ A F(x)^Ait>(x) 

^ ^ m (^-«)- {x^aYi^{x)' 

Now let us determine the value of ^ so that the numerator of 
the last fraction in ((7) shall be divisible by x — a. In that case 
x= a will be a root of -F(ar) — -4^(2-)= 0, and hence 

^(a)-^<^(a) = 0, or, ^ = ^. 

This value of A is finite since ^(a) ^ 0. 

Having now determined the value of A so that x^a shall be a 
factor of F(x) — A^{x)^ we may write 

F{x)^Ai^{x)^{x-^a)F,{x), 

where the degree of the new function F^ {x) is less than the degree 
of (z-a)— *<^(a:). 
Hence from ((7) 

IB) ^(:r)^ A F(x) 

If a > 1, we proceed in the same manner with the second fraction 
on the right-hand side of (JD), giving, say, 

where A, =z y K 



INTEGRATION OF RATIONAL FRACTIONS 317 

Continuing this process, we get 

F(x)^ A A, . A^_, G{x) 

^ ^ f{x) (x-a)*^(a;-a)-*^ ^a;- a"^ «^(a:)' 

where G{x) is of lower degree than ^(x), and <f>(x) does not contain 
the factor a: — a. 

If now b occurs /8 times as a root of f(x) = 0, it will also occur 
/3 times as a root of ^ {x) = 0, and we may break up 

G^ 
4>{x) 

into a sum of partial fractions in exactly the same way as we 
decomposed the original fraction. 

From the preceding discussion it follows that if a, (, c, * • ., Z are 
roots of the equation /(rr) = 0, occurring respectively a, /8, 7, . . ., X 
times, the given rational fraction may be broken up into a sum of 
rational fractions as follows : 

(ff) £(?)=_i_4._A__+... + A- 

^ ' f{x) (x^aY {x^ay-^ x-^a 

^ {x^bf^ (x-^bf-'^ ^ x^b 

^ (x^lf^ {x-^lf-'^ ^ x-^l 

Since every equation of degree n has n roots, it is evident that 
there wiU be as many partial fractions as there are units in the 
degree of f{x). 

Instead of finding the constants A^Ay, • . •, ^, J^j, . . ., Z, Z^, ... by 
the method indicated above, it is more usual to clear ((7) of frac- 
tions. This makes ^(2;) identically equal to a polynomial in.2; of 
degree not greater than n — 1 [assuming n as the degree of F{x)] 
and therefore containing at most n terms. Since this identity 
holds true for all values of rr, we equate the constant terms and the 
coefficients of like powers of x on both sides. This gives n inde- 
pendent and consistent equations, linear in the constants required. 
Solving these n simultaneous equations we get the n constants 

A^ Ayi '", B^ Byt . . . , X, Xj, • . • . 
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190. Imaginary roots. Equation (G) on p. 817 holds trae wl» 
some or all of the roots a, 6, tf, ••*, { are complex (see § ll* p. % 
When the coefficients of F(x) and /(a;) are real — and this is the 
only case we shall consider — we may avoid the complex namben 
and put our results in real form as follows. 

Suppose, for instance, that the root b is complex. Jt may be 
written in the form b = g4-hi 

where g and A are real numbers and i = V—l. Then there must 
be a second complex root, say c, conjugate to 6, namely. 

If ( occurs fi times and c occurs 7 times, we see that /3 must 
equal 7. From the manner in which Bj -B,, . . ., C, Cj, . • . were deter- 
mined it is evident that if 

B=zG + Hi, B^=Gi'\' H^i, . • -, 
we shall have 

Hence the sum 



x— 6 X— c 
may be expressed in the real form 

(B) tM , 

where the denominator is of degree 2/8 and the numerator of 
degree not greater than 2/8 — 1. Let '^i(x) be the quotient and 
F^x + Q^ the remainder found in dividing ^^(x) by [(« — ^)' + A*]- 

Ti»®^ it (X) = [(:r - gY + h^ ir, (x) + P,x + i?„ 

and {B) may be written in the form 

^ ^ '[{x-gf-^^f [{x--gf^hy^[{x^gY^WY-'' 
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Similarly the second fraction on the right-hand side of ((7) may 
^>^ ^written in the form 

Continuing this process, {A) gives finally 

^ ' (x^hf^ (x^hf^^ ^ x-h 

^ ^ -I. ^ ; I ^g-' 



{x — c)^ (a; — (?)^ ^ x—c 



[(^ 






The coefficients P^ ©^ F^ ©„ . . ., P^, Q^ are calculated by the 
same method we employed to calculate the coefficients in the last 
section. 

We shall now proceed to illustrate what has been said by work- 
ing out numerous examples in detail. It is convenient to classify 
our problems under the following four heads. 

Case I. When the roots of f(x) = are all real and none 
repeated. The denominator may then be broken up into real 
linear factors, none of which are repeated. 

Case II. When the roots of ./(a;) = are all real but some 
repeated. Then the denominator may be broken up into real 
linear factors, some of which are repeated. 

Case III. When the equation/(2;) = has some imaginary roots, 
none of which are repeated. Then the denominator may be broken 
up into a product of real prime factors, there being a real quad- 
ratic factor (factor of the second degree) corresponding to each 
pair of conjugate imaginary roots. 

Case IV. When the equation /(a;) = has some imaginary roots 
repeated. The corresponding quadratic factors are then repeated 
in the denominator. 

When we speak of factors of the denominator we shall mean only 
real prime factors, as these include all the types that can occur.* 

* If the ooei&cfent of the highest power of the variable in the denominator is different from 
unity, we begin by dividing both numerator and denominator by this coefficient. 
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191. Case I. When the factors of the denominator are all of th 
first degree and none repeated. 

It is evident from (G^), p. 317, that to each non-repeated linear 
factor, such as ir — a, there corresponds a partial fraction of the form 

A 
x-^a 
Such a partial fraction may be integrated at once as folloivis : 

J a: — a J x— a 
x + 3)cic 



X 



Ex. 1. Find , . 

8(jlulUm. The factors of the denominator being x, x •:- 1, x + 2, we 
iA\ 2x + 3 _A ^ B , C 

y^f m — iv/^ , ov ~ T ■*" : 



x(x-l)(x + 2) X x-l x + 2 
where ^, B, C are constants to be determined. 
Clearing (A) of fractions, we get 

(B) 2x + 8 = ^ (X - 1) (X + 2) + B{x + 2)x + C(x - 1)« 

= (it + B + C)x« + (-4 + 2 J? - C)x - 2-4. 
Since this equation is an identity, we equate the coefficients of the like powers 
of X in the two members according to the method of Undetermined CoefBcients, 
and obtain the three simultaneous equations 

r ^ + B+C = 0, 

(C) Ja + 2B-C = 2, 
I -2^ = 3. 

Solving equations (C), we get 

^=-J, B=J, C = -i. 
Substituting these values in {A), 

2x + 3 ___L+ ^ ^ 



x(x~l)(x + 2) 2x 8(x-l) 6(x + 2) 

/ 2x4-8 _ 8 r^ , 6 r ffx 1 r dz 

x(x~l)(x + 2) "" 2J X 8Jx-l 6Jx + 2 

= - J logx + J log(x - 1) - J log(x + 2) 4- logc 

= log— ^ —' Ana, 

x*(x + 2)* 

A shorter method of finding the values of ^, B, and C from (B) is the following: 
Let factor x = ; then 8 = - 2-4, or, -4 = - f. 

Let factor x — 1=0, orx = l; then 5 = 3 B, or, B = f . 

Let factor x + 2 = 0, orx = -2; then - 1 = 6 C, or, C = - J. 

•In the process of decomposing the fractional part of the given differential neither the 
integral sign nor djc enters. 
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EXAMPLES 

^ r (g-l)dx ^1 c(z-f 4)i 

J «» - 4x 8 2 ^ (X + 2)« 

J (x«-l)(x + 2) 2 ^6 ^(x + l)»^ 3 "81 -r ;-r 

e, r {a--b)ydy ^ (y - a)a 

' J Ht-P)(t + q) t 

„ r{2z^'-5)dz 1 , Z-V2 . 1 , 2-V3 ^ 
^2*-5z« + 6 2V^ Z+V2 2V3 z + Vs 

192. Case II. When the factors of the denominator are all of the 
first degree and some repeated. 

From (ff), p. 317, it is clear that to every n-fold linear factor, 
such as (2; — a)", there correspond the n partial fractions 

{x — ay (a; — a)""* x-^a 

The last one is integrated as in Case I. The rest are all inte- 
grated by means of the power formula. Thus, 

r_Adx_^ /• ^^ ^^^^^ A .c. 

J{x-ay J^ ' {l-w)(a:-a)-^ 

Ex. 1. Find f-^i±l-dx. 
J x(x-l)" 

Solution. Since x — 1 occurs three times as a factor, we assume 

x»+l A ^ B ^ C . D 



x(x-l)« X (x-l)» (x-l)a x-1 
Clearing of fractions, 

x» + 1 = -A(x - 1)» + Bx + Cx(x - 1) + Dx(x- l)a 

= (^ + D)x« + (- 3^ + C - 2D)xa + (3-4 + B -C + D)x - ^. 
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Equating the coefficients of like powers of x, we get the BimultAneou* cqaakkni 

^ + D = 1, 

-3A + C-2D = 0, 

8-4 + B- C + D = 0, 

-^ = 1. 

Solving, -4 = - 1, B = 2, C = 1, D = 2, and 



X(X-1)» X (x-l)« (x-l)« x-1 

(X - 1)« X 



XXA1EPLB8 



J (x + 2)a(x + l) x + 2 *^ ' 
Jx«-4x« + 4x x-2^ * x« 

W3x + 2)d,^ 4X + 8 t^^^^ g 
J x(x + l)» 2(x + l)«^ *(x + l)»^ 

•M* + 2)«(x + 4)« x» + 6x + 8 "\x + 2/ 

7. f-^ «_ + _L_iogl±^+C. 

J (« + a)« * »^ ^ ' « + o 2(« + a)"^ 

193. Case III. When the denominator containM factorM of the 
second degree hut none repeated. 

From {E)y p. 319, we know that to every non-repeated quadratic 
factor, such as of -{-px-^-q^ there corresponds a partial fraction of 
the form ^^^^ 

a?-\.px^q 
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iThis may be integrated as follows : 



r(Ax + ^-^ + B\, 
J 3?+px + q J a^ + px + q 



Adding And subtraoting -^ In the numerator. I 

\dx 



J a?-hjE>a;-hy J 2?^pX'\-q 
^A r (2x^p)dx / 2B^Ap \ r dx 

[Completing the ■qnare In the denominator of the second Integral.] 

= |log(:.^+;,x + j)+i|^arctan-^±^ + C. 

Since a^-^px-^qz^O has imaginary roots, we know from 3, p. 1, 
that4j-j»*>0. 



Ex.1. Find ' **" 



»" + 4x' 

«... A 4 A , Bx-^C 

SotiUwn. Aflsume — -— — — = — h — - — - . 

x(a52 + 4) X xa + 4 

Clearing of fractions, 4 = ^ (x« + 4) + x(Bic + C)= (^ + B)x« + Cx + iA, 
Equating the coefficients of like powers of x, we get 

A-\-B = 0, C = 0, 4^=4. 

This gives -4 = 1, B = - 1, C = 0, so that — i = 1 - — ^ — 

* x(xa + 4) X x2 + 4 

/4dx _ f^^ f ^^ 
x(x» + 4)"J 'x Jx« + 4 

= logx - - log(x« + 4) + logc = log ■ r- Ans. 
2 Vx« + 4 

EXAHPLES 

/xdx 1 . X* + 4 2 X ^ 
== = — log + * arc tan - + C. 
(x + l)(x« + 4) 10 *(x + l)a 6 2 

r (2x»-8x^8)dx ^1 (3^^-2x^6)1 l^^^^^x-1 
J (x-l)(x«-2x + 6) * x-1 2 2 

« /• x«dx 1 , 1 + X 1 ^ . ^ 
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4. I = - log arc tan X -f- C7. 

J (xa + 1) (x-» + X) 4 ^ (X + \y'(z^ + 1) 2 

6. I — ^ = log --vr — r + arc tan -arc tan — ;^ -¥■ O. 

Jx* + 6x-^ + 8 Vx^ + :i 2 2 V2 V2 

6. I — ^ = log — h-arctan — arc tan— - -rC 

J (x2+3)(x^-2x-f5) * x^' + a 2 2 VS VS 

^ r dx 1, (x + l)« 1 , 2x-l ^ 

7. I — — - = - log 4 '—■ + -— arc tan — -- + C. 

. /• (3x-7)dx , x« + 4 .1 , X ^ ^ 

8. I — ^ = log h - arc tail - + C. 

Jx»-fx2 + 4x + 4 *(x + l)'« 2 2 

^ C z^dz 1, /t-lx.-v^ , « .^ 

9. I = - logl I + — arc ton — r + C. 

10. [_— = -— log + V2arctan- — - + C. 

11. I — ^— = - log — H = arc tan ^ + C 

194. Case IV. When the denominator contains factors of tltt 
second degree some of which are repeated. 

To every n-fold quaditttic factor, such as (aJ*4-j?-r+9)% there 
correspond the n partial fractions 



To derive a formula for integrating the first one we proceed 
as follows : 



J (x" ^ px -\^ q)"" ^ J {x'^px-\'qy 

I Adding and subtracting — in the numerator. | 

J {2^+px + q)' V {3^ + px + q)' 
= jf(^+px+q)-'(2x+p)djc + (?^^^f 



dx 
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The first one of these may be integrated by [4] ; hence 



<^ /< 



^a: + 5 , A 



■dx = 



{x'+px + q)' 2{l-n){x'+px + q)'-' 

/ 2B-Ap \ r dx 

\ 2 )J{2?+px + q)'' 



Let us now difiEerentiate ihe function ^^ — -- 

Thus, 

x+l \ J 2(n-l)(.+|y 



dx\(3^ + px + q)''~^j (ar'+^z + y)""' {si'+px + q)'' 



-! 



\{^+px + q)'-'j 

]dx. 



Integrating both sides of ((7), 

iC -4- — 

^2<»-l,(,-^')J__^., 
or, solving for the last integral, 



2n->3 r (fo 
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Substituting this result in the second member of (B)^ wc get* 



+ 



{2B-Ap){2n — 3)r ^^^ 



?n-3) r 



(n- 1) (4 g - !>*) J (a5« + J^as? + ^>»-i 

It is seen that our integral has been made to depend on the 
integration of a rational fraction of the same type in which, how- 
ever, the quadratic factor occurs only n — 1 times. By appIjTng 
the formula (JE) n—\ times successively it is evident that our 
integral may be made ultimately to depend on 



S-. 



and this may be integrated by completing the square, as shown 
on p. 802. 

In the same manner all but the last fraction of (A) may be 
integrated. But this last fraction, namely, 

Lx-{-'M 
x^^px-{.q' 
may be integrated by the method already given under the previous 
case, p. 323. 

EX.1. Find r<^±?^±|^. 

Solution. Since a^ + 2 occurs twice as a factor, we assume 
g«-t-x«4-2 _ ^a-fB Cx+ D 
(z2 + 2)a "■ (x« + 2)" a!* + 2 * 
Clearing of fractions, we get 

x« + x" + 2 = ^x + B + (Cx + D) (x« -f 2) 

= Cx» + Dxa -f (il + 2 C)x + B + 2i). 
Equating the coefficients of like powers of x, 

C=l, D = l, ^4-2C = 0, B+2D = 2. 
Thisgives ^ = -2, 5 = 0, C = l, D=l. 

Hence ^±^+2^ 2a^ + fLti. and 

(x^ + 2)a (x3 + 2)2 x« + 2 

/ (x»4- x»4-2)dx _ _ /■ 2xdx /* xdx /• dx 
(x^ + 2)« *" J (xa + 2)« J x« + 2 J WT2 

^ + 4="c^»n-^ + ilog(xa + 2) + C. 



«■ + 2 v^ V2 2 

* 4 9 - |)S >0, ainoe j(« -f par + 9 a has imagiiutry roots. 



INTEGRATION OF RATIONAL FRACTIONS 327 



Ex. 2. Find r^-fjtfL^dx. 



SoUUion, Since x^ + 1 occurs twice as a factor, we assume 
2z^-\-x + S _ Az-^B Cx + D 
(x« + l)« "" (xa + 1)« "^ «a + 1 ' 
Clearing of fractions, 

2x« + X + 3 = -4x -f B + (A + C)x + B + D. 
Equating the coefficients of like powers of x and solving, we get 
^ = -1, 5 = 3, C = 2, D=0. 

Hence r2x» + i±8 ^ r~x + 3 ^ 2xdx 

J (xa + l)a J(xa+l)a Jx^ + l 

Now apply formula (^, p. 326, to the remaining integral. Here 

-4 = - 1, B = 3, p = 0, g = 1, n = 2. 
Substituting, we get 



/-x + 3 , l + 3x 3 f dx l4-3x . 3 
: — cte = — ! 4- _ I = — I A. _ arc tan : 
(xa + l)a 2(x« + l) 2Jx2 + l 2(x2 + l) 2 

jfore 



EXAMPLES 



1. C '^-^''2} ^= ,^r'^^. '^^og(x^ + 2)^---^^TcUin-^^C. 
J (xa + 2)a 4(x«-f2) ^' 4V2 V2 

^ /• 2 xdx , arc tan x x — 1 ^ 

2. I l^zf = _ iog(x + 1) + + — — — + C. 

J (1 + X) (1 + x2)a *^^* ^ *^ ^ 2 2(x« + 1) ^ 

/-xT^x> + x«^-x 5 ^_10_^lgi (^.^2)-91og(x^4-3)^C. 

J (x2+2)a(xa+3)2 2(xa + 2) xa + 3 2 *^ ^ ' ev t/t- 

^ /- (4x3-8x)dx 3x2 -X (a;-i)a 

4. I — ^ ^ = h log ^ + arc tan X + C. 

J (x~ l)a(xa + 1)2 (X - 1) {x2 + 1) '^ x" + 1 

^ r (3x + 2)dx 13X-24 .26 ^ 2x-3 , _, 

6. I — ^^^ ■ — = arc tan h C. 

J (x3 - 3x + 3)2 3(x» - 3x + 3) 3 V3 V3 

Since a rational function may always be reduced to the quotient 
of two integral rational functions (§ 26, p. 16), i.e. to a rational 
fraction, it follows from the preceding sections in this chapter 
that any rational function whose denominator can. be broken up 
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into real quadratic and linear factors may be expressed as the 
algebraic sum of integral rational functions and partial fractions. 
The terms of this sum have forms all of which we have shown 
how to integrate. Hence the 

Theorem. The integral of every rational function who9e denomi- 
nator can be broken up into real quadratic and linear faetar» wwy 
he founds and is expressible in terms of algebraic^ logarithmic^ and 
inverse-trigonometric functions; that m, in terms of the densentarg 
functions. 



CHAPTER XXVn 

IKTEGRATION BT SUBSTITUTION OF A NEW VARIABLE. 
RATIONALIZATION 

195. Introduction. In the last chapter it was shown that all 
rational functions whose denominators can be broken up into real 
quadratic and linear factors may be integrated. Of algebraic 
functions which are not rational^ that is, such as contain radicals, 
only a small number, relatively speaking, can be integrated in terms 
of elementary functions. By substituting a new variable, however, 
these functions can in some cases be transformed into equivalent 
functions that are either in the list of standard forms (pp. 292, 293) 
or else are rational. The method of integrating a function that is 
not rational by substituting for the old variable such a function of 
a new variable that the result is a rational function is sometimes 
called integration hy rationalization. This is a very important arti- 
fice in integration and we will now take up some of the more 
important cases coming under this head. 

196. Differentials containing fractional powers of x only. 

Such an expression can be transformed into a rational form ly 

means of the substitution 

a; = «", 

where n is the least common denominator of the fractional exponents ofx. 
For x^ dx^ and each radical can then be expressed rationally in 
terms of z. 

Ex. 1. Find P ""/ dx, 

SoltUUm. Since 12 is the L.C.M. of the denominators of the fractional expo- 
nents, we afisume _ ,» 

Here dx = 12 «»d«, x' = z\ x* = ««, x* = z«. 

.-. r ^ "^ dx = r?i^ 12 z^^dz = 12 Oz" - «8) (to 

= f «!♦ - }2« + C = f X* - JX* + C. 

fSulMtltutlng back the value of z in terms of x, namely, z^x^.^ 
829 
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The general form of the irrational expression here treated is th»i 

1 

1 
where R denotes a rational function of if. 

197. Differentials containing fractional powers of a + fta; only. 

Such an exprestion can be trantf'armed into a rational farm by 

means of the substitution 

a 4- bz = «", 

where n is the least common denominator of the fractional exponent* 
of the expression a 4- bx. 

For X, dx^ and each radical can then be expressed rationally id 
terms of 2. 



Ex. 



1. Find f ^ 

•^ (1 + «)• + (1 + «)* 

Soibdion, Assume 1 + x := 2* ; 

then dx ^2zdz, (1 + x)' = ««, and (I + x)* = z. 

dx r 2zdz _ r dz 

(1 + x)« + (1 + X)* "-' «• + « "" J «• + 1 

= 2arctan« + C = 2arctan(l + x)* + C, 
when we subetitute back the value of t in terms of x. 

The general integral treated here has then the form 

1 

R[x,{a'{-bxf]dx^ 
where R denotes a rational function. 

BZAMPLXS 

3- rV^^ = --^ + ^ + 21ogx-241og(xA + l) + C. 
•^ X* + X* X* xA 

4. f— ^^ = ?x« + 21og?~=i-|-4arctanx*-|-C. 
•^ x« - X* 3 aj* + 1 
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•^«(x + l)* (JC + 1)* + 1 

•^(a + 6x)» ftaVo + to •^(4x-f-l)' 12(4x + l)« 

10. JyVjrrydy = A(4y-8o)(o + y)* + C. 

11. r-^^i^dx = x + l + 4ViTl + 41og(VxTr-l) + C. 
•^ Vx + l-l 

12. f ^== = ?(x + 1)« - 3(x + 1)* + 31og(l +^WT) + C. 

•^ 1 + Vx + 1 2 

13- r r^ 1 = 8{(« + 1)* + 2(x + !)♦ + 2 log[(x + 1)* - 1]} + C. 

•^ (X + 1)J - (X + 1)* 



198. Differentials containing no radical except Va 4- ftac 4- «*.* 
aSWcA an expression can be transformed into a regional form by 
means of the substitution 

Va ^bx'\~3? zzzz^x. 

For, squaring and solving for x^ 



««-a 



;then&= ^(^' + ^7;)^^ 



6 + 2^' (6 + 22)' 

and Va4-6a: + ar'(=g — y)= 7" ^^ ' 

b -^zz 

Hence Xy dx, and Va 4- 6a; -|- a;* are rational when expressed in 
terms of 2. 



dx 
Ex. 1. Find 

■X3 



/ dx 
Vl + X + i 

Solution, Aflsume Vl -f x + x^ = « - x. 

Squaiing and solving for z, 

X = ; then dx = -^ ^ — , 

2z + l' (2z + !)•-» 

and vTT«Tx«(=z--x)==?^±^^. 



• If the radical is of the form Vn+pa? + yx», 9 >0, it may be written Vq\l*^ + ^ jt + jr«, and 

therefore comes under the above head, where a= -*b=- ' 

g 9 
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_£i±i)l_= r.1^ = log[(2^ + l)e] 
2« + l 



= log[(2x + 1+2 Vl + jc + x^c], 
when we subeUtate back the value of z in terms of z. 



199. Differentials containing no radical except Va + fta? — ac*.* 

aS'ucA an expression can be transformed into a rational form hy 
means of the svhstitiUion 



u^Aere x — a and fi — x are real \ factors of a-^-hx — o?. 

For, if Va -h 6a: - a:* = V(a: - a) ()8 - z) = (a: - a) z^ 
by squaring, canceling out (a; — a), and solving for x^ we get 

2*4-1 («• + !) 

and Vg + fa - ^\= (x - o)]g= <^ ~ "^^. 

Hence x, rfx, and Va + 6a; — ic* are rational when expressed in 
terms of z. 



Ex. 1. Find 



/ 



Ac 

V2 + jc - x« 



iSo2u<i(m. Since 2 + x - x* = ^^ + 1) (2 - x), we 

V(x + l)(2-x) = (x + l)z. 

2 — 2* 

Squaring and solving for x, x = 

^®''^® ^ = (^tS' ^""^ V2 + x-x«[= (X + 1)2] ^^~ 

/dx /* dz 
-F= = -2f— — =-2arctan« + C 
V2 + X - x« ^ 2» + 1 ^ 

= - 2 arc tan \/-^ + C, 
\x + 1 
when we substitute back the value of z in terms of x. 



• If the radical is of the form yjn^px-qx\ <7>0, It may be written VJ %/-+^x-jc«, and 
therefore comes under the above head, where a=-.ft=^. ^*i ^ 

9 9_ 

t If the factors of a + ftx - .r* are imaginary, Va + lur-x* is Imaginary r«»r all values of x. For, 
if one of the factors iBx-m + in, the other must be - (x - in - tn), and tlurefore 

b + ax -X*- -(x-m + in)(x-m-in) = -[{x-m)* + V*], 
which is negative for all values of x. We shall consider only those cases where the facton are real. 
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EXAMPLES 

Vx3 -x-f-2+«-V^ 



1. r-^^ — =^iog 7'-''-^^ +'-7 +c. 

2. f — ^ =2aretaii(g.4-Vza4.2T.-l)-t-ry. 
•^ xVjc2 + 2x-l 

3. f-— ^= = -2arctan(?-^)*+C. 
J V2 - X - xa Vx + 2/ 

4. f ^_^! = log(2Vx»-x4-l-l-2x-l) + a 

•^ vx«-x-l 



6. f ^ ^ ^-2arcUnJj— l+g 

•/ V4x-3-xa \x-3 

xdx 8 + 6x 



(2 + 3x-2x2)» 26V2 + 3x-2x« 
r , ^^ = = VE log (6 X - 1 + V5 V5x2-2x + 7) + C. 



5 r x^ ,= --- ^n 

•^ (2 + 3x- 

Sdx 
V6x«-2x+7 

a f , ^ - = 4=>og(gg-^ + 2^^3x?»-x4-l) + C. 
•^ V3xa-x + l VS 

^ V4 + 3x-2xa ^ Vil ^ 

10. r--^::= = log(i + X + V5^^Ti)+C. 

•^ Vx^ + x ^2 / 

11. r(i?±|^=iog(x+i+v2:rnr^ i=+c. 

The general integral treated in the last two sections has then 

where R denotes a rational function. 

Combining the results of this chapter with the general theorem 
on page 828, we can then state the following 

Theorem. Evert/ rational function of x and the square root of a 
polynomial of degree not higher than the second can he integrated 
and the result expressed in terms of the elementary functions,* 

* As before, hovoTer, it is assamed that in each case the denominator of the rational function 
can be broken up into real quadratic and linear factors. 
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200. Binomial differentials. A differential of the form 

where a and b are any constants and the exponents yn, n, /? are 
rational numbers, is called a binomial differential. 

Ijet x^7^\ then d2: = o2*'*&, 

and ^{fUt bT^ydx = a«— ^-* (a -h b^ydz. 

If an integer a be chosen such that 771a and na are also integers,^ 
we see that the given differential is equivalent to another of the 
same form where m and n have been replaced by integers. A\aQ^ 

a:"(a + b^ydx = 2:"+"' (oar— + bydx 
transforms the ^ven differential into another of the same form 
where the exponent n ot x has been replaced by — n. Therefore, 
no matter what the algebraic sign of n may be, in one of the two 
differentials the exponent of x inside the parenthesis will surely 
be positive. 

When p is an integer the binomial may be expanded and the 
differential integrated term wise. In what follows p is reg^arded 
as a fraction; hence we replace it by -, where r and s are integers-f 

We may then make the following statement ; 

Every binomial differential may be reduced to the form 

r 

3r(a^b2fydx, 
where m^ n, r^ 8 are integers and n is positive. 

201. Conditions of integrability of the binomial differential 

r 

(A) «"•(« + 6x~)»<te. 

Case I. Assume a -f 6a:" = «*. 

1 r 

Then (a -f baf)' = «, and {a + bif)' = z**; 

1 m 

also x= f T ) J and ^=( T ) 5 

h..ce d,=._l^-i(^!lr:«y az. 

* It u always possible to choose a 8o that ma and na are integers, for we can talce a as the 
I^.C.M. of the rlenomtnators of m and n. 

t The cas<* where p is an integer is not excluded, but appears as a special case, via., r=/», « = L 
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Substituting in (A)^ we get 

The second member of this expression is rational when 

yw-f 1 
w 
is an integer or zero. 

Ca8B II. Assume a-^-baf =z z'af . 

Then a:* = — ?— , and a + 6a:" = e'a:"= ^^ 



r r _r 

Hence (a -h 6a:")' = a* (2* - 6) V; 

1 _1 m _m 

also a: = a"(2' — 6) *, af* = «"(«' — 6) "; 

8 i -i-i 

and i2: = --a"«-^(«'~6) " dz. 

n 

Substituting in (A), we get 

af'(a + 6a:-)-dx = --a - -(z'-i) ^ " • V+-»rf2. 

71 

The second member of this expression is rational when — ^ — |- - 
. , n 8 

IS an mteger or zero. 

Hence the binomial differential 

ar{a'^bjfydx 
can be integrated by rationalization in the following ca8e8:* 

Case I. When = an integer or zero^ by a88uming 

n 

a 4- 6a:" = 2*. 

Case II. When — "^ — f. - = an integer or zero^ by assuming 

a-^-bof = z'jf. 

^AMomlng as before that the denominator of the resulting rational function can be broken 
up Into real quadratic and linear factors. 
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EXAMPLES 

Soitttion. m = 3, n = 2, r = -8, f = 2; and here *" ^ =2, an integs. 
Hence this comes under Case I and we assume ^ 

a -f bx* = 2<; whence % = (^ — ^^ , dx = -i and (a + 6x^* = «•. 

^ * ^ 6*(z«-a)* 

/ zHix _ /*/ z* — a \* sdz 1 

= ^/(l - «-«)^ = p(« + «-«) + C 
+ o. 






iSoiution. m = -4, n = 2, - = — ; and here ^ + - = — 2, an integer. 

a 2 n f 

Hence this comes under Case II and we assume 

l + x? = «^«, « = (1±*!)!. 

X 



1 , . . 2» 



whence ^ = -; » 1 + **=-^ ' Vl + jc* = 



inrr'^-^*- = ,T3i'^' + **-(,._i)»' 



•lao X = -, X* = — - — — • ; and (fa = — 



(^_1)» (««-l)«' (,.-1)1 

J {z«-l)«(^_l)» 



3 3x* 



8. rx.(l+x^**c = <^^Il^Ml±^* + C. 

•^ (1 + x«)» vT+1^ ^ vr+1? 8 

- /• dx 1, ex 

6. I — , =-log 

•^ x^a^ — x^ <* va» — x« + a 

7. r ^ =~a(l + xr*(2x + l)-K7. 
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^ y (a« + y»)* « Vo^ + y* + o 
9. r<»(l-f-2t2)«(tt = (l + 2t2)'^^^^+C. 

10. Ju(l + i*)«ciu = i^(l + u)i(6u-2) + C. 

11. r_jgjg_^a «« ^^^ 
•^ (a + 6a2)' ^ (a + 6a»)i 

13. f ^ =- ^^-^^^ 4-C. 
•^««(a + x«)» 2o«x(o + a:«)« 

202. Transformation of trigonometric differentials. 
From Trigonometry 

(-4) sin a: = 2 sin - cos -» 87, p. 2 

A Ik 

(B) C08x= COS* - — sin* - . 37, p. 2 

X 

tan — 

XI ^ . a: 1 1 2 

But sm - = 



'^''l ^f^^ ^/l+*^ 



a; 1 
and cos - = 



2 



If we now assume 



X 



Bec^ ^l+tan«| 



tan - = 2, or, a; = 2 arc tan «, 



a: 2; a: 



^'^* '^''2=vriT«' '^'2 = 



viTm* 2 vr+7 



Substituting in {A) and (JS), 



22 1-2" 

sm a; = ^ -^ cos a; = 



Also by differentiating a: = 2 arc tan z we have dx = ^ ^^ 
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Since sin a:, cos x, and dz are here expressed rationally in term^ 
of 0, it follows that 

A trigonometric differential involving nnz and cobx rationally 
only can he tran^ormed by meane of the 8%U>itittUian 

or, what ie the 9ame thing^ by the evietittUione 

2z l-«* , 2d2 

sinz = T zy C08a; = r 5, dx = 'r r 

1+2* l+«^ l-h2^ 

into another differential expreenon which is ratumal in z. 

It is evident that if a trigonometric differential involves tan a 
cot x^ sec a:, CSC 2; rationally only, it will be included in the above 
theorem, since these four functions can be expressed rationally in 
terms of sin x^ or cos x^ or both. It follows therefore that any 
rational trigonometric differential can be integrated.* 



EXAMPLES 



1. j _1 — 1 — - = -tan«- + tan-- + -logtan- + C. 

J Biuz{l + coBX) 4 2 2 2 ° 2 



Solution. Since this differential is rational in sin x and cos z, we make the aboTe 
substitutions at once, giving 

2c \ 2dz 



r (l-fsing)dje j V "^ 1 -f zVl + z« 
J sinx(l + co8a;) ~ I 2z /, 1- 



-) 

_/• {l + x* + it)dx 1 



/t«5-2\ 
•/ 4 - 6 Bin X 3 I „ . z .1 




* S«e footnote, p. 335. 
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3. f- — ^ = ^arctanC2tan?) + C. 

J 6-3C08X 2 \ 2/ 

jt r dz 1 ^ /5tanx + 4\ . ^ 

J6 + 4 8ln2a5 8 \ 3 / 

/dx * 1 
= - arc tan(3 tan x) + C. 
6-4co8 2x 8 ^ ' 



tan- + 2 
dx 1. 2^ 



6. r_^ = llog-i_+C. 
J3 + 5C06X 4 ° X „ 

tan--2 

7. rJ^£^=_2_ + 2arctan(ten?) + C. 
%/l+Binx_..x \ 2/ 



1 + tan^ 



a r-£?^^^ = 2arctanftan?)-tan?-hC. 

^1+C08X \ 2/ 2 

9. Derive by the method of this article formulas [16] and [17], p. 298. 

203. Miscellaneous substitutions. So far the substitutions con- 
sidered have rationalized the given differential expression. In a 
great number of cases, however, integrations may be effected by 
means of substitutions which do not rationalize the given differen- 
tial, but no general rule can be given, and the experience gained 
in working out a large number of problems must be our guide. 

A very useful substitution is 

1 , dz 

z z^ 

called the reciprocal sulstitutian. Let us use this substitution in 
the next example. 



" dx. 

X* 

1 dz 
Solution. Making the substitution x = -, dx = -,weget 

J X* J ^ ' 3a9 3aax» 
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EXAMPLES 

J(x + 1)« 6(x + l)» "^ ' 






x»dx 3 



Amuoe x 


« = «. 




ABsame x 


— 2 = 


z. 


Aflsame x 


-»-l = 


z. 


Aflsumex 


_ 1 




AflBimiexr 


_ a 





•^ (x8 + !)• ® 

^ r dx . cz > ^ 1 

7. I — rr =- = log AsBume x = - 

•'xVl + x + xa 2 + X + 2V1+X + X* « 



Aasame x* + 1 = z. 
<fe , ex > ^ 1 



8. 



/ — ~— <te = ^(1 + logx)» + C. AsBame 1 + logx = z. 






10. 



/^T?^ = ^-| + il^«(^-2) + C. Aaaumee« = x. 



,, /• x«dx 1 xVi-x* . ^ 

11. I — ^.= = "arc8iux r + C. , Assame x = C08 c 

12. r Va-i - x^dx = ^arcslii? + ~ Vo« - x« + C. Aasume x = a sin «. 
./ 2 o 2 



CHAPTER XXVIII 

niTEGRATION BT PARTS. REDUCTION FORMULAS 

204. Formula for integration by parts. If u and v are functions 
of a single independent variable, we have from the formula for the 
differentiation of a product, V, p. 144, 

rf(uv) = udv + vduy 
or, transposing, 

udv = d (uv) — vdu. 

Integrating this, we get the inverse formula, 

{A) I udv = uv — CvdUf 

called the formula for integration by parts. This formula makes 
the integration of udv, which we may not be able to integrate 
directly, depend on the integration of dv and vdu^ which may be 
in such form as to be readily integrable. This method of integra- 
tion, hy parts is one of the most useful in the Integral Calculus. 

To apply this formula in any given case the given differential 
must be separated into two factors, namely, u and dv. No general 
directions can be given for choosing these factors, except that 

(a) dx is always a part of dv; and 

(b) it must be possible to integrate dv. 

The following examples will show in detail how the formula is 
applied. 

Ex. 1. Find fx coe xdx. 

Solution, Let u = x and dv = cos xdx ; 

then du = dx and v = jcos xdx = sin x. 

Substituting in (^1), 

u dv u V V du 

C X COB xdx = X sin X — fsin x dx 

= x sinx + cosx + C. 
341 
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Ex. 2. Find fx log xdx. 

Solution, Let u = log x and do = xdx ; 

dx /• X* 

then du = ^ and c = i xdx = --. 

X J 2 

Subitituting in (A), 

/xlogxdx = logx.|*-j|.f 

= flogx-^J^C. 

Ex. 8. Find fxef^dx. 

Solution, Let u = e» and do = xdx ; 

xdx = — • 
Satetitnting in (^1), 

Cxe»*dx = «" • ^ ""J*? **"*"** 



a;«e«« 



-^/ 



7fitf*di. 



But xV^dx is not as simple to integrate as xe^'idx, which fact indicates thai we 
did not choose our factors suitably. Instead 

let tt = X and do = c»"dx ; 

/goat 
er^dz = - - . 
a 



Substituting in (A), 



rx««dx = x.^- C^dx 
J a J a 



a o* a \ o/ 



It may be necessary to apply the formula for integratioD by 
parts more than once, as in the following example. 

Ex. 4. Ffaid fx^e^dz. 

Solution, Let u = x^ and do = ef^dx ; 

then dtt = 2 xdx and o = Ce^*dz = — . 

^ a 

Substituting in (^1), 

rx««««dx = x«~ - f— .2xdx 



xV« 2 



a a*/ 



xe^dX' 
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rrhe integral in the last term may be found by applying formula (A) again, 
"wliich giyee 

/«-^ = ^(x-l). 

Substituting this result in (B), we get 

;— =T-^('-i)--f(--T-5)-<'- 

Among the most important applications of the method of inte- 
gration by parts is the integration of 

(a) differentials involving products, 

(b) differentials involving logarithms, 

(c) differentials involving inverse circular functions. 



EXAMPLES 

1. Jx3iog«to = ^(iogx-^)+a. 

2. fa sin ada = — a cos a + 8lna + C 

3. fare sin xdx = x arc sin « + Vl - x? + C. 
Hint. Let u » arc sin x and dv=dxt etc. 

4. j logxdx = x(logx — 1) + C 

6. rarctanx(Jx = xarctanx — log(H-x^* + C 

X" logxdx = -( logx —- ) + C, 

n + l\ n + 1/ 

/X^ _l_ 1 X 

X arc tan xdx = arc tan x ~ - + C 
2 2 

8. fare cot ydy = y arc cot y + | log(l + y*) + C, 

J Llog a log> a J 

10. rt2a«(ft=.a*r-^--^- + -^l4-C. 
•/ Llog a log^a log^aJ 

11. fcos $ log sin ede = am ^(log sin ^ - 1) + C. 

12. rx2e'rfx = e*(xa-2x + 2) + C. 
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^ IS. rx^dx = 5^(x«-»^ + «f-J) + a 

14. r0«8in^<i0 = 2cos^ + 2^«in^-^cai^ + C 

16. ("(log x)«dx = X [log* » - 2 log X + 2] + C. 

/a* 
a tan* a(la = atana — — + logCO«a + C. 



JSRul. Letic«logxand<fr* 



(x + l)« 



la rx«arcBlnxdx = -»rc8lnx + -~- Vl-x» + C- 
•/ 3 9 

19. faec'tflogtanAf^stan^OoStantf- l) + a. 

20. flogflogx)— = log X. log (log X) - logx + C. 

21. r!-'^-?A^^il^ = 2V5Tl[log(x + l)-2] + C. 

22. rx»(a-x«)*dx = - lx«(a-x«)'-T\(a-x2)« + C. 
J7iN<. Let II « x« and <f v - (a - x*)^ artfx, etc. 

205. Redaction formulas for binomial differentials. It was shown 
in § 200, p. 834, that any binomial differential may be reduced to 

where jt? is a rational number, m and n are integers, and n is posi- 
tive. Also in § 201, p. 334, we learned how to integrate such a 
differential expression in certain cases. 

In general we can integrate such an expression by parts, using 
(^), p. 841, if it can be integrated at all. To apply the method 
of integration by parts to every example, however, is rather a long 
and tedious process. When the binomial differential cannot be 
integrated readily by any of the methods shown so far, it is cus- 
tomary to employ reduction formulas deduced by the method of 
integration by parts. By means of these reduction formulas the 
given differential is expressed as the sum of two terms, one of 
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'^^liicli is not affected by the sign of integration, and the other is 
^li^ integral of the same form as the original expression, but one 

^vvlxioli is easier to integrate. The following are the four principal 

xed\&ction formulas. 



C^rA] Cx*^{a + bx^)Pdx 



= ^ — • i ^ ,\. I »»*-»*(« + ftap»»)P<la?, 

+ fl*+ l)oJ 



np 



CC] /« 



{np + fn+l)b {np 

[ J5] Cx*^ (a + bx^)Pdx 

• + «t + 1 np + fWr -f- 1 ^ 
i «"•(« + bx*^)Pdx 

(m + l)a (m + l)a J 

[1>] Cx«* (a + hx^)P ax 
^^ x^^Ma + to>>)P^i np + n + m + 1 C^(a + hxn)P^^dx. 

While it is not desirable for the student to memorize these 
formulas, he should know what each one will do, namely: 
Formvla [A^ diminiahea m hy n, 
Formvla [B] diminishes p hy\. 
Formula [C] increases mby n. 
Formula [1>] in^cr eases pbyl. 

I. To derive, formula [A]. 

The formuU for integration by parts is 

(A) I udv = uv —J vdu. (A)y p. 341 

We may apply this formula in the integration of 

C2r(a + b3fydx 

by placing u = a:*"""'"^* and rft; = (a -f- bjfyaf'^dx; 



p+i 



then du = (m — n + l)2f^"' and v = i— i L 

^ nb(p^l) 

• In order to integrate dv by [4] it is necetsaxy that x outside the parenthesis shall have the 
exponent n - 1 . Subtracting n-1 from m leaves m - n + 1 f or the exponent of x in u. 
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Subetituting in (A), 
(B) foTia + birydx 

nb{p + l) nb{p + l)J ^ 

But CiT-ia + bjify*'dx =^^-'{a + h^y{a + hf)da^ 

= aJV— (a + iaf)'*** + ij'i-(a + *a^)'<ia:. 
Substituting this in (£), we get 

Transposing the last term to the first member, combming^ and 
solving for \^(a + bsfydx^ we obtain 

[A] Cx^ (a + bx*')P €to 

6(n/> + m+l) &(np + m+l)J i»-rtr*; 

It is seen by formula [A^ that the integration of 2:"(a -h hifydx is 
made to depend upon the integration of another differential of the 
same form in which m is replaced by m — n. By repeated appli- 
cations of formula [A]^ m may be diminished by any multiple of n. 

When np 4- m 4- 1 = 0, formula [A] evidently fi^ (the denomi- 
nator vanishing). But in that case 

n 
hence we can apply the method of § 201, p. 335, and the formula 
is not needed. 

II. To derive formula [B], Separating the factors, we may write 
(C) Cjtr{a -h hjf^ydx =f^((i -h bif^y'ia -f bjf) dx 

== a^3r(a 4- h^f^y-^dx -h hCsT'^^'ia + bzf^y'dx. 
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INow let us apply fonnula [A] to the last term of (C) by substi- 
tixi-ting in the formula w -h n for rn and 7? — 1 for p. This gives 

•-^ np-{'m-\'l np-{-m-{-\^ 

Substituting this in ((7), and combining like terms, we get 
[-B] Ac"* (a + hx^)P dx 

^xn.^Ha-¥hxy a^^^_^ Cx-^(a + h^n)P-^dx. 

np + m + 1 np + m + 1 J 

Each application of formula [B] diminishes p by unity. Formula 
[^] fails for the same case as [^]. 

III. To derive formula [C]. Solving fonnula [A] for 
Car"'{a^h3rYdx^ 
and substituting w -f n f or m, we get 

[C] Tap"* (a + bx^)Pdx 

_ a;">^M«-hto^)^^^ ft(np + n + m+l) f^m+H(« + ^njp^. 
*" a(m-hl) a(m + l) J v t- / 

Therefore each time we apply [C], m is replaced by wi -f n. When 
tn 4- 1 = 0, fonnula [C] fails, but then the differential expression 
can be integrated by tie method of § 201, p. 335, and the formula 
is not needed. 

IV. To derive ftmrnda [!>]. Solving formula [B] for 

C7r{a^h7rY'^dx, 
and substituting ;? 4-I for p^ we get 
[I>] Cx^(a'\-hx!^)Pdx 

■" an(/> + l) ^ an(p + l) J 

Each application of [1>] increases ;? by unity. Evidently [1>] 
fails when jo 4-1 = 0, but then jo = — 1 and the expression is 
rational. 
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XZA1IPLX8 

Solution. Here m = 3, n = 2, p = ~ }, a = 1, 6 = — 1. 

We apply reduction formula [A] in this case because the integrvtioii of the 
differential would then depend on the integration of Cz{l >-x*)~^clx, which cob» 
under [4], p. 202. Hence, substituting in [A]^ we obtain 

= - Jx»(l -x«)* - 1(1 -««)* + C 

2. r-£!*^=-(lx« + ?a«x)V5rr7« + ?«*aresln? + C. 
•^(a^-z*)* V4 8 / 8 a 

mnt. Apply [il] twice. 

3. ({a* + aJ*)*dx = ^ Va» + x« + * log(x + Va« +x«) + C. 
J 2 2 

liRiil. Here me 0, »>> 2, p « |, aa a*, 6a 1. Apply [J] onoe. 



f dx (X« - 1)* 1 . ^ 

I .^ = ^^ +-arcsecx + C. 

•^x«Vi23T 2x« 2 



x«Vx2^ 
JSRii/. Apply [C] onoe. 



•' Vo» - x« 2 2 a 

•^ Vl — X* ^ ^ 1^ 1^"^ 

8. fx* Va« - x«dx = ^ (2x^ - a«) Va« - x» + ^aicsin? + 0. 
^^ 8 8 a 



K\%i, Apply [i4] ftnd then [J9]. 



9. r ^ = ? + -Larctan? + C. 

J (a« + x«)2 2a«(a« + x«) 2a« a 



Hint. Apply [/)] once, 

dx _ Va« - x« 1 

x» Va« - x^* ~ 2a%2 2a»"°a ^. Va« - x« 



10 f «g _ ^«' - g^ , 1 1 X 
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XX. r ^ =^'+^^' + C. 

X2. f ^ =(^^'-^^')%C. 

X3. r(za + a«)*dx = ^(2x» + 6a«) Vx^ + a« + ^log(z + Va« + a^+ C. 
•/ 8 8 

3.4. rx«(«« + oS)*dx = ?(2x« + a2) Vx^ + a^ - ^ log(x + Vx^ + a*) + C. 
•/ 8 8 

15. I ^ = — (2 ox - x«)* + — arc vers - + C. 

•^ V2 ox - x^ 2 2 a 

/i*n*. f--^^=:- fxt(2a-arr4«te. Apply [^] twloe. 



^ 2^((}S_23)i a«x 

17. I — p^:== = -r^ v2 ry - y« + - r« arc yere - + C 

•^ V2ry-y2 2 r 

18. f__^= = -(2at-«2)* + aarcver8- + C. 
-/ V2(rf-t« <* 

^^ r ds 8 3a 8.»^ 

19. I = 1 1 arc tan - + C 

J (a« + ^)« 4a«(aa + «")« 8 o* (a^ + a^) ^ 8 a» a 

20. r--^= = -A(8,« + 4f« + 8)Vri:7i+C. 
•^ VI — r* w 

206. Reduction formulas for trigonometric differentials. The 
method of the last section, which makes the given integral depend 
on another integral of the same form, is called sticcessive reduction. 

We shall now apply the same method to trigonometric differentials 
by deriving and illustrating the use of the following trigonometric 
reduction formulas. 

[E] j sin»»apco8»*ap<fa5 

^sin^^ixcosn-ix n^^ fsin-xcos-^ojclx. 
m + n m + nj 

[F] j sin"* a? cos" a? dx 

^ _ 8tn"'->xco8"^^ag m-\ r8ln"-»a5 co8»x&c. 
m + n TO + nj 
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[ G] r »in»* X co»»* X dx 

^ _ 8ln">^^aPCOs'>^^x m + n + 2 f^j^-.^ ca^-^xdi. 
n+1 n+1 J 

[ JT] j sin** X cos* ap da? 

^Bln*>^ixco«i'>^ix m + n + 2 r^^^,^^^,^^ 
m+ 1 m+ 1 J 

Here the student should note that 
Formula [B] dimini$he$ n by 2. 
Formula [#*] diminishes m by 2. 
Formula [O] increases n by 2. 
Formula [^] increases m by 2. 

To derive these we apply as before the foimula for integration 
by parts, namely, 

(A) i udv = uv — J vdu, (-4), p. B41 

Let tt = cos""*x, and civrnsin^xcosarcir; 

then citt = — (n — l)cos"~'a:8ina:(ir, and » = 



wi + 1 

Substituting in (^), we get 

/nv /*• « « J sin""*"* a; cos""* a; 

(B) I sm^a: cos" mr = H ^ 

^ wi + 1 

n — 1 /• 

H I sin"'"*"'a:cos""'axtB. 

m-\-\J 

In the same way, if we 

let u^sixT'^Xj and ciw = cos"a;sina:<ii^ 

we obtain 

//>v * Cm. . •» sin'""*a:co8"'*'*a: 

( C) I sin'"a: cos"xar = — 

J n + 1 

H ^^ I sin"-'a: cos"'*'*«dii:. 

?i + 1«/ 

But J 8in"^*a:co8""*a:djc= | 8in'"a:(l — co8*a:)co8"~*j3ia: 

= j sin^j: cos""* xdx —J sin'" a; cos'a-rfj. 
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S^Vistituting this in (S), combining like terms, and solving for 
I siti'^arcos'j-rfy, we get 



t-CTl I sin"* X cos" X dx 



-1 r 

wf + n ' w* + n J 

taking a similar substitution in ((7), we get 



sin*** a? COS** -*x dx. 



8in***~^ag co8**'^^a; . ii» — 1 
tn + n m 



+ ^^ I 8in**-*xco8**apclar. 



Solving formula [Br\ for the integral on the right-hand side, and 
increasing n by 2, we get 

lO] I 8in**a5 co8**aj dx 

= — : ^ . T I 8in»»*xco8*» + *x<lx. 

n+ 1 n+1 J 

In the same way we get from formula [-F], 

[ Jff] j sin*** X co8*» X dx 

8iii*'*+*xco8**^-*x , i» -f n + 2 /• . ^., ,^ , 

= z h . : — I sin** + *x co8*»x dx. 

ii»+ 1 w + 1 J 

Formulas [E] and [-F] fail when m + n = 0, formula [G] when * 
n 4- 1 = 0, and formula [H] when m+l=0. But in such cases we 
may integrate by methods which have been previously explained. 

It is clear that when m and n are integers the integral 

I sin"* X cos" xdx 

may be made to depend, by using one of the above reduction 
formulas, upon one of the following integrals: 

/dxj Isina^ir, {cosxdx^ I sin 2; cos rreJ^:, I - — » I » 
J J J J sin X J cos X 

: — 1 Itanxdxj Icotxdxy 

cos 2; sin 2; J •/ 

all of which we have learned how to integrate. 
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EXAMPLES 

r . • -A J sin a! cos* x . sin x cob* x . \ , . _ ^^^ -► ^ ♦^ j. r 

1. J 8in«xco8*x<ix = - - -f- — + — (gin x <?08 x + x) + C. 

Soluiion. First applying formula [F], we get 

(il) fsln^x cos* awix = V - j cos* xcias. 

[HeremB2, n«4.] 
Applying formula \E\ to the integral in the second member of (^4), ^ve get 

,_, C A 1 Pinxcos'x , 8 f - , 
(B) lco8*x(22 = ~ H 2 I coe'xdx. 

(Herem^O, fis4.] 
Applying formula [E] to the second member of (B) gives 
.r^ r • J sin X COS X . X 

(Q Jc08«xdx = ^ + -. 

Now substitute the result (C) in (B), and then this result in (^4). This gives the 
uuswur as above. 

„ r . . « , COS X /sin* X sin*x sinx\ . x , ^ 

2. I sm^x COS* xdz = ( -— ) + — + C 

J 2 \ 3 12 8 / 10 

3. f = tan X - 2 cotx - cot«x + C. 

J sin*xco82x 3 

, rcoel^xdx cotx,. , , 3x , _ 

4. I = (3 ~ cos'x) 4- C. 

J sin^x 2 ^ '2 

r C!08* oda cos a 3 , ^ o . _ 

6. I .-y— = -H-^5 cosa--logtan- + C. 

J sm*a 2sm3a 2 2 

/• . . , cos a /sin* a 5 . . 5 . \ 5 a ^ 

6. I sin* oda = ( + — sin* a + - sin o ) + — + C. 

J 2\312 8 /16 

7. I -T-r- = r- ( H 7- I + - log tan - + C. 

Jsin*^ 4 Vsin*(; 2sin2^/ 8 "^ 2 

r_d0_^j!n0_/_l_ _5_ 6x ^ 

JCOST0 2CO820\8CO8*0^12COS20^8/ 16 *^^ '^ '^'^ 

A r -.^j* sint/ _^ 7 _^, 35 ,^ 36 ^\ . 36£ . ^ 
9. J co8»W< = -— -f cosT« + _coe*< + — cos«< + — cosM + TTT + C. 

10. r — ^y — = — i_c_i_+_J 5^j„y\ 

•/ sin* V cos* y co82«\3sin«y 3siny 2 / 



+ - log (sec y + tan y) + C. 
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20T. To find Ce"^ nin nxdx and C^^coatixdx. 

Integrating e" sin nxdx by parts, 

letting u = e", and dv = sin nzdx ; 

t\ien du^ae'^dx, and t; = -^!^?^. 

n 

Snlstituting in formula (A)^ p. 341, 
namely, 

'we get 

I A\ C ax * J «*^ COS nx , a C ^ , 

(^) I 6«* sin na:(fo = h - I « cos nrcia: 

•/ n nJ 

Integrating e" sin nxdx again by parts, 

letting u = sin tlt, and dv = g^'cia: ; 

then du = n cos nxdxj and t; = — . 

a 

Substituting in (A)^ p. 841, we get 

{B) J e*" sin nxdx = ^ — ^- Ce"^ cos nxdx. 

Eliminating j «"* cos nxdx between (A) and (5), we have 

(a* 4- n*) j 6" sin na^ia; = e"{a sin wa; — n cos war), 

/' . , «*'(asin wa: — ncosTia:) . ^ 
e" sm narda: = — ^^ z ^ 4- C. 
a^ + n^ 

Similarly we may obtain 

/„ , «"(n sin na: + a cos nx) . ^ 
e"* cos mcdx = — ^ n ^ + ^• 
a^ -i-n* 

In working out the examples which follow, the student is advised 
not to use the above results as formulas, but to follow the method 
by which they were obtained. 



864 INTEGRAL CALCULUS 

BZAMPLKS 

1. je'sinxdx = — (sinz — co8x) + C 
J 2 

e* cosxdx = - (sin 2 + cosz) -f C. 

/Ax 
e«*co8 3«(te = -~(3 8in8« + 2co8 3x) + C. 
13 

- /* ginxdg _ ainx-f C08X ^ 

6. I ; = — — -(2Biii2«-3coB2x) + C. 

0. J e*Bin«xdx= — f 1 -^ j + C. 

7. J e*co8*ada = — f 1 + ^ j + C 

a r€«C08?<fX = ^('8ill? + COB5Wc. 

•/ 2 \ 2 2/ 

9. rc~(8iL.-i + coaaa)<ia = — ^^L?? + a. 

10. rc»*(8in2x-cos2x)(ix= -^(»in2x - 6o082x) + 0. 
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TH£ DEFmiTE INTEGRAL 



208. Differential of an area. Consider the continuous function 
<fr(a:), and let 

be the equation of the curve AB. Let 
CI> be a fixed and MP a variable ordi- 
nate, and let u be the measure of the 
area CMFD.* When x takes on a suf- 
ficiently small increment Aa:, u takes ^|^_r__a. — ~^ 
on an increment Aw (=area MNQP). 
Completing the rectangles MNRP and MNQS, we see that 

area MNEP < area MNQP < area MNQSy 
MPAx<Au<NQAx; 




or, 



and, dividing by Ar, 



MF<^<NQA 



Now let Ar approach zero as a limit; then since MP remains 
fixed and NQ approaches MP as a limit (since y is a continuous 
function of 2;), we get 



or, using differentials, 



du = ffdx. 



Theorem. Hie differential of the area bounded by any curve^ 
the axis of JC, and two ordinates is equal to the product of the ordi- 
nate terminating the area and the differential of the corresponding 
abscissa. 

* We may suppose this area to be generated by a variable ordinate starting out from CD and 
moTing to the right; hence u will be a function of x which vanishes when x=a. 

t In this figure MP is less than NQ\ if MP happens to be greater than NQ^ simply reverse 
the inequality signs^ 
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209. The definite integral. It follows from the theorem in tk 
last section that if AB is the locus of 

then du = ydx^ or, 

(A) duz=<f>{x)(ixj 

where du is the differential of the area 
between the curve, the axis of ;r, an-i 
any two ordinates. Integfrating (A. 
we get 

u= i ^{x)dx. 

Since ( ^ (j-) <ii: exists (it is here represented geometrically as an 
area), denote it hyf(x) -f C. 

{B) .'.u=f(x)-^C. 

We may determine C, as in Chapter XXV, if we know the value 
of u for some value of x. If we agree to reckon the area from the 
axis of y, i.e. when 

(C) z = ajU = aTeekOCDGy 

and when x = 6, u = area OEFG^ etc., 

it follows that if 

(Z>) a:=0, thenti = 0. 

Substituting (D) in (5), we get 

u=/(0) + (7,orC = -/(0). 

Hence from {B) we obtain 

(E) u =/(.:) -/(O), 

gfiving the area from the axis of y to any ordinate (as MP). 

To find the area between the ordinates CD and EF^ substitute 
the values (C) in (-K), giving 

{F) area OCDG =f(a) -/(O), 

(O) area OEFG ^f{b) -/(O). 

Subtracting (F) from ((?), 

(If) area C£;i^l> = f(b) - /(a).« 



* The student should obeerre that under the present hypothesis /(x) will be a tingh-vaiwti 
function which changes continwnuly from/(a) to/(6) as x changes from a to 6. 



THE DE.¥ll?l*rE INTEGRAL 857 

Xlieorem. The difference of the values of J ydx for x = a and 
J^ = b f/ives the area bounded by the curve whose ordinate is y, the 
c«-ri« o/' A', and the ordinates corresponding to x=a and a: = 6. 
Xliis difference is represented* by the symbol* 



(T) J^ ydx, or j<f> (x) dx, 

and is read " the integral from a to 6 of ydx^ The operation is 
called integration between limits^ a being the lower and 6 the upper 
limit.-f- 

Since (/) always has a definite value, it is called a definite integral. 
For, if 

J4>{x)dx^f{x)^C, 

then £H^)dx=.[f{x)^c\=.[f{b)^c']^[^^^ 

or, £<l>{x)dx=f{b)^f{a), 

the co7uttant of integration having disappeared. 
We mag accordingly define the symbol 



X 



4>{x)dx 



as the numerical measure of the area bounded by the curve y = <l>{x),^ 
the axis of JT, and the ordinates of the curve at x = a^ x = b. This 
definition presupposes that these lines bound an area^ i,e. the curve 
does not rise or fall to infinity ^ and both a and b are finite. 

We have shown that the numerical value of the definite integral 
is always /(ft) —f{a\ but we shall see in Ex. 2, p. 363, that/(ft) —/(a) 
may be a iiumber when the definite integral has no meaning. 

210. Geometrical representation of an integral. In the last section 
we represented the definite integral as an area. This does not 
necessarily mean that every integfral is an area, for the physical 
interpretation of the result depends on the nature of the quantities 

* Tliis notation is due to Joseph Fourier (1768-1890). 

t The word limit in thi* connection means merely the value of the variable at one enrt of 
its range (end value), and should not be confuted with the meaning of the word in the Theui y 
of Limits. 

t ^ (x) is continuous and single-valued throughout the interval [a, 6]. 
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represented by the abscissa and the ordinate. Thus, if x and ^ 
are considered as simply the coordinates of a point and nothing 
morCy then the integral is indeed an area. But suppose the ordi- 
nate represents the speed of a moving point, and the conesponding 
abscissa the time at which the point has that speed; then the 
graph is the speed curve of the motion, and the area under It 
and between any two ordinates will repraent the distance passed 
through in the corresponding interval of time (see § 187). That 
is, the number which denotes the area equals the nurnber which 
denotes the distance (or value of the integral). 

Similarly a definite integral standing for volume, surface, mass, 
force, etc., may be represented geometrically by an area. On page 
372 the algebraic sign of an area is interpreted. 



21L Mean value of f(x). This is defined as follows : 



A cl \b 



Mean value of ^(x) ) _ 
from sB = atox = 6 ~ 



jrV(-) 



dx 



Since from the figure 

{^{x)dx^ area APQB, 



this means that if we construct on the base AB(=b-^a) a rec- 
tangle (as ALMB) whose area equals the area of AFQB, then 
area^LJIf/? ABCR 



mean value = - 



b^a 



AB 



■ altitude CB. 



212. Interchange of limits. 

Since J ^(2')(i2'=s/(6)— /(a), and 

JV (X) dx =f{a) ^f(b) = - [/(6) -/(a)], 



we have 



jy(x)€bi^ = ^J'"^(x)dx. 



Theorem. Interchanging the lipiits is equivalent to changing the 
sign of the definite integral. 
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213. Decomposition of the interval of integration of the definite 
integral. 

Since J(f> (z) dx ==f(x^) -f{a) and 

fil>{x)dx^f(b)^f(x,), 
^^^e get by addition, 

f^4>{x)dx ^f'if>{x)dx =f(b)-^f{a). 

But £Hx)dx^f{b)-f{a)i 

therefore by comparing the last two expressions we obtain 

Interpreting this theorem geometrically, as in § 209, p. 356, we 
see that the integral on the left-hand side represents the whole 
area CEFD^ the first integral on the 
right-hand side the area CMPD^ and 
the second integral on the right-hand 
side the area MEFP. The truth of the 
theorem is therefore obvious. 

Even if x^ does not lie in the interval 
between a and 6, the truth of the theo- 
rem is apparent when the sign (p. 372) as well as the magnitude 
of the areas is taken into account. Evidently the definite integral 
may be decomposed into any number of separate definite integrals 
in this way. 

214. The definite integral a function of its limits. 

From £<t> (x) dx =f(b) -f{a) 

we see that the definite integral is a function of its limits. Thus 
J <f>(z)dz has precisely the same value as J if>{x)djr. 

Theorem. A definite integral is a function of its limits. 
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215. Calculation of a definite integral. The process may be Shis' 

marized as follows : 

First step. Find the indefinite interred of the given differential 
erpreision. 

Second step. Subutitvte in this indefinite integral first the upjer 
Ihnit and then the lower limit for the variable^ and svbtraet the la^ 
remit from the first. 

It is not necessary to bring in the constant of integration, since 
it always disappears in subtracting. 

Ex. 1. Find r x«dx. 

Solution. fV(te = r^l*=^-l = 21. Ans. 
Ji L3J1 8 3 

Ex. 2. Find f Bin xdz. 
Jo 

Solution. C Bin xdx = f- cos x | = T - (- 1) | - [- 1 | = 2. Aia. 

Ex. 3. Find f "^r^- 

/•« dx rl xi" 1 1 

Solution. I = - arc tan - = - arc tan 1 — arc tan 

./o a* + X* Lo a Jo a a 



4a 4a 



216. Infinite limits. So far the limits of the integral have been 
assumed as finite. Even in elementary work, however, it is some- 
times desirable to remove this restriction and to consider integrals 
with infinite limits. This is possible in certain cases by making 
use of the following definitions. 

When the upper limit is infinite, 

and when the lower limit is infinite, 
provided the limits exist. 
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Ex,l. Findr* — 

aoiutum. r?^^ limit r'*?^ limit r_i-]» 

Ji x^ = + GO Ji x2 6 = + oo L xJ 1 

Jo X* + 4 a* 
SoJutton. r"-l^ = jtait r'_8«?^^ limit V^^^^^V 

liBt US interpret this result geometrically. The graph of our function is the 
^tch, the locus of 

8o» 
V = . 

Area 0Pe&=r'^^ = 4a» are tanA. 
Jox« + 4a« 2a 

Now as the ordinate Q6 moves indefi- 
nitely to the right, 

h 



4 a^ arc tan - 



2a 



is always finite, and 



^"'"l^ r4a«arctanAl = 2ra^ 
> = + ooL 2aJ • 



T 


f> 








^^ 








^,;., '.^J/^ 


'^^ 


"9^ 




my>,:^//yMy,^,. 




".^r///. 







b 


X 



►+ot> 



which is also finite. In such cases loe 

caZ2 £Ae re9ul< the area bounded by the curve, the ordinate OP, and OX, although 

strictly speaking this area is not completely bounded. 



Ex. 8. Find f 



J\ z 6 = + aoJi X & = +G0^ ** ' 



The limit of log 6 as 6 increases without limit does not exist ; hence the integral 
has in this case no meaning. 

217. When ^(x) is discontinuous. Let us now consider cases 
when the function to be integrated is discontinuous for isolated 
values of the variable lying within the limits of integration. 

Consider first the case where the function to be integrated is 
continuous for all values of x between the limits a and b except 
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If a<b and e is positivey we use the definition 

%/a ^a + 9 

and when ^(-r) is continuous except at x=: 6, we use the definitm 
provided the limits are definite quantities. 



Ex. 1. Find '*" ^ 



/•" ax 



x-^ 



Solution, Here ^ becomes infinite for x = a. Therefore, by (B)« 

r-_dx_ ^ limit f-'_ito_ ^ limit r^3i^?l-' 
^0 Va«~x» • = "-'0 Va^-xs • = "L aJo 

Ex.2. Find f*— . 
Jo z 

Solvtion, Here - becomes infinite for x = 0. Therefore, by (^), 

f*^^ limit r'*?«limit/l_.\ 
Jo X « = 0j. X « = 0Vt / 

In this case there is no limit and therefore the integral does not exist 

If e lies between a and h and ^(x) is continuous except at x=c, 
then, € and e' being positive numbers, the integral between a and h 
is defined by 

(C) jrVwrf^=!'^'s£'V(^)«i^+"=oX^^«^(^)di. 

provided each separate limit is a definite quantity. 

J***» 2zdx 
^ (xa-a«)i 

Solution. Here the function to be integrated becomes infinite for x = a, i.e. for 
a value of x between the limite of integration and 3 a. Hence the above defini- 
tion (C) must be employed. Thus, 
/•««__2xdx_ _ limit r«-« 2xdx limit r'" 2xdx 

•^° (x«-o«)J < = <>Jo (x9-a«)» «' = ^J«+«'(x«-a«)' 

=;'-'S[3(:..-„,.];-v«»'t[3(x.-«.,.]-^. 
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1*0 interpret this geometrically, let ^ plot the graph, i.e. the locus of 
2x 
(xa - a2)i 
&i:i<l note that x = a is an asymptote. 
'•«-• 2x<ix 



OPE 



=jr 




(x« - a?)» 

Now as P-B moves to the right towards 
the asymptote, i.e. as c approaches zero, 

3v'(a-f)«-a« + 8a' 

is always finite, and J^™*^ [3 V(a - «)« - a^ + 8 a>] = 3 o', 

^whiGh is also finite. As in Ex. 2, p. 361, 3 a' is called the area bounded by OP, 
the asymptote, and OX. Similarly, 

area^QR(?=r'" ^^^ = 8 v^- 3-^(a -hO'-g' 

is always finite as QE' moves to the left towards the asymptote, and as c^ approaches 
zero the result 6 a' is also finite. Hence 6 a' is called the area between Qfi, the 
asymptote, the ordinate x = 8 a, and OX. Adding these results we get a', which 
is then called the area to the right of OY between the curve, the ordinate x = 3 a, 
and OX. 



Ex. 2. Find 



r 



dx 



(X - a)« 

SolvtUm. This function also becomes infinite between the limits of integration. 

Hence, by (C), r*«_dx_ ^ limit r^"_dx_ limit r«- dx 

Jo {x-a)« < = oJo (x-a)^ «' = oJ«+.(x -a)^ 

^ limit r L-T"* 4. limit [_ 1 "I*" 

« = 0L x-aJo ■^e' = 0L x-aJ«+.' 

.limit/1 1\. limit/ 1.1\ 

In this case the limits do not exist and the 
integral has no meaning. 

If we plot the graph of this function and note 
the limits, the condition of things appears very 
much the same as in the last example. It turns 
out, however, that the shaded portion cannot be 
properly spoken of as an area, and the integral sign has no meaning in this case. 

That it is important to note whether or not the given function becomes infinite 
within the limits of integration will appear at once if we apply our integration 
formula without any investigation. Thus, 

(x--a)2"~L x-aJo a' 

a result which is absurd in view of the above discussions. 
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XXAMPLE8 

1. r^6a:«x = 88. 20. r"*'V*dx = l. 

2. J^"(a«x-x»)dx = ^. 21. j;;'arctaiixdr = J-%^ 






5. r-=i. r»'-V2; 

* Jo y/Z 



* Ji « * 23. C\i^t-^^dt = 2Vi^h. 

6. f* (x« - 2x + 2)(x - l)«fx = - }. 

Jo 

6. r'_^_ = V3-i. 

7. f'^ = ?_,og3. '^- J' ^^ = ''- 

Jo X + 1 3 



dx 
12. ' 



«-r •* 



Vr*-x2 2 
«''2V2rdy 

— or. 



^- XlJ<»*-'^'*'«'=- 



/•;;;= dx _ y J-6a*^' 3160^ 

J» V2-3xa 4V3 

9. r_i'-^ = -^i26. 

Jo ya - y + 1 3 V3 



27. 2a r'(2 + 2co8^*d* = 8a 

28. r'8inSaC06«ada = ^ 

V 

r^ tdt _Iog2 29. p^t 

' J2 1 + t^ "" 2 * "7 



tan ada = 0. 



^'•X ^^^^ = 2^- 81. j;x.ogxd»=-t. 

J** d< 1 /•! 

. tirr77a='°«2--. 82. j;*Mogx<to = -t. 

15. Jjj2 8in0d0 = l. 33^ J^'^28inada = »-2. 

84. J;.ec*» = log(l±^) 



17. r*8ec<ftW = f. 

18. I arc sin xdx = 

19. rxlogxdx = ^. 36. p-^ 
Ji * 4 Jo 1 + 



36. f» ^ = ^ ■ 
18. f'arc8inxdx = --L *Jo2 + co8a sVs" 

Jo 2 
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2X8. Change in limits corresponding to change in the variable. 

"W^lien integrating in Chapter XXVII by the substitution of a new 

variable it was often found quite troublesome to translate our result 

back into the original variable. When integrating between limits, 

lioi^ever, we may avoid the restoration of the original variable by 

clxstngring the limits to correspond with the new variable.* This 

proeess will now be illustrated by an example. 



Six. 



1. Find f Vo* — x*dx, assuming x = a sin $. 



Solution, ^a^-x^dx = Va^ - a«Bin«a • cos ed0 = a^cos*^. 

"When x = a, a = asintf, i.e. 9 = -; 

2 

aiMi when x = 0, = a sin ^, i.e. ^ = 0. 

By this change in limits we mean that as increases from to - > x will increase 
from to a. 



EXAMPLES 



J"* dx 
M + Vx 



= 4-21og3. 



"•r '^ 



3. « (^-^)*'te ^6. 



Jj at* 



4. f'^^= = l. 



xdx 
Vl-x« 



6. {' sin a cos^ ada = i. 

/*4 (8ing + cosg)dg _ log 3 
'Jo 3 + sin 2^ "" 4 

7. I = arc tan c — 

Jo e* + e-* 

-'" Vax-x2 



4 



Assume Vx = «. 


Assume x = 02. 


Assume x = - • 


Assume Vl - x* = z. 


Assume sin a = z. 


Assume sin — cos 0=:z. 


Assume e* = z. 


Assume x = a sin' 2. 



• The relation between the old and the new variable should be such that to each yalne of 
one within the limits of integration there is always one, and only one, finite value of the other. 
When one is given as a many-valued function of the other, care must be taken to choose the 
right values. 
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Aviiine « — 2 = «■. 



9. r»(^-2)«dx^3^8vg^ 
Ji (x-.2)* + 8 2 



-»of»c*Ve«-l 



Afitome 6» — 1 = «•. 



Jo «« + 8 

- — = __ . Anume « = tan - - 

3 + 2co8t Vo ^ 

^— ^-— 5(te = 4-r. AaBumetf^-l = ««. 

e^ + 8 

xWr 8 \^ - 4 



-a. Avume X = a tan SL 



.6. j ^ va* — ^dy = -— . AjBume y = a sin z. 

6. f V2t + t«<tt = V8-ilog(2 + V^). A«unet + 1=«, 

Jr.klf S ^ 4 — IT 

ve« - 1 dx = Assume tf^ + 1 = f. 
2 

Jo 3 + 28in2^ 4 * 

v-J+v^ (x« + l)dx , „ ^1 

I — ^ = log 8. Assume x — = «. 

•^* xVx* + 7x« + l * 



CHAPTER XXX 



nfXEGRATION A PROCESS OF SUMMATION 



219. Introduction. Thus far we have defined integration as the 

in^verse of differentiation. In a great many of the applications of 

t.Yie Integral Calculus, however, it is preferable to define integra- 

trion as a process of summation. In fact the Integral Calculus was 

invented in the attempt to calculate the area bounded by curves 

by supposing the given area to be divided up into an "infinite 

number of infinitesimal parts called elements^ the sum of all these 

elements being the area required." Historically the integral sign 

is merely the long 5, used by early writers to indicate " sum." 

This new definition, as amplified in the next section, is of fun- 
damental importance, and it is essential that the student should 
thoroughly understand what is meant in order to be able to apply 
the Integral Calculus to practical problems. 

220. The definite integral defined as the limit of a sum of differ- 
ential expressions. Assume (f>{x)dx as the differential of f(x). 
Then by § 209, p. 366, 



(^) 



£<t>{x)dx=f(b)--f{a) 



gives the area bounded by the curve y = ^(x) {AB in figure),. the 

axis of Xy and the ordinates a; = a and x = b.* Now suppose the 

segment oi to be divided into a number of equal parts, say 6, each 

equal to Axy at points whose 

abscissas are i^, A,, 6,, i^, b^. 

Erect the ordinates at these 

points and apply the Theorem 

of Mean Value (44), p. 168, to 

each interval, noting that here 

<t>{x) takes the place of <f>\x). 




a a^biOejbi^bjX^bt^ibj,i3^ti^X 



• In the figure a,b,hi, x^, x^, etc., denote the abtclMM of the points under which they are 
written. 
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Applying (44) to the first interval {a=^a^ i = ftp and x^ lies between 
a and \ as shown in figure), we have 

Oj — o 

or, since i, — a = Aa^ 

/(J.)-/(«)=*K)Ax. 

Applying (44) in the same way to each one of the remaining' 
five segments, we get 

/(*.)-/(*.)= *(^.)^ 
/{*.)-/(*.)= *(^.) Ax, 

respectively. 

Adding these six equations, 

4. 4>{x;}Ax-^(l>{x,)Ax^ ^WA^ 
But 4> (2-j) Aa: = area of first rectangle, 

^ (2:,) Ax = area of second rectangle, etc. 

Hence the sum on the right-hand side of (B) equals the area of 
the figure bounded by the zigzag line P^iPx^^Ptl^tPtP^p^^iP^Q'i 
the axis of X, and the ordinates xz=ia and x = i. It is also evident 
that the area of this figure equals 

/(J) -/(«), 
no matter into how many equal parts the interval [a, 6] may be 
divided. Hence for any number n of equal parts 

(C) /(6)-/(a)= <^(2-,) Aa: + <^(x,) Ax + ... + *(xJAa^ 

IL) where Ax= "" . 

n 

When the number of segments (=n) into which the interval 
[a, 6] is divided increases without limit, equations (C) and (D) still 
hold true, but Ax becomes dx, i.e. a variable whose limit is zero 
(§ 80, p. 21). 
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OT, by (^), 

This exhibits our definite integral as the limit of a mm of differ- 
ential expressions. Each one of the differential expressions <f>(x^dxy 
"'^ <t> {pc^ dx is called an element of the integral. 

The above result also illustrates very clearly the definition of 
the definite integral as the area under the curve. For as n increases 
^i\ho\it limit the sum 

<f>{x^dx '\- if>{x^dx '\- \-if>{x^dx 

always represents the area under the zigzag line, and evidently 
the figure bounded by the zigzag line, the end ordinates, and OX 
approaches the area under the cui-ve as a limit. 

We may, however, attack the problem in a much more general 
way, for it is geometrically evident that a subdivision of the given 
area may be made in an infinite variety of ways such that the con- 
tinuation of the process will lead in the limit to the area desired. 
For example, let us choose within the interval [a, J], n — 1 abscissas, 
x^^x^ . . ., a:,_,, in any manner whatever ^ and erect ordinates at the 
corresponding points to the curve. Then the area is divided into 
n portions such as x^P^ ar,(?, etc. Denote the lengths of the sub- 
divisions on OX as follows : 

Xj — a = AaTj, 
iTj, - Xj = Aa:„ 
• • • 

Then evidently the area of 
the segment x^Q^ for example, equals approximately that of the 
rectangle whose base is Ax, and altitude Qx^y or <f> {x^. Carrying 
owt this idea for each portion, we have as a result that 

4>{x^)^^ -f 4>{x^)i^2 -f • • • -f <^(a:„_i) Aa:,_, ^4>{x^)tix,) 
gives an area approximately equal to the area required. And now 
it is geometrically obvious that the limit of the above sum is the 
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area under the curve if the process of subdivision of [a, i] W 
continued according to some law by which each division on i 
approaches the limit zero. That is. 



n=«s*<^^^'*=jr*<^)'^' 



This general discussion shows that integration between limits ti 
a proce$9 of mmmation^ in which, however, the definite integral 
appears not as a simple sum but as the limit of a sumy the number 
of terms increasing without limits and each term separately apprtHtck- 
ing the limit zero. 

In order to replace the intuitional point of view that we have so far adopted in 
the text by a rigoroua and general analytical proof, proceed as foUowa. 

Divide the intenral [a, 6] into any number of parts Azi, Axs, • • •, Az., and in 
2fi be any abeciasa in the segment Ax,-, the extremities of this segment being denoted 
by 2Bi and x<^. i. Also suppose ii to be a value in the interval [x,-, Xi^\\ detenninetf 
by the Theorem of Mean Value (as in the first part of this section), ao that 

/(«• + 1) - /(«.) = ^ (xJ) Ax,. 
Then, exactly as btfore, the sum 

» 
{F) 2^(i5)Ax, 

1 
equals the required area. And while the corresponding sum 

» 
{Cf) 2^(x'.)Ax< 

1 
does not also give the area, nevertheless we may show that the two sums (F) and (G) 
approach equality when n increases without limit. For the difference ^ (ij) — ^ (x',) 
does not exceed in numerical value the difference of the greatest and smallest 
ordinates in AXf. And furthermore, it is always possible t to make all these differ- 
ences less in numerical value than any assignable positive number c, however small, 
by continuing the process of subdivision far enough, i.e. by choosing n sufficiently 
large. Hence for such a choice of n the difference of the sums (F) and ((?) is less 
in numerical value than e (b — a), i.e. less than any assignable positive quantity, 
however small. Accordingly as n increases without limit, the sums (F) and {G) 
approach equality, and since (F) is always equal to the area, the fundamental result 
follows that ^ ■ 

1 

in which the interval [a, 6] is subdivided in any numner whatever, and xfi is any 
abscissa in the corresponding subdivision. 

* Any term of this saiD it fometinies called an eUmeni qf the area, for eaofa one repraenti 
the area of one of the rectangles forming the whole figure. 

t That such is the case is shown in adranoed works on the Caloulns. 
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TYie process of evaluation of the limit of this sum is accordingly 
^^^t^n spoken of as summing up an infinite number of infinitely small 
<ir€€M,'9%titie%^ but the phrase has no meaning except in the above sense. 
AVe may apply to great advantage this fruitful idea of summing 
VLf> Sin infinite number of infinitely small quantities to a large number 
of tilie problems of the Integral Calculus. In order to obtain solu- 
'tioiiis by this method the following steps are in general to be taken. 
JFirst step. Find a differential expression for any one of the infin- 
itesimal quantities (elements) composing the quantity to be calcu- 
lated,* and reduce it to a form involving only a single variable. 

Second step. Integrate this differential expression (i.e. sum up 
all the elements) between the limits given by the conditions in the 
problem. 

821. Areas of plane curves. Rectangular coordinates. It was 
shown in § 209, p. 356, that the area between a curve, the axis 
of X, and the ordinates xz=za and x^h 
is given by the formula 



U) 



area 



= J ydao^ 




the value of y in terms of x being sub- 
stituted from the equation of the curve. 
Considered as a process of summation, 
it is customary to look upon this operation as follows (see p. 867). 
Consider any strip (as CR) as an element of the area. Regard- 
ing it as a rectangle of altitude y and infinitesimal base dx^ its area 
is equal to ydx^ and summing up all such strips between the ordi- 
nates AP and BQ gives the area ABQP. 

Similarly it may be shown that the 
area between a curve, the axis of F, and 
the lines y = e and y = ^2 is given by the 
formula 




{B) 



area 



-X' 



ncdy. 



the value of x in terms of y being substi- 
tuted from the equation of the curve. 



* If an area it wanted, find a differential expression for an element of the area ; if a length, 
find it for an element of the length ; if a yolume, find it for an element of the volumef etc. 
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Ex. 1. Find the area included between the semicubical parabola y^ = z* a»d 
the line x = 4. 

Solution. Let ub flret find the area OMP, half of the required area OrF". F(? 
the upper branch of the curve y = Vx»» and summing up all the atrips betw<;€2 
the limits x = and x = 4, we get, by substituting: in (^), 

area OMP =f*ydx =£xkbi = V = l^l- 

Hence area OPP' = 2 • ^ = 26|. 

If the unit of length is one inch, the area of OPP i< 
jj£~x 25} square inches. 

Note. For the lower branch y = — x' ; hence 




area OMP" = fl- x*)dx = - 1^. 



This area lies below the axis of z and has a negative mg% 
because the ordinates are negative. 
In finding the area OMP above, the result was positive because Uie ordinates 
were positive, the area lying above the axis o/x. 

The above result, 25§, was the total area regardless of sign. As we shall illus- 
trate in the next example, it is important to note the sign of the area when the 
curve crosses the axis of X within the limits of integration. 




Ex. 2. Find the area of one arch of the sine Y 
curve y = sinx. 

Solution. Placing y = and solving for x, 

we find 7J 

X = 0, r, 2 r, etc. 

Substituting in (A), p. 871, 

area 0.4B=f ydz=f* iAnxdx — 2. 

Also, area BCD = f ydz = f %inxdx = - 2, 

and area OABCD = f ydx =f %in xdx = 0. 

This last result takes into account the signs of the two separate areas composing 
the whole. The total area regardless of these signs equals 4. 



Ex. 3. Find the area included between the parabola x* = 4 ay and the witch 

8a« 



y = 



x« + 4 a^ 



SohUion. To determine the limits of integration, we solve the equations simul- 
taneously to find where the curves intersect. The co5rdinates of A are found to 
be (-2a, a), and of B (2a, a). 
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Tt. is seen from the figure that 

area A OCB = area DECBA - area DECOA . 



But 

siAd 

^Hence 



area DECBA = 2 x area OECB = 2 f " °^^ = 2 ro«, 



areaDJfCO^ = 2 x area 0-BC = 2 f "—das = 

Jo 4 a 



4fl^ 
3 * 



4a« 



area^OCJB = 2x0" - — - = 2aV - I)- ^ns. 



Another method is to consider the strip PS as an element of the area. If y' is 
t.lie ordinate corresponding to the witch, and ^' to the parabola, the differential 
expression for the area of the strip PS equals {if' — y"') dz. Substituting the values 
of -f/ and y'' in terms of x from the given 
equations, we get 

area^OCJS = 2 x area OCB 

Jo \x« + 4a« 4 a/ 
= 2a«(ir-i). 

Ex. 4. Find the area of the ellipse — + ^ = 1. 

a* cr 



Solxdion. To find the area of the quad- 
rant OAB^ the limits are x = 0, x = a ; and 





y =.- Va"^ — x'. 
a 



Hence, substituting in (A), p. 371, 
area OAB = - j^{a* - a5^)*<^ 

[JB], p. 346. 



_»-a6 
Therefore the entire area of the ellipse equals Tab. 



222. Area when curve is given in parametric form. Let the 
equation of the curve be given in the parametric form 
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We then have djf = <f> (t) and dx ^f\t) dt, 
which substituted* in (A)^ p. 371, gives 

(A) area= C^^(t)r(t)dt, 

where ^ = tj when x = a, and ^ = f, when ar = 6. 

We may employ this formula (A) when finding the area under a 
curve given in parametric form. Or we may find y and dx from 
the parametric equations of the curve in terms of t and di and 
then substitute the results directly in (A)^ p. 871. 

Thus, in finding the area of the ellipse in Ex. 4, p. 878, it woold have been 
simpler to use the parametric equations of the ellipse 

X = a cos ^, V = 6 sin ^, 
where the eccentric angle ^ is the parameter (f 79, p. 94). 

Here y = 6 sin ^ and dx = — a sin ^d^« 

When X = 0, = ^ ; and when x = a, ^ = 0. 

Substituting these hi {A), p. 371, we get 

area OAB =f%dz = -f^abain* ^d^ = ^. 

Hence the entire area equals wab. An». 

EXAMFhES 

1. Find the area bounded by the line y = 6x, the axis of X, and the ordinate 
x = 2. An$. 10. 

2. Find the area bounded by the parabola y' = 4 x, the axis of X, and the lines 
x = 4andx = 9. Am, 25). 

3. Find the area bounded by the parabola y^ = 4x, the axis of T, and the 
lines y = 4 and v = 6. Ans, 12}. 

4. Find the area of the circle x^ + y* = t^. Ans. rr*. 

6. Find the area between the equilateral hyperbola xy = a*, the axis of X, 
and the ordinates x= a and x = 2a. Am. a' log 2. 

6. Find the area between the curve y = 4 — X> and the axis of X. AnB. 10}. 

7. Find the area intercepted between the coordinate axes and the parabola 
x* + y* = a*. ^^ ^^ 

6 

* For a rlgoroui proof of this substitution the student is referred to more adraneed treatises 
on the Calculus. 
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8. Find the area bounded by the semicubical parabola ^ = x', the axis of F, 
.d the line y = 4. j^^a. i vT024. 

9. Find the area between the catenary y = - c^ + c " L the axis of Y, and 
theUnex = a. ^^ ^ a*r« t-, 

. ^"*- 21^^ ^^^' 

10. Find the area between the curve y = logx, the axis of X, and the ordinates 
X = 1 and X = a. Ana. a (logo — 1) + 1. 

11. Find the entire area of the curve 



(DHU"- ■«»'• '-T 



12. Find the entire area of the curve a^y^ = x* (2 a — x). Ana. xa*. . 

13. Find the area bounded by the curves 

x(y — e') = sinx and 2 xy = 2 sinx + x", 

the axis of F, and the ordinate x = 1. Ana. C (e* — lz^dz = e — i = 1.65 + • • •. 

14. Find the area between the witch y = -^ — r— ^ and the axis of X, its 

* x^ + 4 a* 
asymptote. Ana. ixa^. 

y»a 
16. Find the area between the cissoid y^ = ^ — — - and its asymptote, the line 

X = 2 a. Ana. 3 xa^. 

16. Prove that the area bounded by a parabola and one of its double ordinates 
eqoals two thirds of the circumscribing rectangle having the double ordinate as 
one side. 

17. Find the area included between the two parabolas y^ = 2px and x^ = 2py. 

Ana. — f- 
3 

18. Find the area included between the parabola y* = 2 x and the circle 
y« = 4x-x2 Ana. 0.475. 

19. Find the total area included between the curve y = x' and the line y = 2 x. 

Ana. 2. 

20. Find an expression for the area bounded by the equilateral hyperbola 

z*^y^ = a^t the axis of X, and the diameter through any point (x, y). 

. a^ , X + y 

Ana. —log ^' 

2 a 

21. Find by integration the area of the triangle bounded by the axis of F and 
the lines 2x + y + 8 = and y = - 4. Ana. 4. 

22. Find the area of the circle 

ix = r cos 6 
y = r sin ^ ; 
being the parameter. Ana. tt«. 



376 



INTEGRAL CALCULUS 



23. Find the area of one arch of the cycloid 

!x =z a(6 — sin C„ 
y = ah — coetf); 
9 oemg uie parameter. 

Mint, Since x rariet from to 2 va, # rarlet from to 2». 

Ans. 3 wa^ ; that ia, three times the area of the generating ctrck. 



24. Find the 



$ being the parameter. 
Y 



of the hypocycloid 

x = aco8*tf, 
y = a sin* ; 



Ana. 




8 



; that is, three eighths of th- 



area of the circumscribing clrck. 



25. Find the area of the loop of the folium of Descanes 
z« + y* = Saxy. 



Hint. Let 



yate; then x 
^ l + fi 



^ Sat 



l-2/« 



a+*")* 



Zadi, 



The limit* for I are and «. 



223. Areas of plane curves. Polar coordinates. Let BC be a curve 
whose equation is given in polar coordinates. Let (p, 0) be the 
coordinates of P, and assume u as the measure of the area 0£F.* 
When takes on a small increment Atf, 
u takes on the increment Au (= area OPQ)* 
Completing the circular sectors OPR and 
OSQ^ it is seen that 

area OPR < area OPQ < area OSQ^ 
or, JOP'-A^t < ^u<\OQ^'Le. 

Dividing through by Atf, 

N6w let Ad approach zero as a limit ; then OQ will approach OF 
as a limit, and we get 







* since we may suppoee thii area to be generated by a rariable radliu rector, starting out 
from OE and moving up to the position OP, u will be a function of 9 which raniahes when #-8. 

t The area of a circular sector = } radius x arc » \ OP x OP ^9. 

X In this figure OP is less than OQ ; if OP is greater than OQ, simply reverse the fnequftlity 
signs. 



INTEGRATION A T^'^CESS OF SUMMATION 



377 



Or, using differentials, du = ^ p^dd^ 
tliis being the differential of the area in polar coordinates. 

Integrating, we iiave u=i^ I p^d0. 

If we now apply the same line of reiisoning as that followed in 
§ '209, p. 356, the area of the sector OEF may be calculated by 




means of the formula 

(-4) area=|r^/>*<i», 

the value of p in terms of being substi- 
tuted from the equation of the curve. 
To look at this process as a summation, 

consider any sector OBC as the element of 

area. Regarding it as a circular sector of tT 

radius p and infinitesimal arc pdd^ its area 

equals ^ p^dd. Summing up all such sectors between OE and OF 

gives the area OEF, 

Formula (A) may then he used for finding the area hounded hy a 

polar curve and the radii vectors corresponding to = a and =i fi. 

Ex. 1. Find the entire area of the leraniscate p* = a^ cos 2 0. 

y Solution. Since the figure is symmetrical 

with respect to both OX and OT, the whole 
*»0) area = 4 times the area of OAB. ' 

Since p = when = -^ we see that if 

varies from to - » the radius vector OP sweeps 

4 
over the area OA B. Hence, substituting in (^ ), 

n 

entire area = 4 x area OAB = 4 • i f p^d0 = 2 a^ f^cos 2M^ = a^; 

that is, the area of both loops equals the area of a square constructed on OA as 
one side. 




EXAMPLES 
1. Find the area swept over in one revolution by the radius vector of the spiral 



of Archimedes, p = a0, starting with ^ = 0. 

?, Find the area of one loop of the curve p = a cos 2 ^. 



Ans. 



4ir8a2 



3 



Ans, 
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8. Show that the entire area of the eorre p = asin 2^ equals one half tbe area 
of the circomacribed circle. 

4. Find the entire area of the cardioid p = a (1 — cos ^. 

3ira* 
^ns. ; that is, six Umes the area of the genermting cinrk. 

6. Find the area of the circle p = a cos ^. . «-<!* 

4 

6. Prove that the area of the three loops of p = a sin 8^ eqnals one fourth of 
the area of the circumscribed circle. 

7. Prove that the area generated by the radius vector of the spiral fi = ^ equaia 
one fourth of the area of the square described on the radius vector. 

$ 

8. Find the area of that part of the parabola p = a sec* - which is intercepted 

between the curve and the latus rectum. . So* 

3 

* 9. Show that the area bounded by any two radii vectors of the hyperbolic 
spiral p^ = a is proportional to the difference between the lengths of these radii 

10. Find the area of the ellipse p* = — — — — -- • ^rjl rob. 

*^'^ a«8in«tf + 6«cos«^ 

11. Find the entire area of the curve p = a (sin 2 tf + cos 2 ^). AnM, nfi. 

12. Find the area of one loop of the curve p* cos tf = a* sin 8 tf. «. « . 

Ans. _---log2, 



13. Find the area below OX within the curve p = a sin* - • 

AnB, (10«-+27Vs)~ 

224. Length of a curve. By the length of a $tratght line we 
commonly mean the number of times we can superpose upon 
it another straight line employed as a unit of leng^, as when 
the 'carpenter measures the length of a board by making end-to- 
end applications of his foot rule. 

Since it is impossible to make a 
straight line coincide with an arc of a 
curve, we cannot measure curves in the 
same manner as we measure straight 
lines. We proceed then as follows. 
Divide the curve (as A B) into any number of parts in any man- 
ner whatever (as at C, 2>, E) and connect the adjacent points of 
division, forming chords (as AC, CD, DE, EB). 
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The length of the curve is defined as the limit of the 9um of the 
<^Jiard$ a% the number of points of division increases without limit in 
^f-zich a way that at the same time each chord separately approaches 
^cro as a limit. 

Since this limit will also be the measure of the length of some 
straight line, the finding of the length of a curve is also called 
* * the rectification of the curve." 

The student has already made use of this definition for the 

length of a cun^e in his Geometry. Thus the circumference of a 

circle is defined as the limit of the perimeter of the inscribed (or 

circumscribed) regular polygon when the number of sides increases 

without limit. 

The method of the next section for finding the length of a plane 
curve is based on the above definition, and the student should note 
very carefully how it is applied. 

225. Lengths of plane curves. Rectangular coordinates. We shall 
now proceed to express in analytical form the definition of the last 
section. Given the curve 

and the points P (a, c), Q (J, c) on it ; to find 
the length of the arc PQ. 

Take any number (= n) of points on the 
curve between P and Q, say P\ P", • • •, P<">, 
and draw the chords PP\ P'P", •••, P<"^g. 
Consider any one of these chords, P'P'\ for example, and let the 
coordinates of P' and P" be 

P' {x\ y') and P\x' 4- £^\ y' -f Ay'). 

Then, as in §102, p. 141, 




or. 



P'P'' = V(Aa:7 + (AyTi 

p...=[..(l^:)-]'^. 



[Diyiding inside the radical by (Ax')* and multiplying outside by Ao;'.] 

But from the Theorem of Mean Value, (42), p. 167 (if Ay' is 
denoted by /(J)— /(a) and A:r' by 6 — a), we get 






ir' < ar^ < a:' -I- Aa;' 
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Substituting, we get 

P'P" = [l+/'(:r/]*Aa:^. 
In the same manner we find 

PP' = [l-h/'(:r,)^*A2:<% 

P"P"' = [l-f/'(ir,)*]*A2:", 



The length of the inscribed broken line joining P and Q (sum of 
the chords) is then the sum of these expressions, and the length 
of the arc PQ is therefore, by definition, the limit of the sum 
[1 +/'(x,)*]'Ax"^+ [1 +/'(x.)»]«Ax' + . . . + [1 +/'(x.)'] Aa^-> 

as n increases without limit. Hence, if we denote the length of the 
arc PQ by «, we have, by § 220, p. 367, the formula for the lengtb of 
the arc, ^ 

«=Jjl+/'(x)»]*rfj:, or, 

where — - must be found in terms of x from the equation of the 

given curve. 

Sometimes it is more convenient to use y as the independent 

variable. To derive a formula to cover this case, we know from 

(33), p. 162, that ^ ^^ 

-— = -7- ; hence rfx = -— dy, 
ax ax dy 

Substituting this value of dx in (A)^ and noting that the corre- 
sponding y limits are c and (2, we get* the formula for the length of 
the arc, , 

dx 
where — in terms of y must be found from the equation of the 

given curve. 
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Eat. 1. Find the length of the circle x^ + y9 = r«. 

Solution, Differentiating, — = — • 

dx y 
Siil»titating in (A), 

[Subititnting y>=a»- j?« from the equation of the] 
circle in order to get everything in terms of x.j 

J"** dx r 

•= rare Bin 
Vr-» - 22 L 




Hence the total length equals 2 xr. Am. 

EXAMPLES 
1. Find the length of the arc of the semicubical parabola a^ = 7^ from the 



origin to the ordinate x = 6 a. 



Ana. 



335 a 

27 



2. Find the entire length of the hypocycloid x' + y' = ai -4n«. 6 a. 

3. Kectify the' catenary y = -Ve«+ e~") from x = to the point (x, y). 

Ans. -Vc" — c~«). 

4. Find the length of one complete arch of the cycloid 



.^--VT, 



X = r arc vers - — V2 ry — y^. 
r 



^n<. 6 a. 



mm. Uie(5). Here — = " 



'^V >^'2ry-v' 



6. Find the length of the arc of the parabola y^ = 2px from the vertex to one 

extremity of the latus rectum. . P'^ . Pi /, . ./^v 

^ Am. -?l_+|log(l + V2). 

6. Rectify the curve 9 ay* = x (x - 3 a)* from x = to x = 3 a. Ans. 2 a Vi. 

7. Find' the length in one quadrant of the curve f-j +(^) =1- 



Ans, 



a^-^ab-^b^ 



a-f-& 



gflC J. 1 

8. Find the length between x = a and x = & of the curve enf = 

e^^ — 1 

9. The equations of the involute of a circle are 



+ 0-6. 



IX = a (cos tf + ^ sin 0), 
y = a{ 



i(8in^- ^cos^). 
Find the length of the arc from 9 = to ^ = ^i. 



Ans. ioBi^. 
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226. Lengths of plane cunres. Polar co^h-dinates. Formulas {A. 

and (B) of the last section for finding the lengths of curves whoK 
equations are given in rectangular coordinates involved the difEei- 
ential expressions 

In each case, if we introduce the differential of the ind^>eaideDe 
variable inside the radical, they reduce to the form 

[cb^ + di/^K 

Let us now transform this expression into polar coordinates fir 
means of the substitutions 

x = p cos tf , y =r ^ sin tf . 

Then c2x =: — ^ sin 0d0 + cos Odp^ 

and dy=^p cos Odd -f sin Odp^ 

and we have 

[dj? 4- rfy*]*= [(- p sin Ode + cos 0dpf + (/> cos M« + sin Odpff 
^\p'd0' + dp']K 

If the equation of the curve is 

then dp=f{0)d0 = ^de. 

du 

Substituting this in the above differential 
expression, we get 




["<%)! 



If then a and ff are the limits of the independent variable 6 
corresponding to the limits in (A) and (B), p. 308, we get the 
formula for the length of the arc, 

here p and -=§ in termi 
du 

tion of the given curve. 



where p and -=^ in terms of must be substituted from the equa- 
au 
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Ixi case it is more convenient to use p as the independent vari- 
^ble, and the equation is in the fonn 

dd 



d0 = <f>'(p)dp = ^dp. 
dp 



tlien 

Substituting this in [p^dB* -f dp*]^ 

gives [^'(1)'+^]*^^- 

Hence, if p^ and p^ are the corresponding limits of the inde- 
pendent variable p^ we get the formula for the length of the arc, 

\v^here -y in terms of p must be substituted from the equation of 
dp 

the given curve. 

Ex. 1. Find the perimeter of the cardioid p = a (1 + cofl ^). 

SohUum. Here^ = ~asin9. 
de 

If we let 9 vary from 9 tor, the point P will gener- 
ate one half of the cnrye. Substituting in (A)^ p. dS2, 



- = f '[a«(l + cos ^« + a^ 8in9^*(W 
= a r'(2 + 2coB^)*(W =z2af*coB-d$ = 4a. 



a = 8 a. Ana. 




EXAMPLES 

1. Find the length of the spiral of Archimedes, p = aB^ from the origin to the end 



oi the first revolution. 



An», wa Vl + Aw* + ^log(2r + Vl + 4»-«). 
2 

2. Rectify the spiral p = e^ from the origin to the point (p, $). 

HM. U8e(B). An8, ^ Va« + 1. 

a 



3. Find the entire length of the curve p = a sin* 



8ira 



3 



Am, 

4. Find the circumference of the circle p = 2 r shi ^. Ana, 2 wr. 

6. Find the length of the hyperbolic spiral p$ = a from (pi, Oi) to (pt, ^s). 



rt(0+Vo« + pi») 
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6. Find the length of the arc of the ciasoidp =: 2a tanSmne from ^ = O to # = ^ 

Ans. 2a| V6-2-V31og-— ^-±— ^' 

7. Findthelengthof thepaniboUip = a8ec3- fromtf = -^to^ = ~- 

2 2 Z 

AnB. 2a(sec j+ logtan-^i 

8. Show that the entire length of the epicycloid 4 (/»• - a*)* = 27 o*/^ gaB-*-, 

which is traced by a point on a circle of radios - rolling on a fixed circle of mlia 
a, is 12a. ^ 

. 227. Volumes of solids of revolution. Let V denote the -volmne 
of the solid generated by revolving the plane surface AMFC about 

the axis of X^ the equation of 
the plane curve CFD being 

y=/(^). 

Let 2r(=0Jf)take on asmail 
increment Aar(=Jf3r); then 
V takes on an increment A J; 
the volume of the disc gen- 
erated by the plane surface 
MNQP. In revolving, tiie 
two rectangles MNRF and 
MNQS generate cylinders having the same altitude Aar (= JOT), 
the exterior one having NQ^ and the interior one MF^ as radius 
of the base. The disc generated by MNFQ is evidently greater 
than the interior but less than the exterior cylinder. Hence 

or, dividing by Aar, 

2 AT 1 

Now let Ax approach zero as a limit ; then NQ approaches MF 
as a limit, and we get 



I 




or, using differentials. 
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^^?'Viich is the differential of the volume of the solid of revolution. 
Integrating, 

V=wjfdx, 

Therefore if OA = a and OB = b^ the volume generated by revolv- 
ii:ig ABDC about the axis of -ST may be calculated by means of the 
formula 



M) 



' = IT r y^doc. 



^^svhere the value of y in terms of x must be substituted from the 
equation of the given curve. 

This formula is easily recalled if we consider a slice or disc of 
the solid between two planes perpendicular to the axis of revolu- 
tion as an element of the volume, and regard it as a cylinder of 
infinitesimal altitude dx and with a base of area iry\ hence of vol- 
ume iry^dx. Summing up all such slices (elements) from J[ to ^, we 
get the volume generated by revolving ABDC about the axis of X 
Similarly when OF is the axis of revolution we use the formula 



(B) 



F = IT r x'^dy^ 



where the value of x in terms of y must be substituted from the 
equation of the given curve. 

Ex. 1. Find the volume generated by reyolying the ellipse — + ^ = 1 about the 
axiaofX. «" ^ 

8chdUm. Since y« = -(a«-x9), and 

the required volume is twice the volume 
generated by OAB^ we get, substituting 
in (A), 



F = 



3 

4to6« 

3 




To verify this result, let 6 = a. Then V = 



4 TO* 
3 



the volume of a sphere, which 



is only a special case, of the ellipsoid. When the ellipse is revolved about its major 
axis the solid generated is called a prolate spheroid ; when about its minor axis, an 
oblate spheroid. 
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EXAMPLES 

1. Find the volume of the sphere geneirated by revolving the circle x« + ir^ _ ji 
about a diameter. m ^'^ 

3 

2. Find by integration the volume of the right cone generated by reTolTk^ 
the line joining the origin to the point (a, 6) about the axis of X va^ 

^"* 3 

3. Find the volume of the cone generated by revolving the line of Ex. 2 mbcai 
the axis of F. ^^ »«^ 

3 

4. Find the yolume of the paraboloid of revolution generated by reTolying tite 
arc of the parabola y* = 4 ox between the origin and the point (zi, y\) aboat its axis. 

Ata. 2 vca^ = V^L-l ; i.e. one half of the volume of the circumscribing cylinder. 
2 

6. Show that the Tolumes generated by revolving y = ef about OX and OF are 

- and 2«' respectively. 

6. Find the volume generated by revolving the arc in Ex. 4 about the axis of F. 

'^'^ ^^^ = i vxi'yi ; i*o. one fifth of the cylinderof altitude yi and radius of base Zi. 
80 OP 

7. Find by integration the volume of the cone generated by revolving about 

OX that part of the line 42 — 5y+d = which is intercepted between the codrdi- 

nate axes. . 9v 

Ana, — . 
100 

a Find the volume of the spindle-shaped solid generated by revolving the 
hypocycloid x' + y* = a* about the axis of X. 82 to* 

loT 

So* 
9. Find the volume generated by revolving the witch y = about its 

asymptote OX. x« + 4a« 

10. Find the volume generated by revolving about OT that part of the parabola 

x* + y* = a* which is intercepted by the coordinate axis. ra« 

^iis. — • 
15 

11. Find the volume of the torus (ring) generated by revolving the circle 
«* + (y - 6)* = a« about OX. Am. 2t%%. 

12. Find the volume generated by revolving one arch of the sine curve y^zemx 

about the axis of X. , «i 

Ato. —• 
2 

13. Find the volume generated by revolving about OX the curve 

(z — 4 a) y< = ox (x - 3 a) 
between the limits x = and x = 8a. Ana. —(15 - 161og2). 
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X4. Find the volume generated by revolving one arch of the cycloid 



.y 



x = r arc vers- — v 2 ry — y'^ 

&l>oat OX, its base. 

Hint, Substitute cfa- .^^^ , and limits y - 0, y - 2r, in (A), p. 886. ^ , . . 

v2ry-y« Ans, o^n*. 

16. Find the volume generated by revolving the catenary y = -(e^ + e~«) about 
tli.e ajdfl of X from x = Otox = &. 

4 2 

mS 

16. Find the volume of the solid generated by revolving the cissoid y* = 

&tx>at its asymptote as = 2a. 2a-x 

Am. 2rr^aK 

17. Given the slope of tangent to the tractrix -p = — *^ ; find the solid 

generated by revolving it about OX. ^ ^/a^-y^ 

Ana, jxa'. 

18. Show that the volume of a conical cap of height a cut from the solid gen- 
erated by revolving the rectangular hyperbola x' — y^ = a^ about OX equals the 
Yolume of a sphere of radius a. 

19. Using the parametric equations of the hyi)Ocycloid 

ix = a cos* 0y 
y = asin^tf, 

find the volume of the solid generated by revolving it about OX, Am. — r^ - 

20. Find the volume generated by revolving one arch of the cycloid 

!x = a (^ — sin 0)^ 
y=a(\ -cos^), 
about its base OX. Am, 6«-^>. 

Show that if the arch be revolved about OT the volume generated is 6 ir>a>. 

21. Show that the volume of the egg generated by revolving the curve 
X V = (aj - a) (X - 6) 

about OXis w ( (a + &)log^- 2(6 - a) | . 

Find the volume generated by revolving the curve x^ — a?x^ + a^' = 

16~ 

23. Find the volume of the solid generated by revolving the curve x^ + y' — I 

It 
6 



about OX. ^^ 4ira« 



about OF. ^^ 4t 
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228. Areas of surfaces of revolution. Let S denote the area of 
the shaded surface generated by revolving the arc CF(=s) abom 

OA*, the equation of 
jM^i^-^ the plane curve CFL 

being y=f(x). 

Let x(=OJf) take 

on a small increment 

Ax(=MN); then S 

takes on an increment 

AiS, the area of the band 

generated bj the arc 

PQ (= A#). Draw the 

chord FQ. Let AiS' denote the area of the convex surface of the 

frustrum of the cone of revolution generated by the chord FQ. 

Then 

rThe lAtenU area of the fmBtnim of a cone of reyolutlon is equal to <me balfl 
■ " " - . . ^j^^ J 




or, 



Ltlie sum of the oircumferencet of its hases multiplied by the slant hei^t.. 

AS' = 2irfif + ^\ ■ chord PQ. 



MultipIyiAg and dividing the first member by A5, and then 
dividing both members by As, we get 



, ,, AS AS' „ / , Ay\ 

(^> Ai-1S = H'^'^) 



Ay^ chord FQ 

A« 



Now let Ax approach zero as a limit. Then A« and Ay also 
approach zero and 

limit /A^\ ^ dS Umit /A^\ _ . limit / chord FQ \ __ . 
As=0\A8j ds' As = 0\ASj 'As = 0\ A« / 



Hence from {A), 



dS 



or, using differentials. 



= 2 7ry(=2 7rJlfP); 



dS = 2 TTt/dSj 
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'^vliich is the differential of the area of the surface of revobvtion. 
I Integrating, 

S=2'irCyd8'y 



OX-, since 



from (29), p. 143, (;?« = fl + C^^ 1 dx, we have 



^=27rjyr 



>Hi)*]'"- 



Hence \iOA = a and OB = 6, the surface generated by revolving 
tiie arc CD about OX is given by the formula 

.= 2,/;, [.+(f )•]'*». 

'where the value of y and -^ in terms of x must be substituted 

ax 

from the equation of the given curve. 

This formula is easily remembered if we consider a narrow band 
of the surface included between two planes perpendicular to the 
axis of revolution as the element of area, and regard it as the 
convex surface of a truncated cone of revolution of infinitesimal 
slant height ds and with a middle section whose circumference 
equals 2 tt^, hence of area 2 iryds. Summing up all such bands 
(elements) from ^ to J?, we get the area of the surface generated 
by revolving the arc CPD about OX. 

Similarly when OF is the axis of revolution we use the formula 

where the value of x and -^ in terms of y must be substituted 

dx 

from the equation of the given curve. 

Ex. 1. Find the area of the surface of revolution generated by revolving the 
hypocycloid x' + y' = a' about the axia of X. 

SolutUm, Here ^ = - ?^ , y = (a« - x')« 
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Sabstituting in (E), p. 380, noUng that the arc BA generates only one half oi 

the surface, we get 




.'.8 = 
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_ 6xa« 
6 
12 ra* 



1. Find the area of the Burface of the sphere generated by revolying the drete 
x« + y« = f* about a diameter. Ans, 4 wi^. 

2. Find the area of the surface generated by revolving the parabola y* = 4 oz 
about OX, from the origin to the point where z = 3 a. a — r^ 



3. Find by integration the area of the surface of the cone generated by revolv- 
ing the line joining the origin to the point (a, 6) about OX. j^^ ,5 Va* + ft*. 

4. Find the surface generated by revolving the catenaiy y - ^(e^ +e~V &boat 
Orfromz = 0toz = a. ^ « -y, 

5. Find the surface of the prolate spheroid generated by revolving the eHipse 

Aiu, 2r6*+ arcsme. 



yt = (1 - e«)(a« - z«) about OX. 



6. Find the surface of the torus (ring) generated by revolving the circle 
z« + (y - 6)1 = a« about OX. AnM. 4 »%6. 

Hint. Using the positive value of Va«-a« givee the outside surfaoe, And the negative value 
the inside surfaoe. 

7. Find the surface generated 1^ revolving an arch of the cycloid 

z = r arc vers - — V2 ry — y« 
about its base. ^ Aiu. 



64 yt* 
3 



8. Find the surface generated by the cycloid when revolved about the tangent 



at its vertex. 



Am. 



82x7^ 
3 



9. Find the surface of the oblate spheroid generated by revolving the ellipse 



a^ + Mr« = a«6» about its minor axis. 
Hint. € « eccentricity of ellipse. 



Ans. 2xa« + r-log^-tf. 
e 1 -c 
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10« Find the aorface generated when the cycloid is revolved about its axis. 

An». 8rr«(r-J). 

11. Find the surface generated by revolving about OJT that portion of the curve 
If = e« which is to the left of the axis of T, j^j^^ ^ r v^ ^. log (1 + V2)]. 

12. A quadrant of a circle of radius a revolves about the tangent at one extremity ; 
pxove that the area of the curved surface generated is r (r — 2) aK 



13. Find the surface generated by revolving the cardioid 

ix = a(2 cos - cos 2 9), 
y = a(2 8in9 — sin2^, 



nbout OX. Am, — - — . 

6 

14. Show that the surface generated by revolving the cycloid 

[x = a(0 — sin0), 



\y = a(l — cos 9), 

about OX is ; and that when revolved about OY it is — - — • 

3 3 

16. Show that the surface generated by revolving the curve x* - a«x* + 8 oV = 
about OX from x = 0tox=ai8-^ f"(3a^ - 2x«)dx = -ra«. 

16. Show that the surface generated by revolving x* + 3 = xy about OT from 
x = ltox = 2i8ir( hlog2^; and that when revolved about OJTit is -r^- 

17. Show that the surface generated by revolving the cubical parabola y = x* 
about OX from x = 0tox = lis2 r fVl + Qx^x^dx = ^ ( VJOOO - 1). 

la Show that if we rotate y« + 4x = 2 log y about OX from y = 1 to y = 2, 
the surface generated is —--» 



CHAPTER XXXI 
suocESsnrs ahd partial iktegratiov 

229. Successive Integration. Corresponding to 9uec€99ive differ- 
entiatian in the Differential Calculus we have the inverse process 
of successive integration in the Integral Calculus. We shall illus- 
trate by means of examples the details of this process, and show 
how problems arise where it is necessary to apply it. 

Ex. 1. Given -4 = 6x : to find y. 
dx« 

SoluJLion. We may write this 



Integrating, ;^ " J ^ ^"^» 

or, X3 = 3** + <^i- 



This may also be written 



dx*' 
d'y 

■(I) 



^(.,, 

. = 3x« + ci, 



dx 



or, d(^) = (3x» + ci)dx. 

Integrating again, -^ = 1(3 x« + ci) dx, or, 

ox •' 

(^) -?? = X« + CiX + c 

ox 
Again, dy = (x* + Cix + cj) dx, and integrating, 

, **v X* CiX* 

(^ y = J + ~- + c,x + cs. -4ns. 

The result (-4) is also written in the form 

^ = jy 6 a^xrfa; (or =//& a:dr:»), 
392 
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skxxd is called a double integral^ while (B) is written in the form 
y =fCf^ xdxdzdx (or =fff^ a^^i 

3^n.d is called a triple integral. In general, a multiple integral 
r^equires two or more successive integrations. As before, if there 
Skjre no limits assigned, as in the above example, the integral is 
indefinite; if there are limits assigned for each successive inte- 
gration, the integral is definite. 

Ex. 2. Find the equation of a curve for every point of which the second deriva- 
tive of the ordinate with respect to the abscissa equals 4. 

dhi 
Solvtion. Here v^ = ^* Integrating as in Ex. 1, 

(O ! = *'= + <'»• 

(D) y = 2aj« + CiX + C2. Ana. 

This is the equation of a parabola with its axis parallel to OF and extending 
upward. By giving the arbitrary constants of integration Ci and Cs all possible 
values we obtain all such parabolas. 

In order to determine Ci and Cs, two more conditions are necessary. Suppose 
we say (a) that at the point where x = 2 the slope of the tangent to the parabola is 
zero ; and (b) that the parabola passes through the point (2, - 1). 

(a) Substituting x = 2 and ^ = in (C) 

ax 

gives = 8 + cj. 

Hence ci = — 8, 

and (D) becomes y = 2x« - 8x + Cf. 

(b) The coordinates of (2, — 1) must satisfy this equation ; therefore 

- 1 = 8 - 16 + Cj, or, Cj = - 7. 
Therefore the equation of the particular parabola which satisfies all three condi- 
tions is y = 2x<-8x — 7. 

EXAMPLES 

dhi , ox* CiX* 

1. Given — ^ = ax« ; find y. -4na. y = -— + -^ + c«x + cj. 

dx* o^ ^ 

2. Given ^=,0; find y. Ana. y = ~^ + CiX + c,. 

dx* ^ 

3. Given d«y = ?^ ; find y. Ans, y = logx + ^ + Cjx + c,. 



x» '""^'" ' "" 2 

—- - jin^; find p. Ana, p = cos^ + - 



4. Given ^ = sin^; find p. Am. /> = cos^ + -- + <^ + c«. 
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6. Given ?? = 8««-l; find «. Ana. «= *?. + llo^< +%- + <^j* + Cv 

sin* ^ 

6. Given (l*p = «ln^coB«^d^; find p. -4fU. p = — |-cxnn^ + e> 

o 

7. Determine the eqaations of all curves having zero curvatare. 
Hint. ^»0, froiiiC88),p. 161, Binoe JT^O. 

Aria, y = Cix + Cs, a doubly infinite system at Btraiglit Unes. 

8. The acceleration of a moving point is constant and equal to f; find the de- 
tance (space) traversed. 

Hint, From Ex. 38. p. 114,^'-/. ^„ , = ^ 4. c,l + ... 

9. Show in Ex. 8 that Ci stands for the initial velocity and ct for the initial 
distance. 

10. Find the equation of the curve at each point of which the second derivmtiTe 
of the ordinate with respect to the abscissa is four Umes the absciswa, and which 
passes through the origin and the point (2, 4). Ana. Sy^=2x(x^—h. 

IL Given --^ = x cos x; find y. ^ns. y^xcosx— 4sinx + -^ — I- -^-- +<V + <•<- 

I A r>t ^ t It IX jt M 7cosx cos*x . cia^ . 

12. Given --^ = 8in«x; findy. A'm. y = — :;=- + -^ — J-<VJ+c«- 

ox' 27 2 

230. Partial Integration. Coiresponding to ^partial differentia- 
tion in the Differential Calculus we have the inverse process of 
partial integration in the Integral Calculus. A3 may be inferred 
from the connection, partial integration means that, having given 
a differential expression involving two or more independent vari- 
ables, we integrate it, considering first a tingle one only as Taiying 
and all the rest constant. Then we integrate the result, considering 
another one as varying and the others constant, and so on. Such 
integrals are called double^ triple^ etc., according to the number of 
variables, and are called multiple integrals.* 

Thus the expression 

u=jjf{x,g)difdx 

indicates that we wish to find a function u ot x and y such that 

* The integrals of the same name in the last section are special oases of these, namely, when 
we integrate with respect to the same Tariable throughout. 
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In the solution of this problem the only new feature is that 
the constant of integration has a new form. We shall illustrate 
this by means of examples. Thus, suppose we wish to find Uy 
having given 

g = 2. + , + 8. 

Integrating this with respect to x^ considering y as constant, 

we have , « i 

w = ar 4- 2ry -I- 3 a? + 9, 

-where ^ denotes the constant of integration. But since y was 
regarded as constant during this integration, it may happen that ^ 
involves y in some way ; in fact <!> will in general be a function of y. 
We shall then indicate this dependence of ^ on y by replacing 
<l> by the symbol <^(y). Hence the most general form of u is 

u = 2^ + xi/ + ix + (l>(f/), 

where <^(y) denotes an arbitrary function of y. 
As another problem let us find 

{A) u=^^{a?-\-f)dydx. 

This means that we wish to find u, having given 

dxdy ^ ^ 

Integrating first with respect to y, regarding x as constant, 
we get . 

| = ^y + | + ^(,), 

where -^{x) is an arbitrary function of x and is to be regarded as 
the constant of integration. 

Now integrating this result with respect to x, regarding y as 
constant, we have 

t^ = ^ + ^ + ^(a:) + <I>(y), 
where 4> (y) is the constant of integration, and 

^(x)= C-^{x\dx. 
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23L Definite double integral. Geometric interpretation. Let 

/(a:, y) be a continuous and single-valued function of x and jr. 
Geometrically, 

{A) z^f{x.y) 

is the equation of a surface, as KL. Take some area S in the XT 
plane and construct upon ^ as a base, the right cylinder ^nrhose 
elements are accordingly parallel to OZ. Let this cylinder inter- 
sect KL in the area S^ and now let us find the volume V of the 
solid bounded by S^ S^ and the cylindrical surface. We proceed 
as follows. 

At equal distances apart (= Az) in the area S draw a set of lines 
parallel to OY^ and then a second set parallel to OX at equal 




distances apart (= Ay). Through these lines pass planes parallel 
to YOZ and XOZ respectively. Then within the areas S and S 
we have a network of lines, as in the figure, that in S being 
composed of rectangles, each of area AzAy. This construction 
divides the cylinder into a number of vertical columns, such as 
MNFQy whose upper and lower bases are corresponding portions 
of the networks in S* and S respectively. As the upper bases of 
these columns are curvilinear, we of course cannot calculate the 
volume of the columns directly. Let us replace these columns 
by prisms whose upper bases are found thus : each column is cut 
through by a plane parallel to XY passed through that vertex 
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^>f the upper base for which x and y have the least numerical 
^values. Thus the column MNPQ is replaced by the right prism 

J§£NPR^ the upper base being in a plane through P parallel to 

t;he XOY plane. 

If the coordinates of P are (x, y, 2), then MP = z =f{x^ y), and 

therefore 

(B) Volume of MNPR =f(x, y) Ay . Az. 

Calculating the volume of each of the other prisms formed in 
the same way by replacing x and y in {B) by corresponding values, 
and adding the results, we obtain a volume T' approximately equal 
to V'y that is, 

{C) r^^^{x,y)i,y.i,x; 

where the double summation sign 5<X ^^^^^^^^ ^^^ there are two 

variables in the quantity to be summed up. 

If now in the figure we increase the number of divisions of 

the network in S indefinitely by letting A2; and Ay diminish 

indefinitely, and calculate in each case the double sum ((7), then 

obviously V* will approach T as a limit, and hence we have the 

fundamental result 

limit .^^^ ^ 
(D) r= Ay = V V/(:r, y) Ay • ^x. 

Ax = ^^^^ 

Let us see how to calculate this double limit. We commence 
by calculating (C) for all the prisms of a row parallel to FOZ, say 
along the line DG. 

This will give us, approximately of course, the volume of a 
slice of V bounded by planes through P and Q parallel to the 
YOZ plane. To do this analytically, we sum up in ((7), keeping 
x constant (= OD). Since in this sununation Ax is also constant, 
we may write (C) in the form 

(^) r' = 2Aa:.2/(ar,y)Ay. 

Hence (D) becomes 

limit . «_» ^ 

{F) F=Av = oVAx.V/(a:,y)Ay. 

A« = ^ ^ 
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In (E)^ the limits for the second sign of summation are tk» 
extreme values of y for the vertices of the network alon^ thn 
line DGj and for the first sign of summation the extreme valuer 
of 2; in the entire network. Hence it should now be int u itional]^ 
evident that {F) becomes* 

JfOB y%DO 

for we have merely replaced the signs of summation by integt^ 
signs, and the limits by the values taken from the region S itsell 
We have accordingly the fundamental result, 

limit /^^ /•DO 

{H) r=Ay = oVV/(x,y)Ay.Ax= I j f{x,y)dydx, 

the second integration sign applying to y and being performed 
first, X and dx being meanwhile regarded as constants. 

The process of evaluating (B) might have been carried out by 
first adding up the columns in {C) along a line parallel to OX, 
i.e. y remaining constant, afterwards summing up the resulting 
prisms by varying y, and finally passing to the limit as Ar and Ay 
approach zero. These steps would be indicated by writing the 
differential expression in (F) in the form 

f{x,y)dxdy 

and changing the limits. Summing up our line of reasoning, we 
may write 

limit .^__. /•«! /•«! 

r=Ay = oVV/(^,y)Ay.Aa:=j j f{x,y)dydx 



^XSr'-^^^^^^^^' 



where v^ and v^ are in general functions of y, and u^ and u, func- 
tions of X, the second integral sign applying to the first differential 
and being calculated first. 

•A rigorous proof of < 6 ) is to be found in Goarsat*s Cowr$ tPAnaiyBe McUhhtuUiquf, 
Vol. I, $ 123. An English translation, by Professor Hedrick, of this book is published by 
Qinn 9t Company. 
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Our result may be stated in the following form : 
TKe definite double integral 



J I ) y(:'^yy)dydx 
a, */m. 



may be interpreted us that portion of the volume of a truncated 
iright cylinder which is included between the plane XOY and the 
surface ^. . 

the base of the cylinder being the area bounded by the curves 
y = u^, y = u^, x = a^, x=za^. 

Similarly for the second integral. 

It is instructive to look upon the above process of finding the 
voliune of the solid as follows: 

Consider a column of infinitesimal base dydx and altitude z as 
an element of the volume. Summing up all such elements from 
y = DF to y = DG^ X in the meanwhile being constant (say = OD)^ 
gives the volume of an indefinitely thin slice having FGHI as one 
face. The volume of the whole solid is then found by summing 
up all such slices from a: = 0^4 to a; = OB. 

In partial integration involving two variables the order of inte- 
gration denotes that the limits on the inside integral sign correspond 
to the variable whose differential is written inside, the differentials 
of the variables and their corresponding limits on the integral signs 
being written in the reverse order. 

Ex. 1. Find the value of the definite doable integral 

.Jo (* + y)dyd«. 

Solution. I I {z-^y)dydz 



2a» 



Ana. 
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Interpreting this result geometrically it means that we have found the \ 
of the solid of cylindrical shape standing on OAB as base and bounded at tbe vi^ 
by the surface (plane) z = x -^ y. 

The attention of the student is now particularly called to the manner is iv1e^& 
the limits do bound the base OAB, which corresponds to the area 8 in the tgarB 
p. 306. Our solid here stands on a base in the XY plane bounded by 

y = (line OB) ) ^ ,. , 

A { from y limits ; 

y = Va« - x* (quadrant of circle AB) ) 

X = (line OA) ) , ,, ,^ 

m »Bn I from X limits. 
X = a (line BE) ) 

232. Value of a definite double integral over a region .S. In the 

last section we represented the definite double integral as a 
volume. This does not necessarily mean that every definite 
double integral is a volume, for the physical interpretatioa of 
the result depends on the nature of the quantities represented by 
z^ t/y z. Thus, if a:, y, z are simply considered as the coordinates 
of a point in space, and nothing more, then the result is indeed a 
volume. In order to give the definite double integral in question 
an interpretation not necessarily involving the geometrical concept 
of volume, we observe at once that the variable z does not occur 
explicitly in the integral, and therefore we may confine ourselves 
to the XY plane. In fact, let us consider simply a region iS in the 
XY plane, and a given function /(x, y). Then, drawing a network 
as before, calculate the value of 

f{x,f/)^yAz 
for each point of the network^ and sum up, finding in this way 

and finally pass to the limit as Ax and Ay approach zero. This 
operation we call integrating the function /(x, y) over the region S, 

and it is denoted by the symbol 

S 
If S is bounded by the curves 
x=a^y z = ttj, y = Wj, y = w,, then 

fffi^^ y) ^y^^ = J J" /(^ y) ^y^- 
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^^ o may state our result as follows : 

^o integrate a given function f{xy y) over a given region S in the 
■^C> i^ plane means to calculate the value of 

limit _^_^ 

<^9 ^acplained above^ and the result is equal to the definite dovhle 
irtt^ffral 

J f f{^y)dydx, otJ yy(x,y)dxdy, 

th^ limits being chosen so that the entire region S is covered. This 
jyrocess is indicated briefly by 

fff{^V)dydz. 
S 

In the sections which follow we shall show by numerous exam- 
ples how the area of the region itself may be calculated in this 
way, and also the moment of inertia of the region. 

Before attempting to apply partial integration to practical prob- 
lems it is best that the student should acquire by practice some 
facility in evaluating definite multiple integrals. 

Xsb /.a *!aV^ 

Xsb /%a /•s^r i/*~l^ r^a* TaV^ 



=j['2xV^r^d. = [-|(a.-x.)'];=?«. 

In partial integration involving three variables the order of 
integration is denoted in the same way as for two variables ; that 
is, the order of the limits on the integral signs, reading from the 
inside to the left, is the same as the order of the corresponding 
variables whose differentials are read from the inside to the right. 
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Ex. 3. Verily 'C (* C 'V'-dzdydx = •/• 

XXAMPLB8 

Verify the following. 

s 

'• XXJL *V«te»v<to = — (o«-M). ». 2«J[J[; 



Vox-a^ 



= 4d». 



^«*^»» 



X» /.ad + coaO 4 at 

Jo 3 

12. rj Vrt-t»d«tt = 66«. 

ft 

13. f'T "(w + 2 1) diodv = ~^/* . 

Ja Jv ^ ' 30 

233. Plane area as a definite double integral. Rectangular coordi- 
nates. As a simple application of the theorem of the last section 
(p. 401), we shall now determine the area of the region S itself in 
the XO Y plane by double integration.* 

* Some of the examples that will be given in this and the foUoving articlea may be aolred by 
means of a single integration by methods already explained (H^^i 223). The only reason in 
such cases for using suoceasive integration Is to familiarize the student with a new method for 
solution which is sometimes the only one possible. 
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As before, draw lines parallel to OX and F at distances Ai; 
and Ay respectively. Now take 

element of area = area of rectangle P(J = Ay • Aa;, 

the coordinates of F being (a:, y). 

Denoting by A the entire area of region S^ we have 

limit __.__. 
(A) ^ = Ax = oyyAy.Aa;. 

We calculate this by the theorem 
on p. 401, setting /(a:, y) = l, and get 



I dyAx, 

OA ^CD 



Y 








JE 


' ^ rTl 


-* ** 1 














^^: A 






7 \ 






y 




1 
1 




,7^ 








"0 


A 


J 


i ^ 



where CD and CJ^ are in general 
functions of x^ and OA and OJ? are constants giving the extreme 
values of t^ all four of these quantities being determined from the 
equations of the curve or curves which bound the region S. 

It is instructive to interpret this double integral geometrically 
by referring to our figure. When we integrate first with respect 
to y, keeping x {=^0C) constant, we are summing up all the 
elements in a vertical strip (as DF), Then integrating the result 
with respect to x means that we are summing up all such vertical 
strips included in the region, and this obviously gives the entire 
area of the region S. 

Or, if we change the order of integration, we have 

f dxdy, 

OK •^HO 

where HG and HI are in general functions of y, and OK and OL 
are constants giving the extreme values of y, all four of these quan- 
tities being determined from the equa- 
tions of the curve or curves which 
bound the region 8. Geometrically 
this means that we now commence 
by summing up all the elements in 
a horizontal strip (as 6c7), and then 
find the entire area by summing up 
all such strips within the region. 
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Corresponding to the two orders of summation (integration), tl^e 
following notation and figures are sometimes used : 

A=\\dydx; A = fjdxd}f. 
S S 



(^) 





Referring to the result stated on page 401, we may say: 

The area of any region is the value of the double integral of the 
function f{Xj y) = 1 tcJcen over that region. 

Or, also, from § 231, p. 899, 

The area equals numerically the volume of a right prism of unit 
height erected on the base S, 

Ex. 1. Calculate the area of the circle x* + y* = r* by double integration. 
Solution, Summing up first the elements in a vertical strip, we bare from 

(B), p. 408, 

^OB J MS 

From the equation of the boundary cure (circle) 

OB--TyOA:=. r. 
Hence 



Jf*OA/*Mlt 
I dydx. 
OB J MS 



f dydx 

= 2 rVr* _ a^dx = ««. Ant. 

When the region whose area we wish to find is symmetrical 
with respect to one or both of the coordinate axes, it sometimes 
saves us labor to calculate the area of only a part at first. In the 
above example we may choose our limits so as to cover only one 
quadrant of the circle, and then multiply the result by 4. Thus, 
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^*^^- 2. Calculate that porUon ol tihe area which lies above OX bounded by 
"<i s^xnicubical parabola y* = ob* and the straight line 
/ = ac. 

^ol^ition. Summing up first the elements In a hori- 
^oxit-aa strip, we have from (C), p. 408, 

o L '^- 

f^Tom the equation of the line, AB = y, and from the 
^<lvi.^tion of the curve, -4C = y', solving each one for x. 
1*o determine OD, solve the two equations simultane- 

o\xsly to find the iK>int of intersection E. This gives the 

I>oixit (1, 1) ; hence OD = 1. Therefore 



Y 




Je(i.i) 


A 


-^ 


1 

1 







J) ^ 

\ 



''-rr''^=r<^-)''"F?-?i: 



EXAMP;.ES 



1. Find the area of the ellipse -^ + ^ = ^ ^y double integration. 



Ana. 



Jo Jo 



dydx = X ad. 



2. Find by double integration the area between the straight line and a parabola 
with its axis along OX, each of which joins the origin and the point (a, 6). 

Am. C C^dydx = ^ 



6 



3. Find by double integration the area of the rectangle formed by the co5rdi- 
nate axes and two lines through (a, h) parallel to the coordinate axes. An8, ah. 



4. Find by double integration the area of the triangle formed by OX and the 



lines X = a and y = -x. 
a 



A-M, — . 
2 



6. Find by double integration the area between the two parabolas 3 y> = 25 x 
and5x' = 9y. Aim. 6. 



6. Required the area in the first quadrant which lies between the parabola 



y^ = QZ and the circle y* = 2 ox — x^. 



Am, 



rgg 2ag 
4 3 



7. Find the area ouUide of the parabola y> = 4 a (a — x) and inside of the circle 
y« = 4 a* — x». 
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8. Solve the problems on page 406 by first samming up all the 
horizontal strip, and then summing up all such strips. 

AnM, Ex. 3, J[ j^dxdy = ab. Ex. 4, fV ^'dxdy = —- 

Ex.6, rr^'(ixdy=6. Ex.6, Cf' dxdy^^--^-. 

234. Plane area aa a definite double integral. Polar coordinatea. 

Suppose the equations of the curve or curves wliich bound the 
region S are given in polar coordinates. Then the region may 

be divided into checks bounded br 
radial lines drawn from the origin, 
each one making the angle A& with 
the next one, and concentric circles 
drawn with centers at the origin, the 
difference between each radius and 
the next one being A/>. 

We shall consider these checks as 
the elements of area of the region 8. Let us calculate the area 
of one, say PQ, boimded by arcs with radii p and p + Ap. 
From Geometry, 

area of sector OSQ = J (p 4- £ip)*A0j 

area of sector OFR = J p*A0. 
Hence 

area of element P^ = J (/> 4- Ap^Ad - i p*Ad 

^pApAd-^-^Ap'-Ad. 

Then, as before, the area of the region S will be 

limit . . , 

A = Ap = o^^{pApA0-{-\ApAe) 

the summation extending over the entire region, or, 

u) A ^yypdpdo. 

8 
Here, again, the summation (integration) may be effected in 
two ways. 
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AVlieii we integrate first with respect to 5, keeping p constant, 
it mea^xis that we sum up all the elements (checks) in a segment of 
a circixlar ring (as ABCD), and next integ^ting with respect to p, 

tli&t ^we siun up all such rings within the entire region. Our 

limits then appear as follows: 

j^F j%KOgl9 XOB 

(^) ^ = I I pd0dp, 

the angles XOA and XOB being in general functions of p, and 
OJ^ and OF constants giving the 
extreme values of p. 

Suppose we now reverse the 
order of integration. Integrating 

first with respect to p, keeping 

constant, means that we sum up 

all the elements (checks) in a 

wedge-shaped strip (as GKLH). 

Then integrating with respect to 5, we sum up all such strips 

within the region S. Here 

I 1 pdpde, 

angle JrOJ ^OQ 

OH and 00 being in general functions of 6^ and the angles XOJ 
and XOI being constants giving the extreme values of d. 

Corresponding to the two orders of summation (integration), the 
following notation and figures may be conveniently employed : 




(i>) 



A=j'j'pd0dp, A=j'fpdpde. 

s s 




These are easily remembered if we think of the elements (checks) 
as being rectangles with dimensions pd0 and dp, and hence of area 
pdddp. 
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Ex. 1. Find the 
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of the circle p^2roos0hy double int^gTBtion. 

Solution. Samming up ill the elements m a 
sector (M OB), the limits are and 2roos#; lad 
summing up all such sectors, the limits are sad 

- for the semicircle OXB, Suhstitating in {Du 



2 Jo X 

A = »f*. An*. 






BZA1IPLB8 

1. In the above example find the area by integrating first with r«pect to #. 



2. Find by double integration the entire area of the cardioid ^ = a (1 — cos #). 

2 



An*. 



3. Find by double integration the entire area of the lemniscate p* = a' cos 2 #. 



4. Find by double integration the area of that part of the parabola ^ = a sec* - 
intercepted between the curve and its latus rectum. 



6. Find by double integration the area between the two circles ^ = a cos #, 
p = 6 cos ^, 6 > a ; integrating first with respect to p. 

/•- /*6e<»S , 

6. Solve the last problem by first integrating with respect to 9, 



Ans. 



s.r 



»pd^=J(6»-a«). 



235. Moment of inertia. Rectangular coordinates. CSonsider an 

element of the area of region S^ as PQ. 
If the coordinates of P are (r, y), the ^ 
distance of P from is Vjc" -|- y*. Mul- 
tiplying the area of element, i.e. 
AxAy, 

by the square of the distance of P from 
the origin, we have 

(A) {r'^y^LyHx. 
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Then the value of 

- •. limit ,^_. 

{B) Ay = oyV(:r»-hy')AyAa: 

defines the moment of inertia of the area within the region S about 
the point O, when the summation is extended over the entire region. 

The product {A) is then an element of the moment of inertia. 

Denoting this moment of inertia by /, we then have, as before, 

{€) 1= C C{x* + t/*) di/dx* 

S 
the limits of integration being determined in the same way as for 
finding the area (p. 403). 

Ex. 1. Find I over the area bounded by the lines x = a, y = 0, y = - z. 

SolutioiL These lines bound a triangle OAB. Summing up all the elements 
in a vertical strip (as PQ), the ^-limits are zero and - x 

(found from the equation of the line OB). Summing B{<ip) 

up all such strips within the region (triangle), the 
x-limits are zero and a(= OA), Hence 

If we suppose the triangle to be composed of horizontal strips (as JS£f), 

6 

EXAMPLES 

1. Find I oTer the rectangle bounded by the lines x = a, y = h^ and the 
coordinate axes. ^^ ^» ^y ^ ^^^^^ ^ «% + a6» 

2. Find I over the right triangle formed by the codrdinate axes and the line 
joining the points (a, 0), (0, 6). hin-x) 




3. Find I for the region within the circle x* + y* = »^. . 



2 



* From the result, p. 401, we may say that the moment of inertia of the area within the region 
Sit the veUue of the double integral of the function/ {x, y)= x« + y» taken over thcU region. 
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4. Find / for the ellipse — + '^ = 1. Compare remit with preceding probksL 

Ans. —((gt-hfts^ 

6. Find / over the region between the straight line and a parabola with ass 
along OX, each of which joins the origin and the point (a, 6). 



'-■XX^-<^*'^'*-T(f^!)- 



6. Find I over the region bounded by the parabola y< = 4 oz, the line z -r r 
- 8a = 0, and OX _ 

Xa /•S^ax /•Sa >«Sa-x 314 O* 
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236. Moment of inertia. Polar co-ordinates. Consider an ele- 
ment of the area of region S, as FQ. If the coordinates of F 
are (/>, 0)^ the distance of F from is p. The area of the element 

in polar coordinates was found, on 

p. 406, to be 

Multiplying this by the square of 
the distance of F from the origin, 
~x we get 

(A) p^ip^pAO-^^Ap^Ae). 

Then, in conformity with the definition of moment of inertia 
(=/) of the last section, we say that 

limit _^_. , 

(B) Ap = oVyp*{pAp.A0 + \Ap^A0) 

defines the moment of inertia about of the area within the region S. 
Or, passing to the limit (as under § 234, p. 406), 

(O I=^JJp^d$dp, 

S 
the limits of integration being determined in the same way as in 
finding the area (p. 407). 
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Ex. 1. Find I over the region bounded by the circle p = 2 r cos ^. 

Sobition. Summing up the elements in the triangularnshaped strip OP^ the 

p-limits are zero and 2 r cos ^ (found from the equation of the circle). 

Summing up all such strips, the ^limits 

are and - • Hence 

2 2 






p«dp(W = -^. 



Ana. 



Summing up first the elements in a circu- 
lar strip (as QH), we have 




EXAMPLES 

1. Find / over the area bounded by the parabola p = a sec^ - 1 its latus rectum, 
and the initial line OX. 

Ans. f}j:-l^.^. 



2. Find I over the entire 



of the cardioid p = a (1 — cos ^. 

Jf*n /.o(l 



3. Find I oyer the area of the lemniscate p^ = a^ cos 2 $. 

4. Find I over the area bounded by one loop of the curre /> = a cos 2 tf. 



Ana, -—' 
8 



237. General method for 
finding the areas of sur- 
faces. The method given 
in § 228 for finding the area 
of a surface applied only 
to surfaces of revolution. 
We shall now give a more 
A' general method. LfCt 

(A) z^f{x,y) 

be the equation of the 
surface KL in figure, and 
suppose it is required to 
calculate the area of the region S^ lying on the surface. 
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Denote by S the reg^ion on the XO Y plane, w^hich is the orthogf). 
nal projection of S^ on that plane. Now pass planes parallel u 
YOZ and XOZ at common dlBtances Ax and Ay respectively. As 
in § 281, these planes form truncated prisms (as J^B) boonded at 
the top by a portion (as FQ) of the given surface whose projecticc 
on the XOY plane is a rectangle of area Ax^y (as AB)^ whkh 
rectangle also forms the lower base of the prism, the cooidiiuites 
of F being {x, y, z). 

Now consider the plane tangent to the surface KL at F. Evi- 
dently the same rectangle ^^ is the projection on the XOY plaoe 
of that portion of the tangent plane {FR) which is intercepted by 
the prism FB, Assuming 7 as the angle the tangent plane makes 
with the XOY plane, we have 

area AB = area FR . cos 7, 

[The projection of % plane area upon a seoond plane Is eqnal to tbe area of tbel 
portion projected multiplied by the eoelne of the angle between the plaiMB. j 

or, Ay Ax = area FR - cos 7. 

1 



But cos 7 = 



[-(S)HI)1 



i' 



[Cosine of angle between tangent plane, (70) , p. 274, and XO Y'\ 
plane found by method giren in Solid Analytic Oeometry.J 

, A A «^rea FR 

hence Ay Ax = , 

.™P..[..(|)Vg)']'.,A. 

which we take as the element of area of the region S'. We then 
define the area of the region S' as 

the summation extending over the region S, as in § 231. Denoir 
ing by A the area of the region S\ we have 

<»> ^=//[>+(S)'+(0)"]'*-- 

S 
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^he limits of integration depending on the projection on the XOY 
j>lane of the region whose area we wish to calculate. Thus for (B) 
"we chose our limits from the boundary curve or curves of the 
xegion S in the XOF plane precisely as we have been doing in the 
previous four sections. 

If it is more convenient to project the required area on the XOZ 
plane, use the formula 

8 
where the limits are found from the boundary of the region 8, which 
is now the projection of the required area on the XOZ plane. 
Similarly we may use 

^=//['+(i)■+(S)^'*''»• 

S 
the limits being found by projecting the required area on the YOZ 
plane. 

In some problems it is required to find the area of a portion 
of one surface intercepted by a second surface. In such cases 
the partial derivatives required for substitution in the formula 
should be found from the equation of the surface whose pailial 
area is wanted. 

Since the limits are found by projecting the required area on 
one of the coordinate planes, it should be remembered that — • 

To find the projection of the area required on the XO Y plane^ 
eliminate z between the equations of the surfaces whose intersections 
form the boundary of the area. 

Similarly we eliminate y to find the projection on the XOZ plane, 
and X to find it on the YOZ plane. 

This area of a surface gives a further illustration of integration 
of a function over a given area. Thus in (B), p. 412, we integrate 
the function ^ „ . 

[-(i)KI)T 

over the projection on the XOY plane of the required curvilinear 
surface. 
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Ex. 1. Find the area of the sorfaoe of sphere a^ + y* + 2> = i^ hf dooKi 
integration. 

SoluiUni, Let ABC in the figure be one eighth of the sorfaoe of the 
Here ??-._? ^-^^ 

dz y dy z 



- >-(s^o■--^^ 



r«_x«-y« 



The projection of the area required on the XOT plane is AOB, a r^on bomsdcd 
byx = 0, (0^;y = 0, (OA);x« + y« = r«. (B^). 

Integrating first with tttsptct to y, we mm 
up all the elements along a strip (as DEFG) 
which is projected on the XOY plane in % 
strip also (as MNF O); that is, our y-limiu 
are lero and MF{= Vf« — as*). Then integnt- 
ing with respect to x sums up all such strips 
composing the surface ABC; that is, our 
x-limitB are zero and OA{z=r). Subsduidnf 

in {A), ^ 

A _ /*^ /•^'*-«« rdydz _ wi* 




or, 



8 



A = 4wf». AnM. 



Vf« - «« - y« 



Ex. 2. The center of a sphere of radius r is on the surface of a right cylinder, 

the radius of whose base is -• Find the surface of the cylinder intercepted by 
the sphere. 

Solution. Tkking the origin at the center of the sphere, an element of the 
cylinder for the s-axis, and a diameter of a right section of the cylinder for the 
X-axis, the equation of the sphere is x' + y*4-2' = f^, and of the cylinder 
x« + y« = rz. ODAPB is evidently one fourth 
of the cylindrical surface required. Since this 
area projects into the semicircular arc ODA 
on the XOT plane, there is no region 8 from 
which to determine our limits in this plane; 
hence we will project our area on, say, the 
XOZ plane. Then the region 8 over which 
we integrate is OACB, which is bounded by 
s = 0, (OA); x = 0, (OJ?); x* -\-rx = v*,(ACB); 
the last equation being found by eliminating 
y between the equations of the two surfaces. 
Integrating first with respect to x means that 
we sum up all the elements in a verti cal strip 
(as PD)^ the z-limits being zero and Vi* — rx. 
Then on integrating with respect to x we sum up all such strips, the x-limits being 
zero and r. 

Since the required surface lies on the cylinder, the partial derivatives required 
for formula (C), p. 413, must be found from the equation of the cylinder. 
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Hence — = , -J^ = 0. 

dx 2y dz 

Sabetituting in (C), p. 418, 

T-rr'^[-r-i~)']'-- 

Snbetituttng the value of y in terms of x from the equation of the cylinder, 
Jo Jo >^~xa Jo Vrx-x^ Jo ^* 



EXAMPLES 

1. In the preceding example find the surface of the sphere intercepted by the 

cylinder. ^r ^Vrx^a* dydx 

Ana. 4rr r ^ - = 2(«--2)t^. 

Jo Jo V»« - x« - ya 

2. The axes of two equal right circular cylinders, r being the radius of their 
bases, intersect at right angles ; find the surface of one Intercepted by the other. 

Hint, Take «« + «■« i* and a:* + y» = r» as equations of cylinders. 

r» - a:" dydx 



An,. Srff '^-'^-^= = 8r.. 



Vra - xa 

3. Find the area of the portion of the surface of the sphere x^ + y' + 2^ = 2ry 

lying within the paraboloid y = cufi-^b7fl. . 2 xr 

A.n8. — — ; . 

4. Find the surface of the cylinder x> + V^ =? f^ included between the plane 
X = mx and the XOT plane. Am, 4 i^m. 

5. Find the surface of the cylinder 2^ + (x cos a + y sin a)^ = t^ which is situ- 
ated in the positive compartment of codrdinates. 

Hint. Theaxisof thi8oylinderi8theline«»>0, xoosa-l-ysina»0; and the radius of base Is r. 

An$. 

sma cosa 

6. The diameter of a sphere whose radius is r is the axis of a right prism with 
square base of side 2 a. Find the surface of the sphere intercepted by the prism. 

Ans. 8r(2aarcsin 



(2a arcsin—-=r — rare sin-- ). 
-\/ra_/i2 f« — a*/ 



7. Find the surface of the sphere x^ + ^ + z> = a* in the first octant inter- 
cepted between the planes x = 0, y = 0, x = 6, y = 6. 



Am. af 2 6 arc sin— ===1 — a arc sin— — -). 



238. Volumes found by triple integration. In many cases the 
volume of a solid bounded by surfaces whose equations are given 
may be calcxilated by means of three successive integrations, the 
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process being merely an extension of the methods employed in 
the preceding sections of this chapter. 

Suppose the solid in question be divided by planes parallel to 
the coordinate planes into rectangular parallelopipeds having the 
dimensions Az, Ay, A:r. The volume of one of these paiallelo- 
pipeds is Az.Ay.Ax. 

and we choose it as the element of volume. 

Now sum up all such elements within the region B bounded 

by the given surfaces by first summing up all the elements in a 

column parallel to one of the coordinate axes; then sum up all 

such columns in a slice parallel to one of the coordinate plan^ 

containing that axis, and finally sum up all such slices within the 

region in question. The volume V of the solid will then be tiie 

limit of this triple sum as Az, Ay, Ax each approaches zero as a 

limit. That is, 

limit 

A2=0 E 

the summations being extended over the entire region B bounded 
by the given surfaces. Or, what amounts to the same thing, 

B 

the limits of integration depending on the equations of the bound- 
ing surfaces. 

Thus, by extension of the principle of § 232, p. 401, we speak 
of volume as the result of integrating the function /(x, y, 2) = 1 
throughout a given region. More generally many problems require 
the integration of a variable function of 2;, y, and z throughout a 
given region, this being expressed by the notation 

jfjA^y yy ^)dzdydx^ 
B 

which is of course the limit of a triple sum analogous to the double 
sums we have already discussed. The method of evaluating this 
triple integral is precisely analogous to that already explained for 
double integrals in § 232, p. 401. 
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^-^^ "i - Find the volume of that portion of the ellipsoid 

a2 6« c2 
vtiicK lies in the first octant. 

^oiiAtion. Let O - -<1BC be that portion of 
tlie ellipeoid whose volume is required, the 
^^^liratdoris of the bounding surfaces being 



a> 



X* V* (* 




t^> z = 0, (OAB), 

C3> y = 0,(0-4(7), 

(4> X = 0, (O^C), 

PQ is an element, being one of the rectan- 
SVi\&r parallelopipeds with dimensions Az, Ay, Az into which the planes parallel to 
t.lie coordinate planes have divided the region. 

Integrating first with respect to z, we sum up all su ch elements in a column 

1 - — - ^ [from (1) by 
solving lor zj. ^ 

Integrating next with respect to z, we sum up all such colum ns in a slice 

[from 



='V-S 



(as DEMNGF), the j^-limits being zero [from (3)] and MQ 

equation of the curve AG By namely — h 7- = It by solving for y]. 

Lastly, integrating with respect to x, we sum up all such slices within the entire 
region — ABCy the x-limits being zero [from (4)] and OA = a. 



Hence 



-rr^('-i-D'*- 



TCb C*^, « „v -. TOhc 

4 ird&C 

Therefore the volume of the entire ellipsoid is — - — 




Ex. 2. Find the volume of the solid contained 
between the paraboloid of 
revolution x^ + y* = ««, 

the cylinder x^ + y* = 2 ox, 

and the plane z = 0. 

Solution. The z-limits are zero and NP{= - 
found by solving equation of parabolo id for z). **. 

The y-limit« are zero and MN{= V2 ax - x*, found 
by solving equation of cylinder for y). 

The x-limits are zero and 0A(=2a). 



x8 + y« 
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The above limits are for the solid ONAB, one half of the solid whose 
required. 



Hence 



3ira» 






Therefore F= 



1. Find the Tolome of the sphere z< -f- y* + ^^ = r* by triple integntSon. 

AnM. 

2. Find the volume of one of the wedges cut from the cylinder ae* + y* = v* ^ 
theplanees = Oand« = mx. ^r ^^/li^H ^.mx 2«»» 

3. Find the volume of a right elliptic cylinder whose axis coincides with the 
X-axis and whose altitude = 2 a, the equation of the base being c^ + b^K* = d^. 

C p dn^«£E = 2«4&c. 



4. Find the entire volume bounded by the surface (-J +(r) +(~) —^ 
6. Find the entire volume bounded by the surface x' + y' + s' = a'. 






4ra» 
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6. Find the volume cut from a sphere of radius a by a right circular cylinder 
with h as radius of base, and whose axis passes through the center of the ^ere. 

^na. ^[ai-(a«-6«)t]. 

7. Find by triple integration the volume of the solid bounded by the planes 
x = a, y = 6, s = mx and the oodrdinate planes XOY and XOZ, Ant. \ mte^. 

8. The center of a sphere of radius r is on the surface of a right circular cylin- 

der the radius of whose basis is • Find the volume of the portion of the cylinder 
intercepted by the sphere. Ana. }(«- — l)'*. 

9. Find the volume bounded by the hyperbolic paraboloid cs = xy, the XOY 
plane, and the planes x = ai, x = ot, y = 6i, y = ftg. . (oa* — oi^ (V ~ 6i*) 

4c 

10. Find the volume common to the two cylinders x' + y* = v' and x* + s* = r^. 

. 16r» 
Aia. — --. 
8 
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XI. Find the volume bounded by the plane z = 0, the cylinder 

3i>K%ci the hyperbolic paraboloid xy = cz. Aim. 

12. Find the volume of the solid bounded by the surfaces 

2 = 0, x2 + y^ = 4 (iz, x« + y* = 2 ex. Ans, 



wabt^ 



8 ire* 
8a ' 



13. Find the volume included by the surfaces y^ + 2^ = 4 ox and x — z = a. 

AfiB, 8ira*. 

14. Find the volume of the solid in the first octant bounded by xy = az and 

ac+y + z = a. - /17 , .\ , 

^n«. (^_-log4ja». 

16. Find the volume included between the plane z = 0, the cylinder y^ = 2 ex — x', 



and the paraboloid ax^ + ^y^ = 2 z. 



Ans, 



ire* 
8 



(M> 



16. Find the entire volumes of the solids bounded by the following surfaces : 



(c) (x« + y* + «')' = 27 a«xyz. 

(d) (aJ« -f y« + «* + c« - a2)* = 4e«(xa + y*). 

(e) (x* + y« + 2*)* = cxyz. 

z« 



Ans. 



4ira6c 

86 
8iralK; 



9a« 
Ans. — — • 



■"(i-f 






-4n«. 2ir«ca«. 

_£!- 
360* 

ir*<i6c 



^n«. 



^718. 



4V2 



239. Miscellaneous applications of the Integral Calculus. In § 227 
it was shown how to calculate the volume of a solid of revolution 
by means of a single integration. 
Evidently we may consider a solid 
of revolution as generated by a 
moving circle of varying radius 
whose center lies on the axis of 
revolution and whose plane is per- 
pendicular to it. Thus in the 
figure the circle ACBDj whose 
plane is perpendicular to OJT, may 
be supposed to generate the solid of revolution — EGFH^ 
while its center moves from to iV, the radius MC (= y) varying 
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continuously with OM{=r) in a manner determined by the eqxiar 
tion of the plane curve that is being revolved. 

We will now show how this idea may be extended to the calcu- 
lation of volumes that are not solids of revolution when it is pos- 
sible to express the area of parallel plane sections of the solid as 
a function of their distances from a fixed point. 

Suppose we choose sections of 
a solid perpendicular to OAT and 
take the origin as our fixed point. 
Assuming FDE as such a sectioii, 
we have from (D), p. 404, the 




l=ffdzd9. 



X being regarded as constant and the limits of integration being' 
extended over the area S^ {DFE). If the area of DEF is expressible 
as a function of its distance from the origin (= x), we then have 



(^) 



ffdzdy=f(x). 
S 



But from § 238, p. 416, the volume of the entire solid is 

R S 

Hence, substituting from (A)y we have 

(B) r^yf(x)dx, 

wliere f{x) is the area of a section of the solid perpendicular to 
OX expressed in terms of its distance (= x) from the origin, the 
avlimits being chosen so as to extend over the entire region B 
occupied by the solid. 

Evidently the solid — ABC may be considered as being gener- 
ated by the continuously varying plane section DEF as 0-^ (= x) 
varies from zero to OM, The following examples will further 
illustrate this principle. 
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£x. 1. Calculate the volume of the ellipsoid 

^>* meauB of a single integration. 

Solution. Consider a section of the ellipsoid perpendicular to OX^ as A BCD 
^w^ith aemiazes b' and cf. The equation of the ellipse HEJO in the XOY plane is 

Solving this for y (= 6') in terms 
of x{=OM) gives 
6 




6' = - Va« - x^. 
a 

Similarly from the equation of 
the ellipse EFQI in the XOZ plane 
we get 

a 
Hence the area of the ellipse (section) ABCD is 

a* 
Suhstituting in (B), p. 420, 

V-s: _ ( (a« - a;2) dx = ^ ira6c. Ana, 

We may then think of the ellipsoid as being generated by a 
variable ellipse ABCD moving from G to E, its center always on 
OX and its plane perpendicular to OX, 

Ex. 2. Find the volume of a right conoid with circular base, the radius of base 
being r and altitude a. 

SohiUon. Placing the conoid as shown hi the figure, consider a section PQR 
perpendicular to OX, This section is an isosceles triangle; and since 

RM = y/2rx-x^ 
(found by solving x^ + y* = 2 rx, the equation of the 
circle ORAQ, for y) and 

3fP = a, 
the area of the section is 

aV2rx-x2=/(x). 
Substituting in (B), p. 420, 
V=aC V2rx-xSdx = 




B V=a{ v2rx-xsdx = — . Ana, 

This is. one half the volume of the cylinder of the same base and altitude. 
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Ex. 3. A rectangle moves from a fixed point, one side Tarying as the < 
from this point, and the other as the square of this distance. What is the Tote^ 
generated while the rectangle moves a distance of 2 ft? iliu. 4i co. & 

Ex. 4. On the double ordinates of the ellipse — + 7^ = li isosceles triangles cd 

vertical angle 90® are described in planes perpendicolar to that of the ellipse. Flad 
the volume of the solid generated by supposing such a variable triangle ni o vii ^ 
from one extremity to the other of the major axis of the ellipse. 4q6* 

Ex. 6. Given a right circular cylinder of altitude a and radius of base r. 
Through a diameter of the upper base pass two planes which touch the k>««T 
base on opposite sides. Find the volume of the cylinder included between the 
two planes. AnM. (v - |)ar«. 



Ex. 0. Two cylinders of equal altitude a liave a circle of radius r for their ( 
mon upper base. Their lower bases are tangent to each other. Find the vofaiaie 
common to the two cylinders. . 4r^ 

lU. — 

Ex. 7. Determine the amount of attraction exerted by a thin, stimigfat, homo> 
geneous rod of uniform thickness, of length <, and of mass JT, upou a material pomt 
P of mass m situated at a distance of a from one end of the rod in its line cf 

direction. 

m I— •« — ^1 SoRUion. Suppose the rod to be divided 

^ ^ I I J ^^ ^'^ infinitesimal portions (dementi) 
^f length d±. 

M 

Y = mMB of a unit length of rod ; 

AT 

hence ^ — dx = mass of any element 

Newton's Law for measuring the attraction between any two mniwrin is 

force of attraction = product of masses 

(distance between them)* 
therefore the force of attraction between the particle at P and an element of the rod is 

— mdaj 



(X + a)« 

which is then an dement of the force of attraction required. The total attraction 
between the particle at P and the rod being the sum of all such elements between 
X = and z = 2, we have 



force of attraction 



/ —mdx 
Jo F+^ 



_Mm r^i dx _ Mm 

I Jo (x + o)a" a{a-^t)' "*• 
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Sx. 8. A vessel in the form of a right circular cone is filled with water. If A is 
lieight and r the radius of base, what time will it require to empty itself through 
Ckxi orifice of area a at the vertex ? 

Solution. Neglecting all hurtful resistances, it is known that the velocity of 
diacharge through an orifice is that acquired by a body falling freely from a height 
equal to the depth of the water. If then x denote depth 

of water, z 

r = v2px. 

I>enote by dQ the volume of water discharged in time 
dtj and by dx the corresponding fall of surface. The vol- 
ume of water dischai^ed through the orifice in a unit of 

time is . 

a^2gxy 

being measure d as a right cylinder of area of base a and 
altitude v (=: y/2gx). Therefore in time dt, 

{A) dQ = aV2ffzdL 

Denoting by 8 the area of surface of water when depth is x, we have, from 




Geometry, 



8 x« -, ,ir?«xa. 



But the volume of water discharged in time dt may also be considered as the 
volume of cylinder ilB of area of base S and altitude dx ; hence 

Equating (A) and (B) and solving for dt, 

irt*R«dx 



dt = 



Therefore 



ah^^2gx 

h Tj'hMX 



H 



2irr«VA 



oh^V^gx baV2g 



Ans, 



CHAPTER XXXII 
ORDIHART DIFFERENTIAL EQUATIONS* 

240. Differential equations. Order and degree. A diffeientkJ 

equation is an equation involving derivatives or differentials. 
Differential equations have been frequently employed in this booi, 
the following being examples. 

1) ^S + ^3^ + y = 0- Ex.1, p. 155 

ajT az 

3)tanVr^ = p. (^),p. 98 

4) $1 = 12 (2 a: - 1). Ex. 1, p. 113 

5) dy^^dx. Ex. 2, p. 145 

Q) dp = - ^li!^ de. Ex. 3, p. 145 

P 

7) d^jf = {20 1* -12 T) dj*. Ex. 1, p. 146 

8) x^- + y- = 5 tt. Ex. 7, p. 197 
ex ^ by 

9)x5 + y^ = 2|!^. Ex. 8, p. 207 

CJT cxcy ex 

(10) -^ = (1 + 3 .ry^ + r'yV)M. Ex. 7, p. 207 

cxcycz 

* A few types only of differential equations are treated In this chapter, namely such aa the 
student is likely to encounter in elementary work in Mechanics and Physics. 

424 



ORDINARY DIFFERENTIAL EQUATIONS 426 

In fact, all of Chapter XIII in the Differential Calculus and 
eLII of Chapter XXV in the Integral Calculus treats of differential 
equations. 

An ordinary differential equation involves only one independent 
^%rarial)le. The first seven of the above examples are ordinary 
differential equations. 

A partial differential equation involves more than one independent 
variable, as (8), (9), (10). 

In this chapter we shall deal with ordinary differential equations 
only. 

The order of a differential equation is that of the highest deriva- 
tive (or differential) in it. Thus (8), (5), (6), (8) are of the firBt 
order; (1), (4), (7) are of the second order; and (2), (10) are of the 
third order. 

The degree of a differential equation which is algebraic in the 
derivatives (or differentials) is the power of the highest derivative 
(or differential) in it when the equation is free from radicals and 
fractions. Thus all the above are examples of differential equa- 
tions of the first degree except (2), which is of the second degree. 

241. Solutions of differential equations. Constants of integration. 
A solution or integral of a differential equation is a relation between 
the variables involved by which the equation is identically satis- 
fied. Thus 

{A) y = ^1 sin ^ 

is a solution of the differential equation 

For, differentiating (^), 

{C) ^=-.^^8mx. 

Now, if we substitute {A) and {C)\n (B), we get 
— Cj sin a: -I- (?i sin a: = 0, 

showing that (A) satisfies (B) identically. Here (?i is an arbitrary 
constant. In the same manner 

(D) y = ^a cos X 
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may be shown to be a solution of {B) for any valae of c^ Tht 
relation 

(H) y = (?^ sin x + ^t cos x 

is a still more general solution of (B). In fact, by giving particnUr 
values to e^ and e^ it is seen that the solution (JS) includes the 
solutions (A) and (i>). 

The arbitrary constants Ci and e^ appearing in these solutions 
are called constanU of integration, A solution, such as (i?)^ which 
contains a number of arbitrary essential constants equal to tbe 
order of the equation (in this case two) is called the general 
iolution or the complete integral.* Solutions obtained iherefixna 
by giving particular values to the constants are called particular 
9olution9 or particular integrals. 

The solution of a differential equation is considered as having 
been effected when it has been reduced to an expression inTolv- 
ing int^prals, whether the actual integrations can be effected 
or not. 

242. Verification of the solutions of differential equatkms. Before 
taking up the problem of solving differential equations it is best 
to further familiarize the student with what is meant by the solu- 
tion of a differential equation by verifying a number of given 
solutions. 

Ex. 1. Show that 

(1) y = ciZcoslogx + CfXBinlogx + xlogx 
U a solution of the diCFerential equation 

(2) x«g-x| + 2y = «logx. 

SolutUm. Differentiating (1), we get 

dy 
(8) -^ = (ci - Ci)8lnlogx + (cj + Ci)co8logx + logx + L 

ax 

/ix ^y t . V Bin logx . . .coslogx . 1 

Substituting (1), (3), (4) in (2), we find that the equation is identically satisfied. 



* It it showii in works on Differential Equations that the general solution has n arMtrary 
constants when the differential equation is of the nth order. 
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EXAMPLES 
'Vei-lf y the following boIuUodb of the correBponding differential equations. 
Differential equations SoluUonB 

\az/ ax ^ 

4. ^(^ + y)=*(» + y)- (2y-*»-c)[log(x + y-l) + x-c] = 0. 



dae* dx '''(*-!)« 

*• S-*^ + "S-*? + «' = ®- y = (ci + <v + cx» + c<x^e'. 

OX* ox* cCx^ ctx 

* X + y 
y -< a arc tan = c. 



7. 


(x + y) 

'1- 


dx 
» + x 


:a*. 






8. 


Vx»- 


y* = 


= 0. 


9. 


1- 


coax: 


•in2 
2 


X 





. y 
arc sm - = e ' 

z 



y = sinx — 1 + cc-«*"'. 



10. (l-x^^-x-^-a«y = 0. y = cie» "«■»»* + c,e- «•»»'*»*. 

ox' ox 

243. Differential equations of the first order and of the first degree. 

Such an equation may be brought into the form Mdx + Ndtf = 0, 
in which M and N are functions of x and y. Differential equations 
coming under this head may be divided into the following types. 

Type I. VariaUes aeparaUe. When the terms of a differential 
equation can be so arranged that it takes on the form 

(A) f(x)dx-^F{y)dy=.Q, 

where f{x) is a function of x alone and F{y) is a function of y 
alone, the process is called $eparation of the variableij and the solu- 
tion is obtained by direct integration. Thus, integrating (A), we 
get the general solution 

(B) ff(x)dx-^fF(y)dy = c, 
where c is an arbitrary constant. 
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Equations which are not given in the simple form (A) may oftea 
be brought into that form by means of the following rule for scfs- 
rating the variables. 

First step. Clear offractions^ and if the egtuUian tntfolves derira- 
tive%y multiply through by the differential of the independent variabU, 

Second step. Collect all the terms containing the same differential 
into a single term. If then the equation takes on the farm 

XYdx^X'Y^dy^O, 
where J, -Y' are f mictions of x alone^ and F, I'' are funetions of ^ 
alon^y it may he brought to the form {A) by dividing through by X'Y. 

Third step. Integrate each part separately^ as in (B). 

Ex. 1. Solve the equation , « . . 



dx (1 + xs)xy 
Solution. \ -r / IT 

Fird step. (1 + x^xydy = (1 + i^dx. 

Second step. (1 + y«) dx - x (1 + a;«) ydy = 0. 

To aepaiate the Tariablea we now divide by x (1 + z^) (1 + y*)* giving 

dx ydy 



x(l + x*) l + y» 
dx r ydy 



= 0. 



Third step. f_^^fJf^^c. 

^ J x(l + x«) J l + y« 

JxJl + x*Jl'^y^ * ^ 

logx - J log(l + x«) - J log(l + v«) =C, 
log (1 + ««) (1-f y«) = 2 log X - 2 C. 

This result may be written in more compact form if we replace — 2 C by log^c, 
i.e. we simply give a new form to the arbitrary constant. Our solution then becomes 
log(l + x«) (1 + y«) = log«« + log c, 
log(l + x«) (1 + y«) = log ex", 
(1 + x^ (1 + y*) = cx«. Ans. 

Ex. 2. Solve the equation 

a(x/ + 2y) = xy^. 
Solution. ^ ^ 

First step. axdy 4- 2 aydx = xydy. 

Second step. 2 aydx + x (a - y) d]/ = 0. 

To separate the variables we divide by xy, 

2adx ^ {a-y)dy _^ 
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Third tUp. 2aJ- + aJ^-J% = C, 



X J y 
2 a log z + a log y - y = C, 
alogx«y = C + y, 



logex2y = -+-- 
a a 

By passing from logarithms to exponentials this result may be written in the form 

or, x*y = c« • c*». 

c 

Denoting the constant e"^ by c, we get our solution in the form. 

w 
x^ = cc". ^?is. 



EXAMPLES 
hifferenlial equations Solutions 

1. ydx — xdy = 0. y = ex. 

2. (l + y)dx-(l-x)dy = 0. (1 + y)(l -x) = c. 

3. (1 +x)ydx + (1 -y)xdy = 0. logxy + x-y = c. 

-- x-a 



4. (x'-o«)dy-ydx = 0. 



x + a 



6. (x«-yx«)^ + y2 + xy3 = 0. L±i? 4. log ? = c. 
dx xy X 

1 

6. tt'dc + (» — a)du = 0. r — a = cc". 

du _ l + u^ __ p-f-c 

' do ~ 1 + »* "" 1-cv* 

8. (l + ««)(ft- t*d« = 0. 2(* -arc tans = c. 

9. d^ + p tan 0(2^ = 0. p = c cos tf . 

10. sintfcos0d^ — costfsin0d0 = 0. co8^ = cco8tf. 

11. sec^ 6 tan <pd$ + sec^ ^ tan ed4> = 0. tan tan = c. 

12. 8ec> $ tan ^0 + sec^ ^ tan tfd^ = 0. sin^ $ + sin> = c. 

13. xydx - (a + x) (6 + y)dy = 0. x - y = c + log(a + x)«y*. 

14. (1 + x^dy — Vl — y2 dx = 0. arc sin y — arc tan x = c. 
16. Vl - z^dy + Vl - yaox = 0. y Vl - x« + x Vl - yS = c. 
16. 3 e* tan ydx + (1 - C) sec* ydy. tan y = c (1 — e*)*. 
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Type n. HmnogeiMoiis eqiutloiit. The differential equation 

is said to be homogeneous when M and N are homogeneous ba»- 
tions of z and y of the same degree.* Such differential equatiuo^ 
may be solved by making the substitution 

This will give a differential equation in v and x in which the 
variables are separable, and hence we may follow the rule on p. 428. 



Ex. 1, Solve the equation 



^-4'=*^S- 



Solution. 



V^ix + («• - xy)dy = 0. 



Since this is a homogeneous differential equation we transfoim it hy 
thesuheUtution ^^^ Hence dy = «fa + xde, 

and our equation becomes 

vWdx 4- (x* - w*) (odx + xdv) = 0, 
x*wte + x»(l - v)dv = 0. 

To separate the variables divide by ox*. 
This gives 

X ' V 



of 



J + (L=^ = o. 



logx + logv- v = C, 

10geOX= C + W, 



But = - . Hence the solution is 

X 



y:=:c^. Ant. 



EZAMPLSS 

Differential equationM 

1. (x + y)dx + x(iy = 0. 

2. (x + y)dx + (y-x)dy = 0. 

3. xdy - ydx = Vx^* + y^dx. 

4. (8y + 10x)(Jx + (5y + 7x)fiy = 0. 



a^ + 2«y = c 

log(aB« + y*)* — arc tan - = c. 

l + 2cy--c%c« = 0. 

(x + y)«(2x + y)» = c. 



• A function of x and y to laid to be homogeneout In the Tarlables if the reialt of replacing x 
and If by Ax and Ay (a being arbitrary) reduces to the original function multipUed by aome pover 
of A. Thla power of A ia called the degree of the original function. 
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I>ifferential equations Solutions 

fl 

e. (« - «)ctt + W« = 0. te' = c. 

» y dy y dn^ 

7. «co8-~ = yco8- — X. xe * = c. 

« dx X 

8. z cos - {ydz + zdy) = y sin - (xdy — ydx). xy cos - = c. 

XX X 

Type in. Linear equations. A differential equation is said to 
l>e linear if the equation is of the first degree in the dependent 
variable (usually y) and its derivatives (or differentials). The 
linear differential equation of the first order is of the form 

{A) f+'^y = ^' 

where P, Q are functions of x alone, or constants. 
To integrate (J.), let 
(J?) y = uz, 

where z is a new variable and u is a function of a: to be determined. 
Differentiating (B)^ 

«') . t"i^'t- ^''•^■*' 

Substituting (0) and (B) in (A)^ we get 

dz du ^ ^ 



<^ «l<l + '")' = «- 



Now let us determine, if possible, the function u such that the 
term in z shall drop out. This means that the coefficient of z 
must vanish, that is, 

dx 

Then — = -P(ia:, 

u 

and logeW = — j Pdx^ giving 
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Equation (D) then becomes 

To find z from the last equation, substitute in it the value oi 
u from {H) and integrate. This gives 

c^dz = Qe/'^dx, 

(F) c^z ^^QeS^^dx + C. 

The solution of (A) is then found by substituting the values oi 
u and z from (E) and (i^) in (i?). This gives 

(a) y = e'-f^^(Qef^^dx + (7). 

The proof of the correctness of ((7) is immediately establisherf 
by substitution in (A). In solving examples coming under this 
head the student is advised to find the solution by followii^ tht 
method illustrated above, rather than by using ((7) as a formula. 

Ex. I. Solve the equation 

Solium, This is evidently in the linear form (^), where 

P = ?— and Q = (X + 1)». 

X + 1 

Let y = uz; then ~^^ = u — -^ z — Substituting in the given equation (I), 

-.»<»# ox ox dx 

we get 

tt— + « — - = (X -f 1)», or, 

dx dx 1 + x 

Now to determine u we place the coefficient of z equal to zero. This gives 
du 2u 



dx' 


1 + x 
dw 
u 


= 0, 

2dx 
= l + x' 








lOgett 


= 21og(l + 


35). 






U 


= eio»(n-«)i = 


= a + 


x)«.» 



(8) 

• Since lo(. It - log, «>« O +•)> _ log (1 H- z)> ■ log. e - log (1 -»- x)>, It f oUowi tliat « - (1 -t- 3)^ 
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l^c|u.&tioT& (2) now becomes, since the term in z drops out, 



„| = (x + l). 



u by its yalae from (3), 

I =(•+>)'. 

<b = (« + l)»dt, 

3 

ing (4) and (3) in y = ti2, we get the solution 

3 



EXAMPLES 

TtniAaX equations Solutiona 

-^ = (x + 1)». 2y = (X + 1)* + c(z + 1)». 
x + 1 

ay X + 1 ^ . X 1 

XX I — a a 



- x^dy + (2x2 - l)ydx = cafldx, y = ax -^ cz Vl - x^. 

6. ~ cost + >smt = l. 8 = Bint + c cost, 

at 

6. — + «coBe = isin2t. « = sint - 1 + cc-«*»'. 

at 

• Type IV. Equations reducible to the linear form. Some equations 
that are not linear can be reduced to the linear form by means 
of a suitable transformation. One type of such equations is 

where P, Q are functions of x alone, or constants. Equation (^4.) 
may be reduced to the linear form in y and z by means of the 
substitution z = y""'^^ Such a reduction, however, is not neces- 
sary if we employ the same method for finding the solution as 
that given under Type III, p. 431. Let us illustrate this by 
means of an example. 
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Ex. 1. Solve the equation 

(I) ^'' + ^ = alogx.y*. 

ax X 

Solution, This is evidently in the form {A)y where 

P = -, Q = alogx, n = 2. 

X 



I 



• . dv dz 

Let y = uz; then zr ^^ ^ + ' ' 



du 
dx dx ' dx 
Sabetitating in (1), we get 



dz ^ du uz . . . 



Now to determine u we place the coefficient of z equal to zero. Thmgtrtm 



dx 


l... 




du_ 

u 


z 




\ogu = 


- logx = 


.,«!, 


u = 


1 





(3) 

Since the term in z drops out, equation (2) now becomes 

«-- = a logx-u^^ 
dx 

— = a logx • uz*, 
dx 

Replacing u by its value from (8), 

dz , z* 

— = a logx—. 

dx X 

dz , dx 
-=«logx.-. 

1 _ a(logx)« . „ 
(4) 



a(logx)« + 2C 

Substituting (4) and (3) in y = lu, we get the solution 

1 2 

y = - 



X a(logx)>-f2C 
xy [a(logx)s + 2 C] + 2 = 0. ^ns. 
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BXAKPtES 

J>^erential eqtuUiona ttoiutiona 

X. J^ ^xy=z xV. ir* = x^ + 1 -f ce^. 



dz 



.dy 



55. (1 _ x«) ^ - xy = axj/^. y = (c Vl -x- - a)-^. 

3. 8y«^-ay» = x4-l. y* = c€« - ^ "^-l - ^ 

dx a a^ 

4. ^(xV + «y)=l. x[(2-y2)c* + c] =c^ 

6. (y logx — 1) ydx = xdy, y = (ex + logx + 1)-*. 

^ dy « ., . V tan X + Bee X 

6. y — coex-^ =y2co8x(l — smx). y = — : 

dx , sm X + c 

SZM. Differential equations of the nth order and of the first degree. 
Under this head we will consider four types which are of impor- 
tance in elementary work. They are special cases of linear differ- 
ential eqtuUians^ which we defined on p. 431. 

Type I. The linear difierential eqtnation 

tn which the coefficients p^j p^^ "t Pn ^^^ constants. 

The substitution of e*^ for y in the first member gives 

This expression vanishes for all values of r which satisfy the 
equation 

and therefore for each of these values of r, e"' is a solution of (A). 
Equation {B) is called the auxiliary equation of (A). We observe 
that the coefficients are the same in both, the exponents in (B) 
corresponding to the order of the derivatives in (A)^ and y in (A) 
being replaced by 1. Let the roots of the auxiliary equation (B) 
be fj, r,, '"9 r^; then 

(0) e^-i*, ev, ..., g^«- 
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are solutions of (A). Moreover, if each one of the solutions 
Ix' multiplied by an arbitrary constant, the products 

are also found to be solutions.* And the sum of the solations (L . 
namely 

may, by substitution, be shown to be a solution of (^)* Solutioi: 
(E) contains n arbitrary constants and is the general solution if 
the roots are all different), while {C) bx% particular Molutiona. 

Case I. When the auxiliary equation hoe imaginary roots. Since 
imaginary roots occur in pairs, let one pair of such roots be 

r^^a + bij r^^a-^bi. t = VUl 

The corresponding solution is 
y = (•/''■^*'^' + c^^"^>' 
^e^ic.e'^ + c^e'^ 

= e*" jCj(cos bz -f- 1 sin bz) + e,(co8 &r — » sm bx)lf 
= «"* j (^i + c^coB bx + 1 (Cj — (?g)8in Jx|, 
or, y = e'^{A cos bx-\-B sin 6jc), 

where A and B are arbitrary constants. 

• SabitUutlng c^e''^' for y In (A), the left-hand member beeomet 

But this TUiithet tince r| is a root of (B) ; henoe cif***!' is a solation of (^ Similarly for tbe 
other roots. 

t Replacing x by t&x in Ex. 1, p. 235, gives 

«"^a»l + t6* -h- -+ ,or, 

L2 L3 li 16 

12 Li V L3 16 7 

and replacing « by - ttar gives 

e ""»l-i6jr + — -- + ,or, 

L? [3 Li [5 






But, replacing » by to in (^4), (B), pp. 236, 236, we get 

(3) costo.l.-^-^--.... 

(4) .into-to.^^?;^..... 

[3 [6 

Hence (1) and (2) become 

«**- cos 6x+ { tin to, «-**- cos to- iitn to. 
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O A.S'E II. When the auxiliary equation has multiple roots. Con- 
^^^^^i:* t\%e linear differential equation of the third oi-der 

'vvVier^ ^j, p^ p^ are constants. The corresponding auxiliary equa- 
t-ioix is 

(O) f^^Pif^+Pir+p.= 0. 

If r^ is a root of ((?), we have shown that «**>' is a solution of (F). 
^We will now show that if r^ is a double root of (6?), then x^^* is 
also a solution of (F). Replacing y in the left-hand member of 
(-F) by a«'»*, we get 

(J7) xe'^(r,* +p,r,^ +pj^, -^p,) + eV(3 r,* + 2p,r, +;?J. 
But since r ^ is a double root of ( G)j 

and 3 r^' -f- 2p^r^ +1>, = 0. By § 82, p. 101 

Hence (ff) vanishes, and xe^r' is a solution of {F}^ Correspond- 
ing to the double root r we then have the two solutions 

More generally, if r^ is a multiple root of the auxiliary equation 
(£), p. 435, occurring % times, then we may at once write down s 
distinct solutions of the differential equation (Jl), p. 435, namely 

(j^e*"*', (?^e''«*, (T^e*"*', ••, c^'^e'^'. 

In case a -f- bi and a — bi are each multiple roots of the auxiliary 
equation, occurring s times^ it follows that we may write down 2 s 
distinct solutions of the differential equation, namely 

e^e^ cos bx^ c^"^ cos bxy c^e"^ cos bx^ . . ., c^'^e"^ cos bx ; 
<?/e"* sin bx^ c^xe"^ cos &r, <?,'a?g" cos (i:, • • , cjaf'^ c*" cos bx. 

Our results may now be summed up in the following rule for 
solving differential equations -of the type 

irAere p^^ p^ . • •, ;?, ar« conttawf*. 
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First step. Write down the corresponding aurilMry equation 

Second step. Solve completely the auxiliary equation. 

Third step. From the rooU of the auxiliary equation tcrit^ d()v\ 

the eorrenponding particular solutions of the differential equati^ 

as follotcs: 

Auxiliary Eqcatioit DirrsssNTiAL Eqit^ltios 

(a) Each distinct real'] . ^. , i ^. _,* 

y gives a particular solution er*^- 
root r^ J 

(/>) Each distinct pair of 
imaginary roots a ± \ 

' s particular solutions obtained hg 
multiplying the particular solm- 
tions{a)or{b)byl^Xj2^^ -•-, j:'"*. 



' pair of\ . r two particular solutions 
:bi J [e^cosbx^ e'^sinbx, 

(c) Amultiplerootoccur-'Y 
ring s times J 



gives 



Fourth step. Multiply each of the n* independent solutions by 
an arbitrary constant and add the results. This gives the coTnplete 
solution. 

Ex. 1. Solve^-3?^ + 4y=0. 

Solutim, FoUjw above rule. 
First step. r» - 3 r« + 4 = 0, attziliary equation. 
Seond atep. Solving, the roots are — 1, 2, 2. 
Third step, (a) The root - 1 gives the solution e-*. 

(b) The double root 2 gives the two solutions e^', x^*. 
Fourth step. General solution is 

y = cic-* + Cj€^' + e^*, Ans. 

dx* dx* dx> dx 
Solution. Follow above rule. 

First step. r*-4r» + 10r«-12r + 6 = 0, auxiliary equation. 
Second step. Solving, the roots are 1, 1, 1 :£ 2 i. 

* A ebeck on the accuracy of the work ii found In the fset that the lint three ite|it mnitglTe 
n independent lolutions. 
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*^^^ifrX «tQ9. (b) The pair of imaginary roots l±2i gives the two solations 
e'co8 2x, 0f8in2x(a = l, 6 = 2). 
(c) The doable root 1 gives the two solutions e^, xef^, 

JP'omAirth step. General solution is 

y = cie* + c^w -f CteF cos 2x -f 046* sin 2x, 
o^« y = (ci + csx + Ct cos2x + C4sin 2x)e'. AnB, 



EXAKPLE8 
D^ereiUtoZ eguationa Creneral 9oluixons 

({Sm 

2. t4 + y = 0. y = Ci sin X + cs cosx. 

ox* ox 

CtX' CtX 

dx* dx 

^ ^ + 2^-8y = 0. y = Cie'^ + CiC-'^ + cssin2x4-C4C0s2x. 

ax* dx* 

„ d^9 dh .ds ^ ., . ,, , 

^•^-S^-^S = ^- • = cxe»' + c.e-«' + c.. 

9. *^-C^"-f 18u = 0. tti=(ciBin2«4-C2COs2«)e»«'. 

dtj2 tf» 

d^v dhf 

10. --^ -f 2 n«^ + n*y = 0. y = (ci 4- c^x) cos nx + (cs -f C4)8in nx. 
ox* ox' 

11. -— = a. « = cic*4- c «( cjsin— - + C8C0S— -— j. 
ctt' \ 2 2 ' 

12. ^-7"' + e« = 0. « = Ci«J»' + cac« + c,c»'. 
cm' at 

1^- ^-3t1 + 3^^T^ = ^- y = Ci + (c + c,x + C4X^e'. 
dx* dx« dx* dx 
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Type n. The Uaeer difleretttkl eonatloa 

trA^ra X U a function of x alone^ or emstant^ andp^^ p^ . - -, ^. «f« 
eonMtanHM. 

When JTs 0, (1) reduces to (^), Type I, p. 435, 

The complete solution of (e/*) is called the complementary /unc- 
tion of (J), 

Let u be the complete solution of (J*), i.e. the coropleznentair 
function of (J), and v any particular solution of (J). Xhen 

Adding, we get 

£.(u + t;) + ;>,£;^(u + r)+;?,£^,(ii + r)+...+;>.(u + r) = X, 

showing tiiat u + v is a solution* of (J). 

The complete solution of (J) being u + v^we first find the com- 
plementary function u by placing its left-hand member equal to 
zero and solving the resulting equation by the rule on p. 438. 

To find the particular solution t; is a problem of considerable 
difficulty except in special cases. For the problems given in this 
book we may determine the particular solution t; by the following 
method. 

Differentiate successively the given equation and obtiin, either 
directiy or by elimination, a new differential equation of a higher 
order of Type I. Solving this by the rule on p. 438, we get its 
complete solution containing the complementary function u already 
found,! and additional terms. Determining the constants of the 
additional terms so as to satisfy th3 given differential equation, 
we get the particular solution v. 

* In works on differential equations it is shown thi4 « + o is the eoiiipl<'tH nolntion . 
t From tiie method of derivation it is obyioos that every solution of the original equation 
most also be a solution of the derired equation. 
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The method will now be illustrated by means of examples. 

'NoTB. The solution of the auxiliary equation of the new derived differential 
equation is facilitated by observing that the left-hand member of that equation 
is exactly divisible by the left-hand member of the auxiliary equation used in flnd- 
ing the complementary function. 

£x. 1. Solve 

Solution. The complementary function u of (K) is the complete solution of the 
equation 

Applying the rule on p. 438, we get as the complete solution of (L) 
{M) u = CiC -f Cq^^'. 

Differentiating (K) gives 

(te« dx^ dx 
Multiplying (K) by 2 and adding the result to {N), we get 

(O) S + =^S — 0. 

a differential equation of Tyxw L Solving by the rule on p. 438, we get the com- 
plete solution of (0) to be 

y = cic* + C2C-** + Caxe-*', 
or, from (if), 

y = u + CgXC-**. 

We now determine Cs so that ci^e-^* shall be a particular solution v of (K). 
Replacing y in (K) by Csxe-*^, we get 

Cse-«*(-4 4-l) = ae-**. 
.-. -3cs = a, or, Cs=:- Ja. 
Hence a particular solution of (K) is 

and the complete solution is 

y = u + V = Cic* + cje-*' - J aa:e-** 

Ex. 2. Solve 

(P) ^ + n»y = co8ax. 

Solution. Solving 

(Q) S + '''^ = ^' 

we get the complementary function 

(B) u = ci sin nx + Ca cos nx. 
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Diflerentiftting (P) twice, we get 

Multiplying (P) by a* and adding the lesalt to {8^ giTes 

The complete solution of ( 7) is 

y =z cisitnuB-f Cf cos fix + etsinax + Cicosujc, 
or, y = u 4- Cs sin az + C4 cos ax. 

Let us now determine Ct and C4 so that Cs sin ox + C4 cos ox shall be a toiutism d 
(P). Replacing y in (P) by Cs sin ox + £4 cos ox, we get 

(n^4 - a^i) cos ax + (n*ct ~ aVt) sin ax = cos ax. 
Equating the coefficients of like terms in this identity, we get 
n^4 - a^4 = 1 and nH% - aVg = 0, 

or, C4 = and cj = 0. 

n* — a* 

Hence a particular solution of (P) is 

cos ax 



t = 



and the complete solution is 

y = tt + V = Cisinnx + Cscosnx + 



EXAMPLES 
Differential equation» Complete 9oluUon» 

dx' dx 144 

^ d*i# d*i/ dht dy 

6. -^-a*y = x«. y = Ci<?»* + C8^«« + ctsinax + C4C08ax-— . 

ox* a* 

^ d** . o , . . X sin ax 

6. -— + a^8 = cos ax. y = Ci sin ox + ra cos ox + 

dp 2a 

7. "*-2a ,%a«« = c«. « = (ci + c^)c-' + • 



dta (.7 ' * * ' (a - 1)* 
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Differential equations Complete solutioia 

drV dv C" 

■ - 6-^ + 6^ = 6*'. y = Cic»* + c^' 4- 



d£^ dx n^ - 6 n + 6 

*^ dhi ^dy ^ . x«*« (2 n — 3) e»* 



XO. ^-9^ + 20. = t«e»'. ^c,e^^^c^^^l^All±l^^, 

dt^ dt 4 

11. |« + 4. = t8in.t . = (c,-g)Bm2x + (c-^)co.2x + |. 

Typem. = x. 

where X is a function of x alone, or constant. 

To solve this type of differential equations we have the following 
rule from Chapter XXXI, p. 392: 

Integrate n times successivelt/. Each integration will introduce one 
arbitrary constant. 

Ex. 1. Solve ^ = xc«. 

dx» 

SotvAUm, Integrating the first time, 

or, ^ = xe* - C + Ci. By (A), p. 841 

ox* 



Integrating the second time, 
dy 
dz 



= fxe* • dx - fcdaj 4- fCidz, 

^^ = xe' - 2 e' + Cix + Cj. 
dx 



Integrating the third time, 

y = fxe'dx - r2 e^(ix + fCixdx ^-Cc^ix 



= xc* - Se' + - - + Cjx + Ca, 



or, y = x^-?»c^-\- cix^ + c^ + Cj. -4na. 

where F is a function of y alone. 



444 INTEGRAL CALCULUS 

The rule for integrating this type is as follows : 

First step. Multiply the left-hand member by the factor 

and the right-hand member by the equivalent factor 

and integrate. The integral of the leftrhand member mil be* 



m 



Second step. Extract the equare root of both members^ separate 
the variabUe^ and integrate again.^ 

Ex. 1. SolTB ^ + a«y = 0. 

Solution. Here ^^ = - aV, hence of Type IV. 
ok' 

Fint atep. Multiplying the left-hand member by 2 -^ dx and the ri^t-liaiid 
member by 2dy, we get 

2?? ?J?dx = - 2a*vdi/. 

Integrating, (^Z = - <*V + Ci. 

Second ttep. -? = VCi - oV. 

ox 

taking the podtiye sign of the radical. Separating the variables, we get 

dy 



= dx. 



Integrating, - arc Bin -^ = « + Ci, 

or, arc sin -^ = ox + aCs. 

This is the same as —^ = sin (ax + aCt^ 



= sin ox cos aC% + cos ax sin aCf, 31, p. 2 

V = cos aCt • sm ox -f ^sin aC% • cos ax 

a a 

= c\ Kin ax + C3 cos ax. Am, 



•Since iir-^r=2'?^'-^'/.r. 



'^r= 



t Each integration introduces an arbitrary constant. 
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EXAMPLES 
nifferewtial equaiians Solutions 

1. ^ = x»-2co8a;. y = *- + 2 sina; + cix^ + CjX + Cg. 

d»i> C08»d 7 COS tf , Afl , ^ n . ^ 

4, — =/8innt. 8 = - /-sin n/. + c,t + Cj. 

5. — = g. « = iflrt2H-Ci« + Ca. 

dx* |m-t- n 

7. ^ = aV ox = log(y -f V^a + ci) + c,, or 



dx» 
8 ^ = ^ 



3« = 2 al(a* - 2 Ci) («* 4- Ci)* + cg. 






10. ?!^ = e-*. f V2;i = ci log — ^ly-^-L-I -H ca. 
(tt» Vci2c«^ + 1 + 1 

11, ^ = - * . Find ^ having given that — = and x = a, when t = 0. 
dja 8-5 at 



CHAPTER XXXm 

nrrsGRAPH. tablb of integrals 

245. Mechanical integration. We have seen that the determina- 
tion of the area bounded by a curve C whose equation is 

and the evaluation of the definite integral 

ff{x)dx 

C 
are equivalent problems (§ 209, p. 857). 

Hitherto we have regarded the relation between the variables x 
and y as given by analytical formulas and have applied analytic 
methods in obtaining the integi-ak required. If, however, the 
relation between the variables is given, not analytically, but as 
frequently is the case in physical investigations, graphically, ie. 
by a curve,* the analytic method is inapplicable unless the exact 
or approximate equation of the curve can be obtained. It is, bow* 
ever, possible to determine the area bounded by a curve, whether 
we know its equation or not, by means of mechanical devices. 
We shall consider the construction theory and the use of one such 
device, namely the Integraph, invented by Abdank-Abakanowicz-f 
Before proceeding with the discussion of this machine it is neces- 
sary to take up the study of integral curves. 

246. Integral curves. If F{t) and f{x) are two functions so 
related that 

{A) ^^F{x)=f{x), 

then the curve 

{B) y = F{x) 

* For instance the record made by a registering thermometer, a steam-engine indicator, or by 
certain testing machines. • 

t See Lf8 Integraphfi ; la courbe intigrale rt 9f» npplicationt, by Abdanlc-Abakanowies, Paris. 
1889. 
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1.S oaJled an integral curve of the curve 

<C) y=/(x).* 

The name integral curve is due to the fact that from ((7) it is 
seen that the same relation between the functions may be expressed 
as follows: 



{D) 



Jy(x)dx = F{x). 



F{0)=0 



Iiet us draw an original curve and a corresponding integral carve in such a way 
I eaaily to compare tlieir coireaponding points. 



integral cnrve 
y = F(x) 




original cnrve 



To find an expression for the shaded portion ((XlfP") of the area under the 
original curve we substitute in (A), p. 371, giving 

area (yM'P'=r'f(x)dx. 

But from (D) this becomes 

area (TM'P' =^r'f(x)dx = [F(x)]^^r,= F{Xi) = 3/P.t 

Theorem. For t?ie name abacisaa x^ the number giving the length of the ordinate 
of ihe integral curve (B) is the same as the nwnber that gives the area between the 
original curoCt the axes, and the ordinate corresponding to this abscissa. 



* This eurve ia sometimeR called the origifuU curve. 

t When X| - O'R't the positlye area O'M'R'P' is represented by the maximum ordinate NR. 
To the right of R the area is below the axis of X and therefore negative ; consequently the 
ordlnates of the integral curve, which represent the algebraic sum of the areas inclosed, will 
decrease in passing from ^ to 7*. 

The most general integral curye is of the form 

in which case the difftrenee of the ordlnates for x» and x» Xx gives the area under the original 
curve. In the Integral curve drawn C^ F(0)»0, i.e. the general integral curve is obtained if 
tills integral curve be displaced the distance C parallel io OY. 
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The student should also obsenre that 

(a) For the same abscissa Xi, the number giying the slope of the integral ^art^ 
is the same as the number giving the length of the correq^wndiug ordinate of tht 
original curve [from (C)]. Hence (C) is sometimes called the curve o/dopem c*f iSu 
In the figure we see that at points O, R, T, F, where the integral curre is p B arat i lri to 
OX, the corresponding points (X, jB', T, V on the original ciUTe have zero otdi- 
nates, and corresponding to the point W the original curve is disconUnoouflL 

(b) Corresponding to points of inflection Q, 8, U on the integral curve ^ 
maximum or minimum ordlnates to the original curve. 

For example, since d /x*\ z^ 

it follows that 

(E) 
is an integral curve of the parabola 

(F) 



^^J 



F = 



Since from (F) 




and from (E) 






xi* 



it is seen that ~=- indicates the number of Unemr 

9 
units in the ordinates WP^% and also the number 
of units of area in the shaded area OMiPi. 



dy X* 
Also since from {E) ~ = ~ » 
ox o 



or tan r = — , 
3 



and from (F) 



3fiPi = 



xi« 



it is seen that the same number -=- indicates the 
length of ordinate MiPi and the slope of the tangent at P/. 

Evidently the origin is a point of inflection of the integral curve and a point 
with minimum ordinate on the original curve. 

247. The integraph. The theory of this instrument is exceedingly 
simple and depends on the relation between the given curve and a 
corresponding integral curve. 

The instrument is constructed as follows. A rectangular carriage C moves on 
rollers over the plane in a direction parallel to the axis of X of the curve 

F=/(x). 
Two sides of the carriage are parallel to the axi<t of X ; the other two, of course, 
perpendicular to it. Along one of these perpendicular sides moves a small carriage 
Ci bearing the tracing point T, and along the other a small carriage Cj bearing a 
frame F which can revolve about an axis perpendicular to the surface, and carries 
the sharp-edged disk 2) to the plane of which it is perpendicular. A stud ^i is 
fixed in the carriage £!i so as to be at the same distance from the axis of X as is 
the tracing point T. A second stud St is set in a crossbar of the main carriage C 
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as to be on the axis of X. A split ruler U joins these two studs and slides 
x^pon them. A crosshead H slides upon this ruler and is joined to the frame F 
>Dy a parallelogram. 

The essential part 
of the mstrument con- 
sists of the sharp- 
edged disk D, which 
moves under pressure 
iiver a smooth plane 
surface (paper). This 
disk will not slide, 
and hence as it rolls 
must always move 
along a path the tan- 
gent to which at every 
point is the trace of 
the plane of the disk. 
If now this disk is 
caused to move, it is 
evident from the figure that the construction of the machine insures that the plane 
of the disk D shall he parallel to the ruler E, But if a is the distance between the 
ordinates through the studs 8\^ S^^ and r is the angle made by B. (and therefore 
also plane of disk) with the axis of X, we have 

{A) tanT = ?^; 

^ ' a 

and if y' = F(xO 

is the curve traced by the point of contact of the disk, we have 

(B) 

Comparing (A) and (B), 



T 


^ 




/^-/ 




Ml 






10/ 


if 





' 


<i- — A 




X 








C 








IE 


ni 







tanr = 


_dy' 

' dx' 


« 


dx ' 


a 


or 



(C) 



y' = 1 Jj^dB = 1 J/(x) dx = F' (a!).t 



That is (dropping the primes), tlie curve 

y = Fix) 



is an iniegrcd curve of the curve 
I 



y=lm. 



The factor - evidently fixes merely the scale to which the integral curve is drawn, 

and does not affect its/orm. 

A pencil or pen is attached to the carriage Cs in order to draw the curve 
y = F(x). Displacing the disk D before tracing the original curve is equivalent to 
changing the constant of integration. 

</«' tfff' dx dp 
• Since jr= ar' + d, where d=* width of machine, and therefore tt = 3— • . . = T"» ' 

' dx dx dx' dx' 

t It is assumed that the instrument is so constructed that the absctssns of any two oorrespond- 

ing points of the two curves differ only by a constant ; hence xiaa function of x'. 
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MS. Integrals for reference. Following is a table of integral 
for reference. In going over the subject of Integral Calculus f<» 
the first time, the student is advised to use this table sparingly, if 
at all. As soon as the derivation of these integrals is ihtyroughlj 
understood, the table may be properly used for saving time and 
labor in the solution of practical problems. 



80MB SLBMSHTAST F0KH8 

1. C(du ±dv±dw±"') -jdu ±Xdn ±fdw ± • • - . 

2. fado^afdv. 4. fajiHlx = ^— - + C, « ± L 

3. f^(x)^fr(z}dz=A»)'^C. 5. jJ = logx+C. 



Forms coktaiitixo Iittboral Powers op a + 6e 

J 'b{n H- 1) 

a Cf{Xj a + te) (tz. Try one of the subBtitations, xrra + br, Z2 = a + faK. 

^^' /a^+ 6i = ^, [i(a + 6x)' - 2 a(a + te)+ d« log(o + te)] +C. 

n. r_^_ = -?logl±^ + C. 
./ X (a + for) a x 

12. r-^^=-i + *iog?±^+c. 

Jx:'{a+b£) ax a* "^ x 
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15. I — = log v-C. 

J{a-^bx)^ 62 L a + frx 2{a-\-bx)^J 

Forms containiko a^ + jc«, a^-z^, a + 6x", a + 2a^ 

V a« + x« a o J 1 + x^ 

18. I— - = — log— -5— 4-C; I— - = — log +C, 

Ja^-x^ 2a *a-x J x^ - a* 2a '^x + a 

19. f — - = — — 1 tan-> x-v/- -f 0, when a > and 6> 0. 

Ja2-6^* 2a6 '^a-te^ 

21. rx«(a + te")J»dx 

= ^ — ^ — ~ I x"*- ■ (a + te")Pdx. 

6(iip + m + l) 6(np + m + l)J ' 

22. fx-la + te.)Pdx = »""'<« + te -)> _anp_ r ^ 
J np + m + 1 np + f » + 1 J ' 

23. f ^ 

1 (m - n + np — 1) ft / * dx 

~ (m - 1) ax'^-^ia + te")i»-i (m — 1) a J x»"-" (a + te")/* ' 

24. r — ^^ 

1 m — n 4- np — 1 r dx 

"" an{p - l)x'"-»{a + &x")p~» an(p - 1) J x'»{a-\- te»)i'->' 

26 f (<» + ^^<fa^ _ _ (a + te*)^-'-^ _ fe(>n-n--np~ 1) r {a -I- te")Pdx 
* J x« ~ a(m-l)x^-i a(m-l) J x'"-" 

2^ Wo-f to")Pdx _ (g + te*)^ any /" (a -f &x ")P-^dx 

J x"» ~ (np — m 4- l)x'»-i np — m + lJ x'" 

2- r x^dx _ jcm-" + i a(>n--n + l) /• x^'-dx 

' J (a + ftx")p ~ 6(m - np + 1) (a + 6x")i'-> 6(m - np + 1) J (o + te")'' 



28 f ^"^^ ^"j;'!^^ m-fn-np + lr 2'"dx 

' J (o + te")" ~ an(p - 1) (a + te")'»-> an(p - 1) J (a + te")^-! 

' J (a« + X")" "^ 2 (n - 1) a2 [(a^ + x»)»-i "•" <^^ " ^U (a« + xS)— U * 
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J (a + bx^)" 2(n - l)a L(o + te-*)--* ^/ (a -h &««>--U 

31. r ^ - =^ f--*'"— , wherez = x«. 
J (a + to')" 2^ (a H 6z)» 

f *!?«^= -.^ + I f ^ 

' J(a + 6x«)« 26(n-l)va + («'')"-> 2 6(n - 1) J (o + &««*>--» 

33. I ^-— = - log — - + C. 

^1 r dx _ 1 /* dx b r dx 

J x«(a + to*)* " a J x*^(a -f bz^)"^ a J {a + &««)•' 

r_fdx_ 1 / ax 

Ja + fcx* 26 ^V ^ bf 

36. f ^^^ = ? _ ? C ^ 
Ja + bx« 6 6Jo + te«' 

37. I— -= loK yC, 



dx \ h r dx 



38. f ^ = ^ j^ r 

Jxa(a-H6uc«) ox a J a + 

39. f - ^ = ? +^r-^ 

J (a + te2)« 2a(a + bx*) 2aJ a + 



dx 



6xs 



Forms coktaikino vo + te 



40. rxvrrte<to=-^<^"-»^>j<°^^.K7. 

•/ 166* 



•^ 106 &• 

42./-^=-2(2|^vrrte+c. 

•^ Vtt + 6x " "^ 

43. f ^'^ =^(^^'-^«^-^«^^v;rTte4c. 

•^ Va + 6x 1S&' 

44. ) — ; = -F>og , ^;=+C, foroO. 

•^ X V a -f 6x V a v a + 6x + v a 

46. ( — = -— :zz.tan-»^ ^^ -yC, foro<0. 

•^xVa + 6x V^ \ -a 
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^7. f^^K±^=2V^rrrx^af-J^^ 



Forms containing VxS -f- a* 

48. r(x« + o»)*dx = ? Vx» + a« + ^ log (x + Vx« •+ a^) + C. 
•/ 2 2 

49. r(x« + o«)«dx = s(2x« + 6aa) Vx» + a? + ^log(x + Vx* + a*) + C. 
•/ 8 8 

60. ((sfi + a«)«dx = ^(^ + ^y ^ _?^ Tajt + a«)i"*<lx. 

61. fz{x* + a«)«dx = ^^"^"'^ ' + C. 
•/ n + 2 

62. rx«(aJ» + o«)*dx = f(2x« + a*) Vx« + o« - ^log(« + Vx* + o«) +C. 
•/ 8 8 

63. f — ^l__ = log(x + Vx«TS)+C. 

•^ (a!» + a«)« a« Vx» + a« 
55. f ^'^ ■rrVx' + a' + C. 

5a r--^*^ = ?V;^Ta«-^log(x + V2J+7?)+C. 

g^ r '^ .^ » -flog(x+V;^Ti^)+C. 

•^ (xa + o«)» Vx« + a2 

•'x(x« + a«)* ^ a + vx« + a« 
69. f— ^ = _2^±Z + C. 

J X X 
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FoRJIS CONTAIN IX « Vx* - O' 

^ 2 2 

3(i« 



66. r(x.-a.)idx = ^<?^-J!?^r(xt + l*«)^'fc 

J n + 2 

67. fx<(x« - a«)*«ix = - (2x« - o«) Vx* - a« - — log(x + Vx«-d«) +CL 

68. f — ^^ = log(x -»- Vx« - o«) +C. 
•^ {x« - a«)* 



'•/: 



dx X 



(x2 - a«)* a« Vx« - a« 
x(ix 



+ C. 



70. f--?eL_^=vinr5 

•^ (x* - a«)* 



--a^-hC. 






71. f _£??_ = * Via ^ a« + - log(x + Vx« - a«) +C. 
•^ (x« - ( ' " 



72. f_^!?L_=_ J! -t- log(x -f Vi^3^ ^c. 

•^ (x* - a^)^ Vx« - o« 



73. f— *^ = ^-«ec-i?+C; f—^ = aec-ix+C. 

•'x(x«-o«)* « « -^xV;?-! 

/dx Vx* — a* ^ 

x«(xa--a«)* «^ 



mm r ^ Vx*- a* .1 , X . ^ 

76. ( = -r-r-i— + r-i»ec-l- +(7. 

•^ X* (X* - a*)* 2 a*x* 2 a* a 

J X X 



J X* X 
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Forms contaiming Vo* ~ a^. 

78. C(a^ - x^^dz = I Vo« - x« + ^8in-» - + C. 

79. f(a« - aJ»)*(ix = f (6a« - 2st2) VSTT^i + ?f?8in-i5 +c. 

80. /(«« - x«)id« = il^^* + ^/(«« - «»)i- W 

81. rx(o«-x«)^(ix = - ^°''"^V +C. 

82. rx«(a« - x«)*dx = ?(2aJ» - o«) Va« - x» + ^ain-»? +C. 
•/ o o a 

83. r-^L^ = «n-i?;r-^ = .m-ix. 



dx x_ 

xdx 






86. 



•/(a«-x^* 

{a«-x«)* 2 2 a 

^ /• x*dx X 

87, I - = -7===- 

^ (a^ - x2)« Va« - x« 



^•^ * :-8m-i5 + C. 



88. r ^"Hto ^,^:!i!v;^3^^(!;LiLl)^V-Jg!l!_fe 

89. r— *5_ = llog — l^ + c. 

/dx Va' — x^ ^ 



91. f— ^_ = -:^^^ + -Liog ^= + a 

•/x«(aa-aJ»)* 2a^« 2o« a + Va* - x« 



J X X 

•/ X* X a 
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FoBMS ooirrAiifiKo V2 a* — «•, V2«B + a^ 



94. f V2ax - Tfldx = ?— ?i V2ax - x* + ^ vexB-i? +C. 
•/ 2 2 a 






96. rx-v^^r:^«te=-''"<''^-^*+g^g±j^r«:-'^;^^r;^itr. 

J m+2 m+2 J 



dx V2ax-x« . m-1 



/• dx _^V2ax — X* m — 1 r ax 

•^x" V2ax-x«~ {2w-l)ax* (2fii -l)aJ 2"-i V2ax -j^' 

/• x^dx _ _ x"*-' V2ax-g« (2m~l)o / * x"'~t<ig 

•^ Vgq x — ^ *** III •/ V2ax — ^ 



/*V2ttx-i?- _ (2ax-X»)^ m - 8 r VSox-^ 

' J X* " (2m-8)ax-« (2m-8)aJ x"-* 



8a< + ax- 2x^ 



J 6 8 a 



.01. r «fa - >^a«-^,^ 

•^ X V2 ax — X» <"* 

02. f J!^!L— =- V2ax~ag>-f avers->- +C. 
•^ V2ax-x« * 

•/ V2ax~x« 2 2 a 

04. f ^^^^* (fa= V2ax-x«-t>avera"'--t-C. 
J X a 



„ /•V2ox-x« , 2 V2ax-x« iX . -, 

06. I (lx = ▼€»->- +C. 

•/ X* X a 



06. f:^^'dx=-<^^^+C. 
•/ x« Zaa^ 

•'(2ax-x«)« o«V2ax-x« 



08. f— ^— = — -^ -.g. 

•^ (2 ox - x2)* oV2cu; - x« 



09. 



f F(x, V2ax-x«)dx =Cf(z + a, Va« - t*)df, where « = x - a. 
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XXO. f ^ ^ = log(x + o -f V2ax + x«) + C. 
•^ V2ax + x» 

X 11. rF(x, V2aa;-f x«) dx =fF(z - a, Vaf* - a«) cte, where « = x + o. 

Forms contaikiko a-^bz ±afl 

112. r_^_-=:_i_tan-i4^:±L+C,when6»<4ac. 
^ o + 6x + cx» V4ac-63 V4ac-6a 

113. I = , — Iftg -^- -4-0, when6«>4ac. 

^a + &x + cx« V^-TToc 2rx-f&+ V6-- 4ac 

114. f— ^ = -=L=log^^S±^^^^ + C. 

•/a-fte-cx» V&24.4ac V6MTac-2cx + 6 

115. f = — - log(2 ex + 6 + 2 Vc VflTf^xT^ + C. 

•^ Va + te + cx« vc 

116. fy/a + 6x -f cx^dx 

_ ^g^ + ^ Va-fte-f cx« - ^^^°^ log (2 ex + 6 + 2V^Va -f 6x + cx«)-fC. 
*c 8e> 

117. r__^__=-L8i„-. 4^^+c. 

•^ Va + bx - cx« Vc v6a + 4ac 

118. fV a-fte-cx« dx = g^::-V a^te'-ex« .H ^+^^ 8in-i4g^-fC. 
•^ 4c 8c« v^+4ac 

119, C ^^j;^_ =2 ^^-^^-^^' ^.A-log(2ex-H&+2V-cV a-fte-Hex» )-HC. 



•^ Va 4- te - cx« . c 2c» V6a + 4ae 



Other Algebraic Forms 



121. J^^^dx = V(a + x)(6 + X) + (o - 6)log(V5Ti + VS+l^) + C. 

122. fx^^^ = ^(«- *)(^ + X) + (a + &)Bin-» xF^-f C. 

123. J-^i±|dx = - V(a + x)(6-x) - (a + 6) «»«-' \^^ + C. 
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124. r%/^-— ?(ix=-Vn^ + 8ln-»«4-a 

126. f_=J^_ = 2sln-iJ^ + Cr. 
^ V(x - a) (/» - X) 1/^ - o 

EXPONBVTIAL AND TrIOOKOMKTSIG FoKJU 

136. fa'rf« = -^ + C. 129. fsinaBdcs - cosx + C 

•/ log a ^ 

127. fe'ctersC + C. 130. fcoexitesaiux + C. 

128. fc^'dxir — +C. 131. rtanxdE = log8ecz= — lojgoasx+C. 

132. foot xdx = log sin 2 + C. 

133. f8cojcdc= f-^ = Iog(8ecx+ tanx) = logUn(^ + - Wc 

//* dx X 

cooecxdx = I = log(coaecx — cotx) = log tan- +C. 

^ Bin X 2 

136. f8ec«xdx = Unx4-C 138. rco6ecxcotxdx= -cosecx +C. 

136. fcoaec^xdxs -cotx + C. 139. fsin^xdx = - - -«in2x +C. 

137. fsecx tanx<ix = 8ecx+C. 140. fcofl^xdx = - + -8in2x -f-C 



X 1 

2-r 

a; . 1 
I cos>xax = 

8in"-^xc(>8x n — 1 
n n 

C0B»->X8inx n-1 



_., /• . . sin"-' X COB X . n — 1 /•. . , . 

141. I sln» xdx = + I 8in"->xdE. 

J n n J 



i^A r - J C08»-»X8inx n - 1 /• . , 

142. I cos" xdx = + I coB"-« xdx. 

J n n J 

143 r_*L - _ ^ cosx n-2 / » dx 
Jsin-x"" n-l8in"-ix n- iJsin'-'x* 

144 f ^ _ 1 sinx n-2 r dx 
Jco8"x n — lco8»-*x n — lJ< 



' COB»-*X 

C08"-»x8in" + *x m — 1 



•■.«r r « • - J C08"->x8in" + »x m - 1 /• . . 

146. I co8"» X sm" xdx = + I cos"*~sx8in»xdx. 

J m -^ n m -^ nJ 

146. I co8« X 8in" xdx = + I cos"« x 8in"-*xdx. 

J m -^ n w -f nJ 

147 r__^? ^_J 1 ^ m-m~2 /' 

Jsin^xcos'x n-1 8in«-ixcos"->x n — 1 J si 



' sin^x co8"->x 
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dx 11, m + n-2f dx 



/ dz _ _ __1 1 m + n-2 r dx 
sin-xcoB^x^ m-1 Bin^-^xcoa^-ix m-1 •'8in"«-«x 



C08»X 



X&O. 



^^^ rcofl^xox _ _ cotf»-»-*x ^ m — n 4- 2 /•co8'"xax 
J 8in»x ~ (n — l)ain«-*x n — 1 J sin«-«x 

J r coB-xdx _ cotf*->x m — 1 /* co8*"»adx 

J 8iu"x (m — n)8in»-ix m — nJ 8in"x 

/C08*'^'x 
sill X cos"xdx = h C 
n + 1 



/Bin* + ' flj 
8ln»xco8xdx = — ^ +C. 
n + 1 



8ill» + *X 

~nl 
53. rtan»xdx = ^?5!li£- rian»-»akix+a 

64. fcot" xdx = - ^"^""^ ^ - fcot*-* xdx + C. 

-- /• . . sin (m + n)x . 8in(m-n)x .^ 

66. I sin mx sin nxdx = — + — ^^ — +C. 

J 2 (w + n) 2 (m - n) 

r« r J 8in(m + n)x . 8ln(m-n)x . ^ 

66. I cos 7I1X cos nxdx = — ^ — + — ^ — + C. 

J 2(m + n) 2(m-n) 

ew r . J COS (m + n) X cos (tn — n) x . ^ 

67. I sin mx cos nxdx = ^^ — - — ^ — + C. 

J 2 (m -f n) 2 (m - n) 

68. f P =_^3^tan-if\/^tan?)+C,whena>6. 

J a-^bcoBZ Vo« — 6^ \\a + 6 2/ 

V6-atan--f V6 4-a 

69. f ?^ = ^ log 2 + C, when o < 6. 

Ja + 6co8X VSTT^a VS^IJ tan ? - VftTS 

2 

otan- + 6 

60. f ^? = tan-i 4-fi when o>6. 

•/ a + i sin X Va« - 6" Va^ — 6* 

atan- + 6 — Vfts — o* 

.61. f ^ = ^ log 2 +C, when o<6. 

Ja + 68inx V^r^ atan| + 6 + V«?:r^ 

62. r ^? = ltan-«f^i!^) + C. 

^ a^cos^x^ ft^sin^x a6 \ a / 

09 C^, ' 1 c«*(a8innj- -ncosnx) ,^ 

63. |c"'8innxdx = — -+C; 



/^ . , e^ (sin X - cos x) , ^ 
2 



2 
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166. rx««dx = ?!^(a»~l)+C. 

166. Jx-c«tfz = -~-? Jaj— ie«dB. 

167. ro"'x'»dx = -^5!!!?^ *^ _ fa'i'x^-idx. 

•^ III log a m log a*/ 

168 r?^=r a' . logg r a'dz 

J z" (m-l)x"'-» TO-lJ«--«* 

169. re'«c.«.«lx==?!^"-.ll^<?i2!^^ 

170. J'z"' cog azdz = ^^ (ax gin ax -t-m cos ox) - "* ^"* ^ ^^ rx"-«co6 ozdc 

LOGABITBMIC FOBMg 

171. Jlog xdx = X log X - X + C. 

172. f^ — = log{logx) + logx + ^log«x + . . .. 

174. rxflogxdx = x- + ir^5?^ 1 — 1+C. 

•^ Ln + 1 (n + l)d^ 

176. fx-log'xdx = — — log«x ^ fx-log^-ixdx. 

•^ m+1 m + 1./ 

' Jlog"x (n-l)log*-ix n-lJlog"-»x' 



INDEX 



[llie numbers refer to the iMigee.] 



AbBolate conveTgence, 227 ; valae, 0. 
Acceleration, 105. 
AppTOximate formulas, 240. 
Archimedes, spiral of, 283. 
Areas of plane curves, polar codrdinates, 
376, 406 ; rectangular coordinates, 371, 
402. 

Areas of surfaces, 388, 411. 

Asymptotes, 252. 

Auxiliary equation, 435. 

Binomial differentials, 334. 
Binomial Theorem, 1, 111. 

Caidioid, 282. 

Catenary, 281. 

Cauchy's ratio test, 224. 

Change of variables, 152. 

Circle of curvature, 183. 

Cissoid, 280. 

Computation by series of e, 237 ; of 

logarithms, 238 ; of ir, 238. 
Concave up, 123 ; down, 124. 
Conchoid of Nicomedes, 281. 
Conditional convergence, 227. 
Cone, 2. 

Conjugate points, 264. 
Constant, 11 ; absolute, 11 ; arbitrary, 
11 ; namericai, 11 ; of integration, 
289, 300. 
Continuity, 22 ; of functions, 22. 
Convergency, 210. 

Coordinates of center of curvature, 184. 
Critical values, 120. 
Cubical parabola, 280. 
Curvature, center of, 183; circle of, 
183; definition, 150; radius of , 159. 
Curve tracing, 266. 
Curves in space, 271. 
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Cusp, 263. 
Cycloid, 95, 281. 
Cylinder, 2. 

Decreasing function, 116. 

Definite integration, 355. 

Degree of differential equation, 425. 

Derivative, definition, 39. 

Derivative of arc, 141, 143. 

Differential coefficient, 39. 

Differential equations, 424. 

Differential of an area, 855. 

Differentials, 140. 

Differentiation, 37 ; of constant, 48 ; of 
exponentials, 60; of function of a 
function, 57 ; of implicit function, 84, 
260 ; of inverse circular functions, 70 ; 
of inverse function, 58 ; of logarithm, 
68, 62 ; of power, 51 ; of product, 50 ; 
of quotient, 52; of sum, 49; of trig- 
onometrical functions, 67. , 

Double point, 262 ; integration, 396. 

Envelopes, 208. 
Equiangular spiral, 283. 
Evolute of a curve, 187, 218. 
Exx)ansion of functions, 231. 
Exponential curve, 284. 

Family of curves, 208. 

Fluxions, 37, 44. 

Folium of Descartes, 282. 

Formulas for reference, 1. 

Function, algebraic, 17 ; continuity of, 
22 ; definition, 12 ; derivative of, 39 ; 
explicit, 15; explicit algebraic, 17; 
exponential, 17 ; graph of, 24 ; im- 
plicit, 83, 202 ; increasing, decreasing, 
116 ; inverse, 15, 18 ; logarithmic, 17 ; 
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INDEX 



\ 



Function, — continued. 
msny-Talued, 14 ; of a function, 67 
rational, 16; rational integral, 16 
transcendental, 17 ; trigonometric, 17 
nniform, one-valued, 14. 

Greek alphabet, 4. 

Helix, 272. 

HomogeneooB differential equation, 430. 
Huygeiia* approximation, 242. 
Hyperbolic spiral, 283. 
Hypocycloid, 282. 

Increasing functions, 116. 

Increments, 37. 

Indeterminate forms, 172. 

Infiniteeimal, 21, 141. 

Infinity, 21. 

Inflection, 136. 

Integer, 7. 

Integral curves, 446; definite, 366; 

definition, 288; indefinite, 280. 
Integraph, 448. 
Integration, by partial fractions, 816; 

by parts, 341 ; by rationalization, 820 ; 

by transformation, 337; definition, 

287. 
Interval of a variable, 11. 
Involute, 180. 

Jordan, 248. 

Laplace, 37. 

Leibnitz, 44 ; formula. 111. 

Lemniscate, 281. 

Length of curves, 378. 

Lima^on, 283. 

Limit, change of, 365; infinite, 360; 

interchange of, 858; of a variable, 17; 

of integration, 167 ; theory of, 10, 26. 
Linear differential equation, 431. 
Litmus, 283. 

Logarithmic curve, 284 ; spiral, 283. 
Logarithms, Briggs\ 240 ; common, 240 ; 

Naperian, 240 ; natural, 34. 

Maclaurin's theorem and series, 234. 
Maxima and minima, 116, 135, 160, 246. 



Mean value, extended theorem <rf, im; 

generalized theorem of, 172 ; Uteos^ 

of, 167. 
Moment of inertia, 408. 
Multiple roots, 100. 

Newton, 37, 44. 

Node, 262. 

Normal, 00, 276; plane, 271, 277. 

Numbers, complex, 0; iznagiiiazx, 8; 

irrational, 8 ; real, 8. 
Numerical value, 0. 

Order of differential eqaattonsy 426. 
Ordinary point, 260, 273. 
Osculation, 268. 
Osgood, 220. 

Parabola, 281 ; cubic, 280 ; semlcnbical, 
280; spiral, 284. 

Parameter, 11, 208. 

Parametric equations, 02.. 

Partial derivatives, 103; integration, 304. 

Pierpont, 260. 

Points, conjugate, 264; end, 266; i8i>- 
lated, 264; of inflection, 186; aaJient, 
266; singular, 260; turning, 11& 

Probability curve, 284. 

Quadratic equaUon, L 

Radian, 17. 

Badius of curvature, 162. 

Rates, 148. 

Rational fractions, 816. 

Real number, 8. 

Reciprocal spiral, 283. 

Reduction formulas, 344. 

Rollers Theorem, 166. 

Semicubical paraboh^ 280. 

Series, alternating, 226 ; arithmetical, 1 ; 
convergent, 210; definition, 217; diver- 
gent, 220; geometrical, 1; infinite, 
218 ; nonconvergent, 220 ; oacillaUng, 
220 ; power, 228. 

Sine curve, 284. 

Singular points, 260. 
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^^lution of differential equations, 425. 

S|>liere, 2. 

>^tirUng, 235. 

^>trophoid, 283. 

Subnormal, 99. 

Subtangent, 90. 

Successiye differentiation, 109, 146, 205 ; 

integration, 892. 
Surf acse, area of, 888. 



Tangent curve, 284. 
Tangent, to plane curves, 8fi 

carves, 271. 
Tangent line to surface, 271. 
Tangent plane, 278. 



to space 



Taylor's Series, 232 ; theorem, 232. 
Test, comparison, 222. 
Total differentiation, 198. 
Trajectory, 93, 127. 
Transcendental function, 17. 
Trigonometric differeutiaLs, 303. 
Triple integration, 415. 

Vall6e-Poussin, 31. 

Variable, definition, 11 ; dependent, 12 ; 

independent, 12. 
Velocity, 102. 
Volumes of solids, 384, 415. 

Witch of Agnesi, 280. • 



